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PREFACE 


This book is designed to be a self-contained teaching instrument for those stu¬ 
dents and readers interested in learning hypersonic How and high-temperature 
gas dynamics. It assumes no prior familiarity with either subject on the part of 
the reader. If you have never studied hypersonic and/or high-lempcralure gas 
dynamics before, and if you have never worked extensively in the area, then this 
book is for yon. On the other hand, if you have worked and/or are working in 
these areas, and you want a cohesive presentation of the fundamentals, a devel¬ 
opment of important theory and techniques, a discussion of the salient results 
with emphasis on the physical aspects, and a presentation of modern thinking in 
these areas, then this book is also for you. In other words, this book is aimed for 
two roles: (1) as an effective classroom text which can be used with case by the 
instructor, and which can be understood with case by the student; and (2) as a 
viable, professional working tool on the desk of all engineers, scientists, and 
managers who have tiny contact in their jobs with hypersonic and/or high-lcm- 
perature How. 

The only background assumed on the part of the reader is a basic knowl¬ 
edge of undergraduate fluid dynamics, including a basic introductory course on 
compressible How; that is, the reader is assumed to be familiar with material 
exemplified by two of the author’s previous books, namely, fundamentals of Aero¬ 
dynamics (McGraw-Hill, 1984), and the first half of Modern Compressible flow: 
With Historical Perspective (McGraw-Hill, 1982). Indeed, throughout the pres¬ 
ent hook, frequent reference is made to basic material presented in these two 
books. Finally, the present book is pitched at the advanced senior and first-year 
graduate levels, and is designed to be used in the classroom as the main text for 
courses at these levels in hypersonic How and high-temperature gas dynamics. 
Homework problems are given at the ends of most chapters in order to enhance 
its use as a leaching instrument. 

Hypersonic aerodynamics is an important part of the entire flight spec¬ 
trum, representing the segment at the extreme high velocity of this spectrum. 

\ii 
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Interest in hypersonic 'Aerodynamics grew in the 1950s and 1960s with the ad¬ 
vent of hypersonic atmospheric entry vehicles, especially the manned space pro¬ 
gram as represented hy Mercury, Gemini, and Apollo. Today, many new, 
exciting vehicle concepts involving hypersonic flight arc driving renewed and, in 
some cases, frenzied interest in hypersonics. Such new concepts arc described 
in Chapter I. This book is a response to the need to provide a basic education 
in hypersonic and high-temperature gas dynamics for a new generation of engi¬ 
neers and scientists, as well as to provide a basic discussion of these areas from 
a modern perspective. Six texts in hypersonic flow were published before 1966; 
the present book is the first basic classroom text to become available since then. 
Therefore, the present book is intended to make up for this 20-year hiatus, and 
to provide a modern education in hypersonic and high-temperature gas dynam¬ 
ics, while at the same time discussing at length the basic fundamentals. 

In order to enhance the reader’s understanding, and to peak his or her 
interest, the present book is written in the style of the author’s previous ones, 
namely, it is intentionally written in an informal, conversational style. The 
author wants the reader to hare fun while learning these topics. This is not 
difficult, because the areas of hypersonic and high-temperature gas dynamics arc 
full of interesting and exciting phenomena and applications. 

The present book is divided into three parts. Part 1 deals with inviseid 
hypersonic flow, emphasizing purely the fluid dynamic effects of the Mach 
number becoming large. High-temperature effects are not included. Part 11 deals 
with viscous hypersonic flow, emphasizing the purely fluid dynamic effects of 
including the transport phenomena of viscosity and thermal conduction at the 
same time that (he Mach number becomes large. High-temperature effects are 
not included. Finally, Part 111 deals with the influence of high temperatures on 
both inviseid and viscous Hows, hi this fashion, the reader is led in an organized 
fashion through the various physical phenomena that dominate high-speed aero¬ 
dynamics. To further enhance the organization of the material, the reader is 
given a “roadmap’’ in Figure 1.23 to help guide his or her thoughts as we pro¬ 
gress through our discussions. 

When this book was first started, the author’s intent was to have a “Part 
[V,“ which would cover the “miscellaneous’’ but important topics of low density 
Hows, experimental hypersonics, and applied aerodynamics associated with hy¬ 
personic vehicle design. During the course of writing this book, it quickly be¬ 
came apparent that including Part IV would vastly exceed the length constraints 
allotted to this book. Therefore, the above matters arc not considered in any 
detail here. This is not because of a lack of importance of such material, but 
rather because of an elTort to emphasize the basic fundamentals in the present 
book. Therefore. Parts 1. 11, and 111 arc sufficient; they constitute the essence of 
a necessary fundamental background in hypersonic and high-temperature gas 
dynamics. The material of the missing “Part IV” will have to wait for another 
time. 

The content of this book is influenced in part by the author’s experience in 
teaching such material in courses at the University of Maryland. It is also in- 
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fluenccd by the author’s three-day short course on the introduction to hyper¬ 
sonic aerodynamics which he has had the privilege to give at ten different 
laboratories, companies, and universities over the past year. These experiences 
have "fine-tuned” the present material in favor of what the reader wants to 
know, and what he or she is thinking. 

Several organizations and people arc due the sincere thanks of the author 
in aiding the preparation of this book. First, the author is grateful to the 
National Air and Space Museum of the Smithsonian Institution where he spent 
an enlightening sabbatical year during 1986- 1987 as the Charles Lindbergh Pro¬ 
fessor in the Aeronautics Department. A substantial portion of this book was 
written during that sabbatical year at the museum. Secondly, the author is 
grateful to (he University of Maryland for providing the intellectual atmosphere 
conducive to scholarly projects. Also, many thanks go to the author’s graduate 
students in the Hypersonic Aerodynamics program at Maryland —thanks for the 
many enlightening discussions on the nature of hypersonic and high-temperature 
flows. For the mechanical preparation of this manuscript, the author has used 
his own “word processor” named Susan O. Cunningham—a truly “human" 
human being who has typed the manuscript with the highest professional stan¬ 
dards. Finally, once again the author is grateful for the support at home 
provided bv the Anderson family, which allowed him to undertake this project 
in the first place, and for joining him in the collective sigh of relief upon its 
completion. 

I would like to express my thanks for the many useful comments and 
suggestions provided by colleagues who reviewed this text during the course of 
its development, especially to Judson R. Baron, Massachusetts Institute of Tech¬ 
nology; Daniel Bershader, Stanford University; John D. Lee, Ohio State 
University; and Maurice L. Rasmussen, University of Oklahoma. 


John D. Anderson, Jr. 



CHAPTER 

1 


SOME 

PRELIMINARY 

THOUGHTS 


Almost everyone has their own definition of the term hypersonic. If 
we were to conduct something like a public opinion poll among 
those present, and asked everyone to name a Mach number above 
which the flow of a gas should properly be described as hypersonic 
there would be a majority of answers round about five or six , but it 
would be quite possible for someone to advocate , and defend, 
numbers as small as three , or as high as 12. 

P. L. Roe, comment made in a lecture at 

the Von Karman Institute, Belgium, January, 1970 
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1.1 HYPERSONIC FLIGHT- 
SOME HISTORICAL FIRSTS 

The day is Thursday. February 24, 1949; the pens on the automatic plotting 
boards at South Station arc busy tracking the altitude and course of a rocket 
which just moments before had been launched from a site three miles away on 
the test range of the White Sands Proving Ground. The rocket is a V-2. one of 
many brought to the United States from Germany after World War 11. By this 
time, launching V-2s had become almost routine for the crews at White Sands, 
but on this day neither the launch nor the rocket arc “routine.” Mounted on 
top of this V-2 is a slender, needlc-likc rocket called the WAG Corporal, 
which serves as a second stage to the V-2. This test liring of the combination 
V-2/WAC Corporal is the first meaningful attempt to demonstrate the use of a 
multistage rocket for achieving high \elocitics and high altitudes, and is part of a 
larger program labeled "Bumper" by the U.S. Army. All previous rocket launch¬ 
ings of any importance, both in the United States and in Europe, had utilized 
the single-stage V-2 by itself. Figure 1.1 shows a photograph of the "Bumper” 
rocket as it lifts off the New Mexico desert on this clear, February day. The pen 
plotters track the V-2 to an altitude of 100 miles at a velocity of 3500 mph, at 
which point the WAC Corpora! is ignited. The slender upper stage accelerates to 
a maximum velocity of 5150 mph, and reaches an altitude of 244 miles, exceed¬ 
ing by a healthy 130 miles and previous record set by a V-2 alone. After reach¬ 
ing this peak, the WAC' Corporal noses over, and careers back into the 
atmosphere at over 5000 mph. In so doing , it becomes the first object of human 
origin to achieve hypersonic flight —the first time that any vehicle has flown faster 
than live times the speed of sound. In spite of the pen plotters charting its 
course, the WAC’ Corporal cannot be found in the desert after the test. Indeed, 
the only remnants to be recovered later are a charred electric switch and part of 
the tail section, and these arc found more than a year later, in April 1950. 

The scene shifts to the small village of Smclooka in the Ternov District, 
Saratov region of Russia. The time is now 10:55 a.m. (Moscow time) on April 
12, 1961. A strange, spherical object has just landed under the canopy of a 
parachute. The surface of this capsule is charred black, and it contains three 
small viewing ports covered with heat-resistant glass. Inside this capsule is 
Flight Major Yuri Gagarin, who just 108 minutes earlier had been sitting on top 
of a rocket at the Russian cosmodrome at Baikonur near the Aral Sea. What 
partly transpired during those 108 minutes is announced to the world by a 
broadcast from the Soviet ncwsagcncy Toss at 9:59 a.m., quoted below: 

The world's first spaceship, Vostok (East), with a man on board was launched into 
orbit from the Soviet Union on April 12, 1961. The pilot space-navigator of the 
satellite-spaceship Vostok is a citizen of the U.S.S.R., Flight Major Yuri Gagarin. 

The launching of the multistage space rocket-was successful and, after attain¬ 
ing the first escape velocity and the separation of the last stage of the carrier rock¬ 
et, the spaceship went into free flight on around-the-earth orbit. According to 
preliminary data, the period of the revolution of the satellite spaceship around the 
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FIGURE 1.1 

V-2/WAC Corporal lifl-off on Feb. 24, 1949; the first object of human origin to achieve hypersonic 
flight. (,Y ational Air and Space Museum.) 


earth is 89.1 min. The minimum distance from the earth at perigee is 175 km (108.7 
miles) and the maximum at apogee is 302 km (187.6 miles), and the angle of incli¬ 
nation of the orbit plane to the equator is 65” 4'. The spaceship with the navigator 
weighs 4725 kg (10,418.6 lb), excluding the weight of the final stage of the carrier 
rocket. 

After this announcement is made, Major Gagarin’s orbital craft, called Vostok /, 
is slowed at 10:25 a.m. by the firing of a retro-rocket, and enters the atmo¬ 
sphere at a speed in excess of 25 times the speed of sound. Thirty minutes later, 
Major Yuri Gagarin becomes the first man to fly in space, to orbit the earth, 
and safely return. Moreover, on that day, April 12, 1961, Yuri Gagarin becomes 
the first human being in history to experience hypersonic flight. A photograph of 
the Vostok I capsule is shown in Fig. 1.2. 

Later, 1961 becomes a bumper year for manned hypersonic flight. On May 
5, Alan B. Shepard becomes the second man in space by virtue of a suborbita! 
flight over the Atlantic Ocean, reaching an altitude of 115.7 miles, and entering 
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ihe -atmosphere at a speed above Mach 5. Then, on June 23, U.S. Air Force test 
pilot Major Robert White flics the X-15 airplane at Mach 5.3, the first X-15 
flight to exceed Mach 5. (In so doing. White accomplishes (he first “mile per 
second” flight in an airplane, reaching a maximum velocity of 3603 mph.) This 
record is extended by White on November 9, Hying the X-15 at Mach 6. 

The above events are historical "firsts” in the annuals of hypersonic flight. 
They represent certain milestones and examples of the application of hypersonic 
aerodynamic theory and technology. The purpose of this book is to present and 
discuss this theory and technology, with the hope that the reader, as a student 
and professional, will be motivated and prepared to contribute to the hypersonic 
milestones of the future. 

1.2 HYPERSONIC FLOW- 
WHY IS IT IMPORTANT? 

The development of aeronautics and space flight, from its practical beginnings 
with the Wright Brothers' first airplane flight on December 17, 1903 and Robert 
H. Goddard’s first liquid-fueled rocket launch on March 16, 1926, has been driv- 
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cn by one primary urge —the urge to always fly faster and higher. Anyone who 
has traced advancements in aircraft in the twentieth century has seen an expo¬ 
nential growth in both speed and altitude, starting with the 35 mph Wright flyer 
at sea level in 1903, progressing to 400 mph fighters at 30,000 ft in World War 
II, transitioning to 1200 mph supersonic aircraft at 60,000 ft in the 1960s and 
1970s, highlighted by the experimental X-I5 hypersonic airplane which achieved 
Mach 7 and an altitude of 354,200 ft on August 22. 1963, and finally capped by 
the space shuttle —the ultimate in manned airplanes with its Mach 25 reentry 
into the Earth's atmosphere from a 200-mile low-earth orbit. (See Ref, 1 for 
graphs which demonstrate (he exponential increase in both aircraft speed and 
altitude over the past 85 years.) Superimposed on this picture is (he advent of 
high-speed missiles and spacecraft: for example, the development of the Mach 25 
intercontinental ballistic missile in the 1950s, the Mach 25 Mercury, Gemini, 
and Vostok manned orbital spacecraft of the 1960s, and of course the histone 
Mach 36 Apollo spacecraft which returned men from the moon starting in 1969. 
The point here is that the extreme high-speed end of the flight spectrum has 
been explored, penetrated, and utilized since the 1950s. Moreover, night at this 
end of the spectrum is called hypersonic flight, and the aerodynamic and gas 
dynamic characteristics of such High! are classified under the label of hypersonic 
aerodynamics - one of the primary subjects of this book. 

Hypersonic aerodynamics is different than the more conventional and ex¬ 
perienced regime of supersonic aerodynamics. These differences will be discussed 
at length in See. 1.3, along with an in-depth definition of just what hypersonic 
aerodynamics really means. However, wc can immediately sec (hat such differ¬ 
ences must exist just by comparing the shapes of hypersonic vehicles with those 
of more commonplace supersonic aircraft. For example, Fig. 1.3 shows a Lock¬ 
heed F-104. the first fighter aircraft designed for sustained supersonic flight at 
Mach 2, This aircraft embodies principles for good supersonic aerodynamic de¬ 
sign; a sharp, needle-like nose and slender fuselage, very thin wings and tail 
surfaces (3.36 percent thickness to chord ratio) with very sharp leading edges 



FIGURE 1.3 

The Lockheed F-104, a supersonic airplane designed in the early 1950s. (National Air and Space 
Museum.) v 
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FIGURE 1.4 

The Drake-Carman hypersonic aircrafl/orbiter, proposed in 1Q53. (From Haitian. Ref. 2.) 


(almost sharp enough to pose a hazard during ground handling), and with a 
low-aspect ratio of 2.45 for the straight wing itself—all designed to minimize 
wave drag at supersonic speeds. To design a hypersonic airplane for flight at 
much higher Mach numbers, it is tempting to utilize these same design principles 
— only more so. Indeed, such was the case for an early hypersonic aircraft 
concept conceived by Robert Carman and Hubert Drake of the NACA (now 
NASA) in Oho. One of their hand drawings from an internal NACA memoran¬ 
dum is shown in Fig. 1.4 (see Ref. 2 for more details). Here we see an early 
concept for a hypersonic boostcr/'orbiter combination, where each aircraft has a 
sharp nose, slender fuselage, and thin, low-aspecl-ralio straight wings—the same 
features (hat are seen in the 1'-104- -except the aircraft in Fig. 1.4 is designed for 
Mach 25. However, in 1953 hypersonic aerodynamics was in its infancy. Con¬ 
trast Fig. 1.4 with another hypersonic airplane designed just seven years later, 
the X-20 Dynasoar shown in Fig. 1.5. Here wc sec a completely different-looking 
aircraft —one embodying new hypersonic principles which were not fully under¬ 
stood in 1953. The X-20 design utilized a sharply swept delta wing with a blunt, 
rounded leading edge, and a rather thick fuselage with a rounded (rather than 
sharp) nose. The fuselage was placed on top of the wing, so that the entire 
undersurface of (he vehicle was flat. The X-20 was intended lo be an experi¬ 
mental aircraft for rocket-powered flight at Mach 20. Eclipsed by the Mercury, 
Gemini, and Apollo manned space-flight program, the X-20 project was cancelled 
in 1963 without the production of a vehicle. However, the X-20 reflected design 
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X-20 



FIGURE t.5 

The Boeing X-2DA Dynasoar orbital hypersonic aircraft. (963. (Fntm Haitian, !\at 2.) 


features which were uniquely hypersonic, and which were later contained in the 
space shuttle. Indeed, the space shuttle is shown in Fig. 1.6 for further compar¬ 
ison with the earlier concepts shown in Figs. 1.3 and 1.4. Clearly, hypersonic 
vehicles arc di[jercnt configurations from supersonic vehicles, and hence we 
might conclude (correctly) that hypersonic aerodynamics is different from super¬ 
sonic aerodynamics. This difference is dramatically reinforced when we examine 
Fig. 1.7. which shows the Apollo space vehicle, designed to return humans from 
the moon, and to enter the earth's atmosphere at the extreme hypersonic speed 
of Mach 36. Here we see a very blunt body with no wings at all. To be objec¬ 
tive, we have to realize that many considerations besides high-speed aerodynam¬ 
ics go into the design of the vehicles shown in Figs. 1.3 to 1.7; however, to 
repeat once again, the important point here is (hat hypersonic vehicles arc differ¬ 
ent than supersonic vehicles, and this is in part due to the fact that hypersonic 
aerodynamics is different from supersonic aerodynamics. 

Hypersonic High!, both manned and unmanned, has been successfully 
achieved. However, at the time of this writing, it is by no means commonplace. 
The era of practical hypersonic flight is still ahead of us, and it poses many 
exciting challenges to the acrodynamicist. Let us briefly examine some new ideas 
for modern hypersonic vehicles. For example, there are contemporary ideas for 
hypersonic transports, to cruise at Mach 7 to 12, and to carry people from New 
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i he Space Shuttle. (National Ah’ and Space Museum.) 



FIGURE 1.7 

Artist’s conception of the atmosphere entry of the Apollo 
Museum.) 
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FIGURE 1.8 

A recenl concept for a hypersonic transport. ('V/ cDonm’U-D/mqlas Aircrufl Corp.) 


York to Tokyo in less than two hours. Such a modern design concept is illus¬ 
trated in Fig. l.S. On an even more ambitious scale is the concept of an aero¬ 
space plane - an aircraft designed to take oIT horizontally from a runway, and 
then to accelerate into orbit around the earth. It will subsequently carry out a 
mission in orbit, or within the outer regions of the atmosphere, and then reenter 
the atmosphere at Mach 25. finally landing under power on a conventional run¬ 
way. This idea was first seriously examined by the ITS. Air Force in the early 
1960s. and a combination of air-breathing and rocket propulsion was intended 
to power the vehicle. Work on the early aerospace plane was canceled in 
October 1963 due mainly to the design requirements exceeding the state of the 
art at that time. This idea has been resurrected in the mid-1980s by both NASA 
and the Department of Defense, as well as by aerospace companies in ITiglund 
and Germany. Current thinking on the design of a manned aerospace plane is 
showm in the artist's sketch in Fig. 1.9, and for a related unmanned vehicle in 
Fig. 1.10. These aerospace planes will rely primarily on air-breathing propulsion 
provided by supersonic combustion ramjet engines (SCRAMjets). In that regard, 
it is important to mention an aspect that distinguishes the hypersonic transport 
and the aerospace plane concepts from conventional subsonic and supersonic 
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A conceptual aerospace plane, or transatmospheric vehicle, (McDonnell-Douglas Aircraft Carp.) 



figURIC MO 

The HOTOL concept. (British Aircraft Corporation) 1, Forward fin; 2, Slim fuselage to reduce super¬ 
sonic drag; 3, Payload bay containing single satellite weighing up to 11 tonnes; 4, Titanium/nicke! 
wing, shulllc-iikc planfornt; 5, Orbital maneuvering system engines; 6, Three cryogenic air-breathing/ 
rocket engines; 7, Engine intake; 8, Boundary layer diverter; 9, Variable area cones; 10, Rear spill; 
11, Semicircular cowl; 12, Conical flow area; 13, Fixed forward cone; 14, Foreplanes, 
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Schematic of engine 
cross section 


FIGURE 1.11 

Hypersonic vehicle with integrated SCRAMjet (NASA). 


airplane design philosophy. For subsonic and supersonic aircraft, the compo¬ 
nents for providing lift (the wings), propulsion (the engines and nacelles), and 
volume (the fuselage) arc not strongly coupled with each other. They tire sepa¬ 
rate and distinct components, easily identifiable by looking at the airplane; 
moreover, they can be treated as separate aerodynamic bodies with only a mod¬ 
erate interaction when they are combined in the total aircraft. Modern hyper¬ 
sonic aerodynamic design is exactly the opposite. Figure 1.11 is an example of 
an integrated airframe-propulsion concept for a hypersonic airplane, wherein the 
entire undersurface of the vehicle is part of the SCRAMjet engine. Initial com¬ 
pression of the air takes place through the bow shock from the nose of the 
aircraft; further compression, and supersonic combustion take place inside a se¬ 
ries of modules near the rear of the aircraft, and then expansion of the burned 
gases is partially realized through nozzles in the engine modules, but mainly 
over the bottom rear surface of the aircraft, which is sculptured to a nozzle-like 
shape. Hence, the propulsion mechanism is intimately integrated with the air¬ 
frame. Moreover, most of the lift is produced by high pressure behind the bow 
shock wave and exerted on the relatively flat undersurface of the vehicle; the use 
of large, distinct wings is not necessary for the production of high lift. Finally, 
the fuel for air-breathing hypersonic airplanes shown in Figs. 1.8-1.11 will most 
likely be liquid H 2 , which occupies a large volume. All of these considerations 
combine in a hypersonic vehicle in such a fashion that the components to gener¬ 
ate lift, propulsion and volume are not separate from each other; rather, they are 
closely integrated in the same overall lifting shape, in direct contrast to conven¬ 
tional subsonic and supersonic vehicle design. Another new hypersonic vehicle 
concept is the aero-assisted orbital transfer vehicle (AOTV), which will be 
designed to transport material and people between the space shuttle in low 
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Three concepts for an aero-assisted orbital transfer vehicle (AOTV). (NASA.) 
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earth orbit (about 300 km above the surface of the earth) and satellites in 
geosynchronous orbit (35,000 km above the earth). When the AOTV leaves 
geosynchronous orbit and returns to low earth orbit, it will dip into the earth's 
atmosphere and use aerodynamic drag to reduce its velocity, thus enabling 
rendezvous with the shuttle. The AOTV will be a high-flying hypersonic vehicle, 
flying no slower than Mach 30 and no lower than about 250.000 ft altitude. 
Some design concepts for low, medium, and high lift-to-drag ratio AOTVs tire 
show-n in Fig. 1.12. In addition, mention should be made of interest in new hyper¬ 
sonic missiles for defense purposes, both tactical and strategic, involving both air- 
breathing and rocket propulsion. 

Finally, return to the question asked at the beginning of this section: 
Hypersonic How, why is it important? We now have a feeling for the answer. 
Hypersonic How is important because: 


1, It is physically different from supersonic How. 

2. It is the How that will dictate many of the new exciting vehicle designs for the 
twentv-first centurv. 


Recognizing this importance, the purpose of the present book is to introduce the 
reader to the basic fundamentals of hypersonic How, including an emphasis on 
high-temperature gas dynamics which, as we will see is an important aspect of 
high-speed flows in general. Wherever pertinent, we will also discuss modern 
experimental and computational fluid dynamic applications in hypersonic and 
high-temperature flow, as well as certain related aspects of hypersonic vehicle 
design. Such material is an integral part of modern aerodynamics. Moreover, the 
importance of this material will grow steadily into the twenty-first century, as we 
continue to extend the boundaries of practical flight. 


1.3 HYPERSONIC FLOW-WHAT IS IT? 

There is a conventional rule of thumb that defines hypersonic aerodynamics as 
those flows where the Mach number, M, is greater than 5. However, this is no 
more than just a rule of thumb; when a flow is accelerated from M = 4.99 to 
M = 5.01. there is no “clash of thunder” and the flow docs not “instantly turn 
from green to red." Rather, hypersonic flow is best defined as that regime where 
certain physical flow phenomena become progressively more important as the 
Mach number is increased to higher values. In some cases, one or more of these 
phenomena may become important above Mach 3. whereas in other cases they 
may not be compelling until Mach 7 or higher. The purpose of this section is to 
briefly describe these physical phenomena: in some sense this entire section will 
constitute a “definition" of hypersonic flow. For more details of an introductory 
nature, sec Ref. 3. 
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A. Thin Shock Layers 

Recall from oblique shock theory (see, for example, Refs. 4 and 5) that, for a 
given How deflection angle, the density increase across the shock wave becomes 
progressively larger as the Mach number is increased. At higher density, the 
mass flow behind the shock can more easily “squeeze through” smaller areas. 
For How over a hypersonic body, this means that the distance between the body 
and the shock wave can be small. The llowfield between the shock wave and the 
body is defined as the shock layer , and for hypersonic speeds this shock layer 
can be quite thin. For example, consider the Mach 36 flow of a calorically per¬ 
fect gas with a ratio of specific heats, y = c p lc v = 1.4, over a wedge of I5 C half 
angle. F'rom standard oblique shock theory the shock-wave angle will be only 
18°, as shown in Fig. 1.13. If high-temperature, chemically reacting effects are 
included, the shock wave angle will be even smaller. Clearly, this shock layer is 
thin. It is a basic characteristic of hypersonic flows that shock waves lie close to 
the body, and that the shock layer is thin. In turn, this can create some physical 
complications, such as the merging of the shock wave itself with a thick, viscous 
boundary layer growing from the body surface—a problem which becomes im¬ 
portant at low Reynolds numbers. Flowever, at high Reynolds numbers, where 
the shock layer is essentially inviscid, its thinness can be used to theoretical 
advantage, leading to a general analytical approach called “thin shock-layer the¬ 
ory” (to be discussed in Chap. 4). In the extreme, a thin shock layer approaches 
the fluid dynamic model postulated by Issac Newton in 1687; such “newtonian 
theory” is simple and straightforward, and is frequently used in hypersonic aero¬ 
dynamics for approximate calculations (to be discussed in Chap. 3). 

B. Entropy Layer 

Consider the wedge shown in Fig. 1.13, except now with a blunt nose, as 
sketched in F'ig. 1.14. At hypersonic Mach numbers, the shock layer over the 
blunt nose is also very thin, with a small shock-detachment distance, d. In the 
nose region, the shock wave is highly curved. Recall that the entropy of the llow 
increases across a shock wave, and the stronger the shock, the larger the entropy 
increase. A streamline passing through the strong, nearly normal portion of the 
curved shock near the centerline of the llow will experience a larger entropy 
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FIGURE 1.14 

The entropy layer. 


increase than a neighboring streamline which passes through a weaker portion 
of the shock further away from the centerline. Hence, there are strong entropy 
gradients generated in the nose region; this “entropy layer” flows downstream, 
and essentially wets the body for large distances from the nose, as shown in Fig. 
1.14. The boundary layer along the surface grows inside this entropy layer, and 
is affected by it. Since the entropy layer is also a region of strong vorticity, as 
related through C’roceo's theorem from classical compressible flow (see, for ex¬ 
ample Ref. 4), this interaction is sometimes called a “vorticity interaction". The 
entropy layer causes analytical problems when we wish to perform a standard 
boundary-layer calculation on the surface, because there is a question as to what 
the proper conditions should be at the outer edge of the boundary layer. 

C. Viscous Interaction 

Consider as boundary layer on a Hat plate in a hypersonic flow, as sketched in 
Fig. 1.15. A high-velocity, hypersonic (low contains a large amount of kinetic 
energy; when this How is slowed by viscous effects within the boundary layer, 
the lost kinetic energy is transformed (in part) into internal energy of the gas — 
this is called viscous dissipation. In turn, the temperature increases within the 
boundary layer: a typical temperature profile within the boundary layer is also 
sketched in Fig. 1.15. The characteristics of hypersonic boundary layers arc 
dominated by such temperature increases. For example, the viscosity coefficient 
increases with temperature, and this by itself will make the boundary layer 
thicker. In addition, because the pressure p is constant in the normal direction 
through a boundary layer, the increase in temperature T results in a decrease in 
density p through the equation of state, p = p/RT .where R is the specific gas 
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FIGURE 1.15 

Tempcr-,1 Lure profile in a hypersonic boundary layer. 


constant. In order to pass the required mass flow through the boundary layer at 
reduced density, the boundary-layer thickness must be larger. Both of these phe¬ 
nomena combine to make hypersonic boundary layers grow more rapidly than 
at slower speeds. Indeed, the Hat plate compressible laminar boundary layer 
thickness <5 grows essentially as 


<5 'X 


V^e.; 


where is the freestream Mach number, and Re x is the local Reynolds 
number. (This relation will be derived in Chap. 6.) Clearly, since 5 varies as the 
square of M„, it can become inordinately large at hypersonic speeds. 

The thick boundary layer in hypersonic flow can exert a major displace¬ 
ment effect on the inviscid How outside the boundary layer, causing a given 
body shape to appear much thicker than it really is. Due to the extreme thick¬ 
ness of the boundary-layer flow, the outer inviscid flow is greatly changed: the 
changes in the inviscid (low in turn feed back to affect the growth of the bound¬ 
ary layer. This major interaction between the boundary layer and the outer in- 
viwid How is called viscous interaction. Viscous interactions can have important 
effects on the surface pressure distribution, hence lift, drag, and stability on hy¬ 
personic vehicles. Moreover, skin friction and heat transfer are increased by 
viscous interaction. For example. Fig. 1.16 illustrates the viscous interaction on 
:i sharp, right-circular cone at zero degrees of angle of attack. Here, the pressure 
distribution on the cone surface p is given as a function of distance from the tip. 
These are experimental results obtained from Ref. 6. If there were no viscous 
interaction, the inviscid surface pressure would be constant, equal to />,. (indi¬ 
cated by the horizontal dashed line in Fig. 1.16). However, due to the viscous 
interaction, the pressure near the nose is considerably greater; the surface pres¬ 
sure distribution decays further downstream, ultimately approaching the inviscid 
value far downstream. These, and many other aspects of viscous interactions will 
be discussed in Chap. 7, 
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FIGURE 1.16 

Viscous imeraciion effect. Induced pressure on a sharp cone at = II and Re = 1.88 x 10 5 per 
fool. 


The boundary layer on a hypersonic vehicle can become so thick that it 
essentially merges with the shock wave—a merged shock layer. When this hap¬ 
pens the shock layer must be treated as fully viscous, and the conventional 
boundary layer analysis must be completely abandoned. Such matters will be 
discussed in Chap. 9. 


D. High-Temperature Flows 

As discussed previously, the kinetic energy of a high-speed, hypersonic llow is 
dissipated by the influence of friction within a boundary layer. The extreme 
viscous dissipation that occurs within hypersonic boundary layers can create 
very high temperatures —high enough to excite vibrational energy internally 
within molecules, and to cause dissociation and even ionization within the gas. 
If the surface of a hypersonic vehicle is protected by an ablative heat shield, the 
products of ablation are also present in the boundary layer, giving rise to com¬ 
plex hydrocarbon chemical reactions. On both accounts, #c see that the surface 
of a hypersonic vehicle can be wetted by a chemically reacting boundary layer. 

The boundary layer is not the only region of high-temperature flow over a 
hypersonic vehicle. Consider the nose region of a blunt body, as sketched in Fig. 
1.17. The bow shock wave is normal, or nearly normal, in the nose region, and 
the gas temperature behind this strong shock wave can be enormous at hyper¬ 
sonic speeds. For example. Fig. 1.18 is a plot of temperature behind a normal 
shock wave as a function of frec-strcam velocity, for a vehicle flying at a stan¬ 
dard altitude of 52 km; this figure is taken from Ref. 4. Two curves arc shown: 
(1) the upper curve, which assumes a calorically perfect nonreacting gas with the 
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FIGURE 1.17 

High-temperaiure shock layer. 


ratio of specific heats y = 1.4, and which gives an unrealistically high value of 
temperature; and (2) the lower curve, which assumes an equilibrium chemically 
reacting gas, and which is usually closer to the actual situation. This figure illus¬ 
trates two important points; 


1. By any account, the temperature in the nose region of a hypersonic vehicle 
can be extremely high, for example, reaching approximately 11,000 K at a 
Mach number of 36 (Apollo reentry). 

2. The proper inclusion of chemically reacting effects is vital to the calculation 
of an accurate shock-layer temperature; the assumption that y is constant and 
equal to 1.4 is no longer valid. 


So we sec that, for a hypersonic flow, not only can the boundary layer be chemi¬ 
cally reacting, but the entire shock layer can be dominated by chemically react¬ 
ing flow. 

For a moment, let us examine the physical nature of a high-temperature 
gas. In introductory studies of thermodynamics and compressible flow, the gas is 
assumed to have constant specific heats, hence the ratio y = c p /c lf is also con¬ 
stant. This leads to some ideal results for pressure, density, temperature, and 
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FIGURK 1.18 

Temperature behind a norma! shock wave as a function of free-stream velocity at a standard altitude 
of 52 km. {/-'rout Ref. 4.) 


Mach number variations in a flow. However, when the gas temperature is in¬ 
creased to high values, the gas behaves in a “nonidcal” fashion. Specifically: 

1. The vibrational energy of the molecules becomes excited, and this causes the 
specific heats c and e,, to become functions of temperature. In turn, the ratio 
of specific heats, y = c /c,„ also becomes a function of temperature. For air. 
this effect becomes important above a temperature of 800 K. 

2 . As the gas temperature is further increased, chemical reactions can occur. For 
an equilibrium chemically reacting gas, c p and c r are functions of both tem¬ 
perature and pressure, and hence y =/(T, p). For air at 1 atm pressure, O, 
dissociation (0 2 -► 20) begins at about 2000 K, and the molecular oxygen is 
essentially totally dissociated at 4000 K. At this temperature N 2 dissociation 
(N 2 -► 2N) begins, and is essentially totally dissociated at 9000 K. Above a 
temperature of 9000 K, ions are formed (N -> N + + e~, and O -> 0 + + e + ), 
and the gas becomes a partially ionized plasma. 

All of these phenomena are called high-temperature effects. (They are frequently 
referred to in the aerodynamic literature as “real-gas effects,” but there are good 
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technical reasons to discourage the use of that label, as we will see later.) If the 
vibrational excitation and chemical reactions take place very rapidly in compar¬ 
ison to the time it takes for a fluid element to move through the flowfield, we 
have vibrational and chemical equilibrium flow. If the opposite is true, we have 
noncqnilihrinni flow, which is considerably more difficult to analyze. All of these 
effects will be discussed at length in Chaps. 10-18. 

High-temperature chemically reacting flows can have an influence on lift, 
drag, and moments on a hypersonic vehicle. For example, such effects have been 
found to be important for estimating the amount of body-flap deflection neces¬ 
sary to trim the space shuttle during high-speed reentry. However, by far the 
most dominant aspect of high temperatures in hypersonics is the resultant high 
heat-transfer rates to the surface. Aerodynamic heating dominates the design of 
all hypersonic machinery, whether it be a flight vehicle, a ramjet engine to power 
such a vehicle, or a wind tunnel to test the vehicle. This aerodynamic heating 
hikes the form of heat transfer from the hot boundary layer to the cooler sur¬ 
face-called connective heating, and denoted by q c in Fig. 1.17. Moreover, if the 
shock-layer temperature is high enough, the thermal radiation emitted by the 
gas itself can become important, giving rise to a radiative flux to the surface- 
called radiative heating, and denoted by tj R in Fig. 1.17. (In the winter, when you 
warm yourself beside a roaring fire in the fireplace, the warmth you feel is not 
hot air blowing out of the fireplace, but rather radiation from the flame itself. 
Imagine how “warm” you would feel standing next to the gas behind a strong 
shock wave at Mach 86, where the temperature is 11,000 K- about twice the 
surface temperature of the sun.) For example, for Apollo reentry, radiative heat 
transfer was more than 30 percent of the total heating. For a space probe enter¬ 
ing the atmosphere of Jupiter, the radiative heating will be more than 95 percent 
of the total heating. 

Another consequence of high-temperature Dow over hypersonic vehicles is 
the “communications blackout” experienced at certain altitudes and velocities 
during atmospheric entry, where it is impossible to transmit radio waves either 
to or from the vehicle. This is caused by ionization in the chemically reacting 
How, producing free electrons which absorb radio-frequency radiation. There¬ 
fore, the accurate prediction of electron density within the flowfield is important. 

Clearly, high-temperature effects can be a dominant aspect of hypersonic 
aerodynamics, and because of this importance, Part III of this book is devoted 
entirely to high-temperature gas dynamics. (Part III is self-contained, and repre¬ 
sents a study of high-temperature gas dynamics in general, a field with applica¬ 
tions that go far beyond hypersonics, such as combustion, high-energy lasers, 
plasmas, and laser-matter interaction, to name just a few.) 

E. Low-Density Flow 

Consider for a moment the air around you; it is made up of individual mole¬ 
cules, principally oxygen and nitrogen, which arc in random motion. Imagine 
that you isolate one of these molecules, and watch its motion. It will move a 
certain distance, and then collide with one of its neighboring molecules, after 



sow I'R !':) !m:nai;y thouoiit.s 21 


which it will move another distance, and collide again with another neighboring 
molecule, and it will continue this molecular collision process indefinitely. Al¬ 
though the distance between collisions is different for each of the individual 
collisions, over a period of time there will be some average distance the molecule 
moves between successive collisions. This average distance is defined as the mean 
free path, denoted by /.. At standard sea level conditions for air, 7. = 2.176 x 
10~ 7 ft, a \cry small distance. This implies that, at sea level, when you wave 
your hand through the air, the gas itself “feels” like a continuous medium—a 
so-called eoniimium. Most aerodynamic problems (more than 99.9 percent of all 
applications) tire properly addressed by assuming a continuous medium,' indeed, 
all of our preceding discussion has so far assumed that the flow is a continuum. 

Imagine now that wc are at an altitude of 342,000 ft, where the air density 
is much lower, and consequently the mean free path is much larger than at sea 
level; indeed, at 342,000 ft. 7. = 1 ft. Now, when you wave your hand through the 
air, you are more able to “feel” individual molecular impacts; the air no longer 
feels like a continuous substance, but rather like an open region punctuated by 
individual, widely spaced particles of matter. Under these conditions, the aero¬ 
dynamic concepts, equations, and results based on the assumption of a contin¬ 
uum begin to break down; when this happens, wc have to approach 
aerodynamics from a different point of view, using concepts from kinetic theory. 
This regime of aerodynamics is called low-density flow. 

There arc certain hypersonic applications which involve low-dcnsitv flow, 
generally involving fight at high altitudes. For example, as noted in Ref. 7, the 
flow in the nose region of the space shuttle cannot be properly treated by purely 
continuum assumptions for altitudes above 92 km (about 300,000 ft). For any 
given flight vehicle, as the altitude progressively increases (hence the density 
decreases and 7. increases), the assumption of a continuum Row becomes ten¬ 
uous. An altitude can be reached where the conventional viscous flow no-slip 
conditions begin to fail. Specifically, at low densities the flow velocity at the 
surface, which is normally assumed to be zero due to friction, takes on a finite 
value. This is called the velocity slip condition. In analogous fashion, the gas 
temperature at the surface, which is normally taken as equal to the surface tem¬ 
perature of the material, now becomes something different. This is called the 
temperature slip condition. At the onset of these slip effects, the governing equa¬ 
tions of the flow arc still assumed to be the familar continuum flow equations, 
except with the proper velocity and temperature-slip conditions utilized as bound¬ 
ary conditions. However, as the altitude continues to increase, there comes a 
point where the continuum flow equations themselves arc no longer valid, and 
methods from kinetic theory must be used to predict the aerodynamic behavior. 
Finally, the air density can become low enough that only a few molecules im¬ 
pact the surface per unit time, and after these molecules reflect from the surface, 
they do not interact with the incoming molecules. This is the regime of free 
molecule flow. For the space shuttle, the free molecular regime begins about 
150 km (500,000 ft). Therefore, in a simplified sense, wc visualize that a hyper¬ 
sonic vehicle moving from a very rarified atmosphere to a denser atmosphere 
will shift from the free molecular regime , where individual molecular impacts on 
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Regimes or applicability of various How equations Tor low-density flows. (From Moss and Bird , 
Ref. 7.) 


the surface are important, to the transition regime, where slip effects are impor¬ 
tant, and then to the continuum regime. 

The similarity parameter that governs these different regimes is the 
Knusden number, defined as Kn = X/L, where L is a characteristic dimension of 
the body. The values of Kn in the different regimes are noted in Fig. 1.19, taken 
from Ref. 7. Note that the region where the continuum Navier-Stokes equations 
hold is described by Kn < 0.2. However, slip effects must be included in these 
equations when Kn > 0.03. The effects of free molecular flow begin around a 
value of Kn = 1, and extend out to the limit of Kn becoming infinite. Hence, the 
transitional regime is essentially contained within 0.03 < Kn < 1.0. In a given 
problem, the Knudsen number is the criterion to examine in order to decide if 
low-density effects are important, and to what extent. For example, if Kn is very 
small, we have continuum flow; if Kn is very large, we have free molecular flow, 
and so forth. A hypersonic vehicle entering the atmosphere from space will en¬ 
counter the full range of these low-density effects, down to an altitude below 
which the full continuum aerodynamics takes over. Because Kn = A/L is the 
governing parameter, that altitude below which we have continuum ilow is 
greater or lesser as the characteristic length L is larger or smaller. Hence, large 
vehicles experience continuum flow to higher altitudes than small vehicles. 
Moreover, if we let the characteristic length be a running distance x from the 
nose or leading edge of the vehicle, then Kn = A/x becomes infinite when x = 0. 
Hence, for any vehicle at any altitude, the flow immediately at the leading edge 
is governed by low-density effects. For most practical applications in aerody¬ 
namics, this leading edge region is very small, and is usually ignored. However, 
for high-altitude hypersonic vehicles, the proper .treatment of the leading edge 
flow by low-density methods can be important. 

To consider low-density effects as part of the “definition” of hypersonic 
aerodynamics may be stretching that definition too much. Recall that we are 
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defining hypersonic aerodynamics as that regime where certain physical flow 
phenomena become progressively more important as the Mach number is in¬ 
creased to high values. Low-density effects are not, per sc, high Mach number 
effects. However, low-density effects are included in our discussion because some 
classes of hypersonic vehicles, due to their high Mach number, will fly at or 
through the outer regions of the atmosphere, and hence will experience such 
effects to a greater or lesser extent. 


F. Recapitulation 

To repeat, hypersonic flow is best defined as that regime where all or some of 
the above physical phenomena become important as the Mach number is in¬ 
creased to high values. To help reinforce this definition. Fig. 1.20 summarizes 



FIGURE 1.20 

Physical effects characteristic of hypersonic flow. 
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the important physical phenomena associated with hypersonic flight. Through¬ 
out this book, the fundamental aspects and practical consequences of these phe¬ 
nomena will be emphasized. 

1.4 HYPERSONIC FLIGHT PATHS; 

THE VELOCITY-ALTITUDE MAP 

Although this is a book on hypersonic and high-temperature gas dynamics, we 
must keep in mind that the frequent application of this material is to the design 
and understanding of hypersonic flight vehicles. In turn, it is helpful to have 
some knowledge of the flight paths of these vehicles through the atmosphere, 
and the parameters that govern such flight paths. This is the purpose of the 
present section. In particular, we will examine the flight path of lifting and non¬ 
lifting hypersonic vehicles during atmospheric entry from space. 

Consider a vehicle flying at a velocity V along a flight path inclined at the 
angle 0 below the local horizontal, as shown in Fig. 1.21. The forces acting on 
the vehicle are lift L, drag D, and weight W; the thrust is assumed to be zero, 
hence we are considering a hypersonic glide vehicle. Summing forces along and 
perpendicular to the curvilinear flight path, we obtain the following equations of 
motion from Newton’s second law: 


Along flight path: 

dV 

W sin 0 — D = m — 
dt 

0-1) 

Perpendicular to flight path: 

. , V 2 

L — IT sin 0 = — m — 

(1.2) 



l-orce diagram for reentry body. 
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In Eq. (1.2), R is (lie local radius of curvature of the flight path. For most entry 
conditions, 0 is small, hence we assume sin 0 ~ 0, and cos Os; I. For this case, 
Eqs. (1.1) and (1.2) become, noting that m = W/y. 


-D 

L-W 


W dV 
g dt 

W V 2 


(1.3) 


(1.4) 


The drag can be expressed in terms of the drag coefficient C D as D = jpV 2 SC D , 
where p is the free-stream density and S is a reference area. Hence, Eq. (1.3) 
becomes 


Rearranging, we obtain 


] 2 pv 2 sc n = 


W dV 
g dt 


1 dV _ / W \~’ pV 2 

glt = {c^s) 


(1.5) 


In Eq. (1.5). W/CpS is defined as the ballistic parameter; it clearly influences the 
flight path of the entry vehicle via the solution of Eq. (1.5). For a purely ballistic- 
reentry (no lift), WjC D S is the only parameter governing the flight path for a 
given entry angle. 

Returning to Eq. (1.4), and expressing the lift in terms of the lift coefficient 
C L as L = j pV 2 SC L , we obtain 


Rearranging, 


’pf 2 sc 


w = — 


W V 2 

7 7 


i v 2 _ r w y 1 P v 2 
11 R l C, S J 2 


( 1 . 6 ) 


In Eq. (1.6), W/C L S is the lift parameter; it clearly influences the flight path of a 
lifting entry vehicle via the solution of Eq. (1.6). 

Equations (1.5) and (1.6) illustrate the importance of W/CpS and W/C L S 
in determining the flight path through the atmosphere of a vehicle returning 
from space. Such flight paths are frequently plotted on a graph of altitude versus 
velocity—a velocity-altitude map , an example of which is shown in Fig. 1.22. 
Here, two classes of flight paths are shown: (1) lifting entry, governed mainly by 
W/C L S, and (2) ballistic entry, governed mainly by W/CpS. The vehicle enters 
the atmosphere at cither satellite velocity (such as from orbit), or at escape ve¬ 
locity (such as a return from a lunar mission). As it flies deeper into the atmo¬ 
sphere, it slows due to aerodynamic drag, giving rise to the flight paths shown in 
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Satellite Escape 



Velocity, ft/s x iO 3 


1C U R E 1.22 

\linosplicric entry Illy))! ptilhs on a velocity-altitude map. 


Ag. 1.22. Note that vehicles with larger values of W/C L S and/or WjC D S pene- 
ratc deeper into the atmosphere before slowing. The lifting entry curve for 
vV;C L S = 100 1b/ft 2 pertains approximately to the space shuttle; the curve 
nitiated at escape velocity with W/C D S = 100 lb/ft 2 pertains approximately to 
lie Apollo entry capsule. Velocity-altitude maps are convenient diagrams to 
Illustrate various acrothcrmodynamic regimes of supersonic flight, and they will 
re used as such in some of our subsequent discussion. 


1.5 SUMMARY AND OUTLOOK 

flic major purposes of this chapter have been motivation and orientation — 
activation as to the importance, interest and challenge associated with hyper¬ 
ionic aerodynamics, and orientation as to what hypersonics entails. For the 
'cmainder of this book, our purpose is to present and discuss the important 
undamental aspects of hypersonic and high-temperature gas dynamics, and to 
lighlight various practical applications as appropriate. Towards this end, the 
nook is organized into three major parts, as diagramed in Fig. 1.23. These three 
parts tire as follows: 

Part I /mv'.sra/ I'Unv. Here, the purely (luid dynamic effect of large Mach 
number is emphasized, without the added complications of viscous and high- 
temperature effects. In this part, wc examine what happens when the free-stream 
Mach number M ai becomes large, and how this influences aerodynamic theory 
at high Mach numbers. 
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shock and expansion 
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X 
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methods 
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— Newtonian 

— Tangent wedge 
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*— Shock-expansion 
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independence 

— Hypersonic 
similarity 

— Hypersonic small- 
disturbance theory 

— Blast-wave 
theory 

— Thin shock- 
layer theory 

— Method of 
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— The b!unt-body 
problem 


VISCOUS FLOWS 


— Basic aspects 

— Hypersonic laminar 
boundary-layer 
theory 

— Hypersonic transition 

— Hypersonic turbulent 
boundary layers 

— Reference enthalpy 
and other approximate 
engineering methods 

— Strong and weak 
viscous interactions 

— Shock-wave/'boundary- 
layer interactions 

— Modern computational 
methods; Navier- 
Slokes equations 


Modern computational 
approaches; Euler 
equations 


figure 1.23 

Roadmap for our study of hypersonic and high-temperature flows. 
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Nonequilibrium 

— Catalytic wall effects 

*— Shock-layer radiation 
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Part II — Viscous Flow. Here, the combined effTect of high Mach number 
and finite Reynolds number will be examined. The purely fluid dynamic effect of 
hypersonic How with friction and thermal conduction will be presented; again, 
high-temperature effects will not be included. 

Part III — High-Temperature Flow. Here, the important aspects of high- 
temperature gas dynamics will be presented. Emphasis will be placed on the 
development of basic physical chemistry principles, and how they affect both 
in viscid and viscous flows. High-temperature flows find application in many 
fields in addition to hypersonic aerodynamics, such as combustion processes, 
explosions, plasmas, high-energy lasers, etc. Therefore, Part III will be a self- 
contained presentation of high-temperature gas dynamics in general, along with 
pertinent applications to hypersonic flow. 

Figure 1.23 is a block diagram showing each one of the three parts discussed 
above, along with the major items to be discussed under each part. In essence, 
this figure is a roadmap for our excursions in hypersonic and high-temperature 
gas dynamics. Figure 1.23 is important, and we will refer to it often in order 
to see where we arc, where we have been, and where we are going in our 
presentation. 

PROBLEMS 

1.1. Consider the supersonic and hypersonic flow of air (with constant ratio of specific 
heats, y = 1.4) over a 20° half-angle wedge. Let 0 denote the wedge half angle, and /J 
the shock-wave angle. Then / 1-0 is a measure of the shock-layer thickness. Make a 
plot of /i-0 versus the free-stream Mach number, M„, from M„ = 2.0 to 20.0. Make 
some comments as to what Mach number range results in a “thin” shock layer. 

1.2. The lifting parameter W/C D S is given in Fig. 1.22 in units of lb/ft 2 . Frequently, the 
analogous parameter m/C„S is used, when m is the vehicle mass; the units of m/C n S 
are usually given in kg/m 2 . Derive the appropriate conversion between these two sets 
of units, i.e., what number must W/C D S expressed in lb/ft 2 be multiplied by.to obtain 
m/C D S in kg/m 2 ? ( Comment: Even at the graduate level, it is useful now and (hen to 
go through this type of exercise.) 



PART 

I 


INVISCID 

HYPERSONIC 

FLOW 


I n Part I we emphasize the purely fluid dynamic effects of high Mach 
number; the complicating effects of transport phenomena (viscosity, thermal 
conduction, and diffusion) and high-temperature phenomena will be treated in 
Parts II and HI respectively. In dealing with inviscid, hypersonic How in Part I, 
we are simply examining the question: What happens to the fluid dynamics of 
an inviscid flow when the Mach number is made very large? We will see that 
such an examination goes a long way toward the understanding of many practi¬ 
cal hypersonic applications. 
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It is clear that the thorough study of gas-dynamic discontinuities 
and their structures combines in an essentia! way the fields of hy¬ 
drodynamics, physics, and chemistry, and that there is no lack of 
problems which deserve attention. 

Wallace D. Hayes, Princeton University, 1958 
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2.1 INTRODUCTION 

Consider an airplane living at Mach 28 at the outer regions of the earth's atmo¬ 
sphere, say at an altitude of 120 km (approximately 400,000 ft). Upon descent 
into the lower regions of the atmosphere, the aircraft may follow one of the 
lifting trajectories shown on the altitude-velocity map in Fig. 2.It. Superimposed 
on this figure are lines of constant Mach number. The purpose of this figure is 
to emphasize the obvious fact that such hypersonic vehicles encounter excep¬ 
tionally high Mach numbers. Moreover, the flight path remains hypersonic over 
most of its extent. Figure 2.1 justifies the study of high Mach number flows, and 
underscores the question: what happens in a purely fluid-dynamic sense when 
the Mach number becomes very large? This question has particular relevance in 
regard to the basic shock- and expansion-wave relations. In the present chapter, 



FIGURE 2.1 

Velocity-attitude map with superimposed lines of constant Mach cum tier. 


t Velocity-altitude maps are discussed in Sec. i.4. In (hat section, the parameters WIC D S and 
W/C, S' are introduced. Related parameters are m/C„.S and m/C,S where m is the mass of the 
vehicle, figure 2.! is shown in terms of SI units, and the lift parameter is couched m terms of m 
rather than IE In comparing values of W/C,S anti in/C, S,- for example, note that m/C, S (in 
kg/nr) -- 3 x li t', .S (in Hr I;'). i.e., a value of ll' ff. S' = 1000 lb/ft 2 is equal to m/C, 0 = 
5000 kg/nr. The same ratio holds, of course, for If f',..5' and m/C n S. 
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we will obtain and examine the limiting forms of both the conventional shock- 
wave equations and the Prandtl-Meycr expansion-wave relations when the 
upstream Mach number increases toward infinity. These limiting forms are inter¬ 
esting in their own right: however, of more importance, they are absolutely nec¬ 
essary for the development of various inviscid hypersonic theories to be 
discussed in subsequent chapters. 


2.2 BASIC HYPERSONIC 
SHOCK RELATIONS 

Anytime a supersonic How is turned into itself (such as flowing over a wedge, 
cone, or compression corner), a shock wave is created. Also, if a sufficiently high 
back-pressure is created downstream of a supersonic flow, a standing shock 
wave can be established. Such shock waves are extremely thin regions (on the 
order of KU 2 cm in air) across which large changes in density, pressure, veloci¬ 
ty, etc., occur. These changes take place in a continuous fashion within the 
shock wave itself, where viscosity and thermal conduction are important mech¬ 
anisms. However, because the wave is usually so thin, to the macroscopic ob¬ 
server the changes appear to take place discontinuously. Therefore, in 
conventional supersonic aerodynamics, shock waves are usually treated as math¬ 
ematical and physical discontinuities. As the Mach number is increased to hy¬ 
personic speeds, no dramatic qualitative difference occurs. The same exact shock 
relations which are obtained in supersonic aerodynamics also hold at hypersonic 
speeds. However, some interesting approximate and simplified forms of the 
shock relations are obtained in the limit of high Mach number; these forms are 
obtained below. 

Consider the flow through a straight oblique shock wave, as sketched in 
Fig. 2.2. Upstream and downstream conditions are denoted by subscripts I and 
2, respectively. For a calorically perfect gas (constant specific heats, hence y = 
cjc v = constant), the classical results for changes across the shock are given in 
any standard textbook on compressible flow (see, for example, Refs. 4 and 5). To 
begin with, the exact oblique shock relation for pressure ratio across the wave is 
give by 

Exact = 1 1— ' (Mi sin 2 p — 1) (2.1) 

P i 7 + 1 

where p is the wave angle, shown in Fig. 2.2. In the limit as M 1 goes to infinity, 
the term Mf sin 2 /? > 1, and hence Eq. (2.1) becomes: 


Pl = M\ sin 2 p 
Pi 7 + 1 


as M 


co 


( 2 . 2 ) 
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In the hypersonic limit 

h 

Pi 

-»• 77)22 s " ,: 11 

Pi 

7 + t 

Pi 

> y - I 

T, 

f; 

2v f-’ - 1) 

sin : /j 

(7 + 1 ) : 


3 | 2 si n : P 

K 

7 + 1 

r 2 

sin (211) 

V\ 

7 + 1 

C p 

-(ttt)-Ci 


In the hypersonic limit 

and for small 0 

p 

2 



FIGURE 2.2 

Oblique shock-wave geometry. 


In a similar vein, the density and temperature ratios are: 

p 2 (7 + l)Mj sin 2 j) 

hxact = - - - 

p , (7 — 1 )M\ sin~ ft + 2 


(2.3) 


as M, -> 03 


P 2 _ }' + I 

pi y - 1 


(2.4) 


Ti _ {Pi[V i) cp rom (j le equation of state: p = pRT) 
2', (Pi/Pi) 


as M j -> 00 


T, 




27(7-1) 
(7 + 1 )" 


M 7 sin 2 j! 


(2.5) 


Returning to Fig. 2.2, note that u 2 and v 2 are the components of the flow veloc¬ 
ity behind the shock wave parallel and perpendicular to the upstream flow (not 
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parallel and perpendicular to the shock wave itself, as is frequently done). With 
this in mind. 


Exact 

»2 

2(M 2 sin 2 /)- 
(7+0 Mi 

0 

(2.6) 

as M, -► oo 


u 2 ^ 2 sin 2 fi 

v x = -y+T 

1 

(2.7) 

Exact 

v 2 

2(A/ 2 sin 2 P — 1) cot p 

(2.8) 

K 

(y+ i )M 2 



For large M x , Eq. (2.8) can be approximated by 

v 2 2(A7 2 sin 2 /J) cot /J 2 sin /? cos f) 

K = " ()• +'l )M] ~ "7 + 1 

Since 2 sin p cos fi = sin 2/>, then from Eq. (2.9): 


as M, -> co: 


v 2 sin 2/j 

K = 7+ i 


( 2 . 10 ) 


In the above, the choice of velocity components parallel and perpendicular to 
the upstream flow direction rather than to the shock wave is intentional. Equa¬ 
tions (2.7) and (2.10) will be used to great advantage in subsequent chapters to 
demonstrate some physical aspects of the velocity field over slender hypersonic 
bodies. 

Note from Eqs. (2.2) and (2.5) that both p 2 /p t and T 2 jT l become infinitely 
large as ill, -> x. In contrast, from Eqs. (2.4), (2.7), and (2.10), p 2 /p x , u 2 /V l , and 
v 2 /V i approach limiting finite values as M, —► co. 

In aerodynamics, pressure distributions are usually quoted in terms of the 
nondimcnsional pressure coefficient, C p , rather than the pressure itself. The pres¬ 
sure coefficient is defined as 


where p, and q, are the upstream (free-stream) static pressure and dynamic 
pressure respectively. (In later chapters we will use the subscript co to denote 
free-stream conditions, such as free-stream pressure p m and free-stream dynamic 
pressure However, consistent with standard shock-wave nomenclature, we 
denote the free-stream conditions by the subscript 1 in the present section.) By 
definition, the dynamic pressure is given by 

Q l = iPi 
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This is a definition only —it is used for all flows, from incompressible to hyper¬ 
sonic. (Note: For incompressible flow, q, = \p is exactly the difference be¬ 
tween the total and static pressure of the free stream; for all other aerodynamic 
speed regimes, q, = \p t V* is a definition only, with no exact physical signifi¬ 
cance.) In high-speed flow theory, it is convenient to express q l in terms of 
Mach number and pressure, M, and p,, rather than velocity and density, V l and 
Pi . This is easily accomplished by recalling that the speed of sound 7 = 
vWp„ ar, d that the Mach number M, = V l /a 1 . Hence 


hi 


1 ,,■> 7Pi 
= -jhV\ — 

2 yp i 


ypi v\ 
2 0 [ 


or 


hi = 


:P\M\ 


( 2 . 12 ) 


Equation (2.12) is a very convenient expression for dynamic pressure, and can 
be viewed almost as an alternate definition of q t . We can now write the pressure 
coefficient as: 


P 2 7 P1 = __2__ fP_2 _ ] 

hi yM]\p i 


(2.13) 


Combining Eqs. (2.1) and (2.13), we obtain an exact relation for C p behind an 
oblique shock wave as follows: 


Exact 

In the hypersonic limit: 
as M | —> c fj 



sin 2 /i 


1 

M\ 



(2.14) 


(2.15) 


The relationship between Mach number M t , shock angle /J, and deflection angle 
0, is expressed by the so-called O-fl-M relation (see Refs. 4 and 5): 


Exact 


tan 0 = 2 cot fli 


M 2 sin 2 // - 1 
M\{y + cos 2 J) + 2 


(2.16) 


This relation is plotted in Fig. 2.3, which is a standard plot of wave angle versus 
deflection angle, with Mach number as a parameter. From this figure, note that, 
in the hypersonic limit, when 0 is small, [i is also small. Hence, in this limit, we 
can insert the usual small-angle approximations into Eq. (2.16) 


sin ft ft 
cos 2ji sc 1 
tan 0 ss sin Ox 0 
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FIGURE 2J 

O-fi-M diagram. 


resulting in 


2 

0 = /i 


Mifl 2 


I 


_M\ (y + 1) + 2_ 

Applying the high Mach number limit to Eq. (2.17), we have 


0 ■ 


' Mi P 2 ' 


(2.17) 


(2.18) 


In Eq. (2.18) M 1 cancels, and we finally obtain in both the small-angle and 
hypersonic limits: 


as Mi -> co 
and 

0 hence f! is smal 
Note that for y 


+ 1 

~2 


1 . 4 , 


.20 


(2.19) 


(2.20) 
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It is interesting to observe that, in the hypersonic limit for a slender wedge, the 
wave angle is only 20 percent larger than the wedge angle—a graphic demon¬ 
stration of a thin shock layer in hypersonic flow. (Check Fig. 1.13, drawn from 
exact oblique shock results, and note that the 18° shock angle is 20 percent 
larger than the 15" wedge angle at Mach 36 —truly an example of the hyper¬ 
sonic limit.) 

For your convenience, the limiting hypersonic shock relations obtained in 
this section are summarized in Fig. 2.2. These limiting relations, which are 
clearly simpler than the corresponding exact oblique shock relations, will be 
important for the development of some of our hypersonic aerodynamic tech¬ 
niques in subsequent chapters. 


2.3 HYPERSONIC SHOCK RELATIONS 
IN TERMS OF THE HYPERSONIC 
SIMILARITY PARAMETER 


In the study of hypersonic flow over slender bodies, the product M,t) is an 
important governing parameter where, as before, M, is the free-stream Mach 
number and 0 is the flow deflection angle. Indeed, we will demonstrate in Chap. 
4 that M t 0 is a similarity parameter for such flows. Denoting M x 0 by K, we 
state: 

K = M t 0 = hypersonic similarity parameter 


In our future discussions, it will be helpful to express the oblique shock relations 
in terms of K, particularly in the case of pressure ratio p 2 /p,. This is the purpose 
of the present section. 

Return to the exact 0-fl-M relation given by Fq. (2.16). As expressed, 
this is an explicit relation for 0 = 0([i). Obtaining the exact inverse relation, 
[1 = [1(0), from Eq. (2.16) is not possible. However, in the combined limit of 
hypersonic (low and small angles, an approximate explicit relation for fl — [1(0) 
can be obtained. This will be our first step toward introducing K = M,0 into 
the shock relations. Specifically, for small angles, Eq. (2.16) reduces to Eq. (2.17), 
rewritten below as: 


M\[i 2 - I = 


Ml(y+ I) 


+ 1 


[10 


( 2 . 21 ) 


In Eq. (2.21), assume that M x is large and finite, hence \(y + 1 )M\ > 1. How¬ 
ever, since'/? is small, we cannot assume that M\ [l 2 is large compared to unity. 
With this, Eq. (2.21) becomes 

M\[l 2 - 1 = 7 + ' M][10 ( 2 . 22 ) 



7 r 
o 


i 

MjO 


= 0 


Rearranging, we obtain 


B' 

0 


(2.23) 
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This is a quadratic equation in terms of /i/0; solving by means of the quadratic 
formula: 


P 

0 



1 

mJo 2 


(2.24) 


[In Eq. (2.24), the minus sign on the radical has been ruled out; it would pro¬ 
duce the nonphysical result of a negative [i/0.'] Note: Equation (2.24) is the 
desired explicit relation for [i = /?(()), good for the limit of hypersonic Mach 
numbers and small angles. 

Now return to Eq. (2.1), which is an exact relation for the pressure ratio 
across an oblique shock wave. Assuming small angles, this becomes 


P! =I + -7 t(W!/I 2 -I) (2.25) 

P i 7 + 1 


If we wish to apply Eq. (2.25) at hypersonic but finite Mach numbers, we repeat 
again that, although M, is large, the product may not be large; hence for 
this case, Eq. (2.25) cannot be reduced further. However, within the framework 
of these assumptions, Eq. (2.24) gives an explicit relation for /) = /f(0), which can 
be introduced into Eq. (2.25) to obtain an expression for p 2 /p , in terms of the 
deflection angle 0. This is carried out as follows. Combining Eqs. (2.22) and 
(2.23), 


KY 

0 


+1 

~ 


u' + 


7 +_1 

4 


M\0 2 


M\0 2 


or. 


Y = 


(y + l) (y + J) 7 + 1 

2 ~ '4 2 ^ 


y +_C 2 
4 


MjO 2 


+ M] 


(2.26) 


Substituting Eq. (2.26) into (2.25), we obtain 


P2 = 1+ T(V - +1 W + 7 ( y ~ 

Pi 4 V 4 


M]0 2 


(2.27) 


Again denoting M,0 by K, Eq. (27) is written as 


ze , , 7(7 + ! ) , ..t-2 Ify + Y 2 1 


Pi 


= 1 + 


K 2 + yK 2 


K 2 


(2.28) 


Equation (2.28) is the desired result; it gives the pressure ratio across an oblique 
shock wave in terms of the hypersonic similarity parameter, subject to the com¬ 
bined assumptions of high (but finite) Mach number and small angles. Since the 
pressure field behind a two-dimensional oblique shock is constant, Eq. (2.28) 
also gives the pressure, p 2 . on the surface of a wedge of deflection angle 0. 
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To round out our present discussion associated with the hypersonic simi¬ 
larity parameter, consider the pressure coefficient, defined in Eq. (2.13). Substi¬ 
tuting Eq. (2.28) into (2.13), we obtain 


c, - * " *» + ,*> 

yMr 4 \ 


or, multiplying and dividing by 0 2 


TtT K . + ?K ^(r±i)- + _q 


or 



Note from Eq. (2.29) that, for hypersonic How over wedges with small deflection 
angles. 


C, 

o 2 


f(K, y) 


(2.30) 


We will find later that relations analogous to Eq. (2.30) abound in the theory of 
hypersonic How over slender bodies. 


2.4 HYPERSONIC EXPANSION- 
WAVE RELATIONS 

Consider the centered Prandtl-Mcyer expansion around a corner of deflection 
angle 0, as sketched in Fig. 2.4. An expansion fan consisting of an infinite 
number of Mach waves originates at the corner, and spreads downstream. The 



FIGURE 2.4 

Centered expansion wave. 
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Mach number and pressure upstream of the wave are M, and /q, respectively; 
the corresponding quantities downstream of the wave are M 2 and p 2 respective¬ 
ly. From basic compressible (low (see, for example, Refs. 4 and 5), the relation 
between 0, M,, and M 2 is given by 

0 = v(M,) — v(M i) (2.31) 

where r is the Prandtl-Meyer function 


v(M) 


h + 1 


tan 


IIt 


tan 


(2.32) 


For large Mach numbers, Jm 1 — 1 se M. Hence, Eq. (3.32) can be written for 
hypersonic flow as 


v(M) = 7 ~ tan" 1 7 —\ M - tan" 1 M 

V 7 ~ 1 V 7 + I 


Recalling the trigonometric identity 


and the scries expansion 
tan" 


tan 1 x == — tan 1 

2 \x 


1_J^ I_1_ 

: x 3a 5 + 5x ‘' lx 7 + ' 


we obtain by combining Eqs. (2.34) and (2.35), 

n 1 1 1 1 

tan x = — - + —- 7 h-= ■ 

2 x 3x 3 5x 5 lx 1 


Utilizing Eq. (2.36) to expand Eq. (2.33), we have 
h + \/n 


v(Af) = 


V - H2 


y + 1 i 
I y - T M 


+ ■ 


2 M 


+ • 


(2.33) 


(2.34) 


(2.35) 


(2.36) 


(2.37) 


At high Mach number, the higher-order terms associated with Eq. (2.37), i.e., 
terms such as 1/3A7 3 , 1/5M 5 , etc., can be ignored. For this case, Eq. (2.37) yields 




(2.38) 


Substituting Eq. (2.38) into (2.31), we obtain, for hypersonic Mach numbers: 


0 = - 
M, 


+ i\ '_ \ + (y + i') i 


7-1J m 2 Af, 


M, 


or 


0 = - 
y 


2 


'±-±) 

M, M 2 ) 


(2.39) 
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at ion (2.39) is the hypersonic relation for Prandtl-Meyer expansion waves; it 
1 approximate relation which becomes more accurate as M, and M 2 become 
cr. Recall that M increases through an expansion wave, hence 6 in Eq. (2.39) 
positive quantity. This is consistent with the sketch shown in Fig. 2.4 where 
deflection angle 0 is treated as a positive quantity. 

The flow through an expansion wave is isentropic, hence the isentropic 
sure relation holds as follows (again see for example, Refs. 4 and 5) 


P 2 = / I + ( y- l)/2M?y«’- l > 
Pi V+(r-l)/2 Ml) 


(2.40) 


large Mach numbers, the hypersonic approximation for Eq. (2.40) becomes 


p 2 _ /M,\ 2 ' ,(1 '" 1) 
Pi \^2/ 


(2.41) 


rranging Eq. (2.39), we obtain 


M, 


~M X 0 


(2.42) 


nbining Eqs. (2.41) and (2.42), the pressure ratio across the expansion wave, 
typersonic speeds, becomes 


Pi 

Pi 


1 

2 


MJ) 


2r/(r-i) 


(2.43) 


lining, ;is before, M,0 as the hypersonic similarity parameter K, Eq. (2.43) 
be written as 



(2.44) 


nation (2.44) is, for the expansion wave, the analog of Eq. (2.28) for the shock 
ve. In both cases, the pressure ratio p 2 /Pi is a function of K and y. However, 
icreas Eq. (2.28) for the shock wave assumed both high Mach number and 
mil angles, Eq. (2.44) for the expansion wave assumes only high Mach 
tmber; Eq. (2.44) is not restricted to small angles. 

Finally, the pressure coefficient C is, from Eqs. (2.13) and (2.44) 


C 


r 


2 




v _ l \ 2y/(r- i) 

2 -) - 


Multiplying and dividing the right-hand side by O 2 , we obtain 


2 0 2 

17 y - 1 \ 2yny - u “i 


C " ~ yK 2 

Lr = *) -’j 



(2.45) 
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Equation (2.45) for the hypersonic expansion wave is analogous to Eq. (2.29) for 
the hypersonic shock wave. Indeed, analogous to Eq. (2.30), Eq. (2.45) gives the 
result, now becoming familiar, that 

^ = f(K, y) (2.46) 

for the hypersonic expansion wave. 


2.5 SUMMARY 

The conventional shock wave and expansion-wave relations from basic compres¬ 
sible llow take on simplified but approximate forms at hypersonic Mach 
numbers. The more important of these forms are listed below. 


Shock Waves 

In the limit as M l -> co 


P 2 


2y 


Pi 2+1 

Pi = 7 _+ _[ 
pi r-i 


Mj sin 2 P 


u, 


= 1 


2 sin 2 [i 


K ' 7+1 

v 2 sin ip 

' i / + 1 

4 


Vi 

C„ = 


7 + 1 


sin 2 P 


In the combined limit, as M, —> oo and small angles, 

/(_y+ 1 

0 ~ " 1 " ~ 


(2.2) 

(2.4) 

(2.7) 

( 2 . 10 ) 

(2.15) 

(2.19) 


Defining the hypersonic similarity parameter as M t 0 = X, we have, in the 
intermediate case of high but finite Mach number and small angles, 


XT*!>*..*./(»*>) + 


C„ = 20 2 


V + 1 

4 + 


7 + 1 


1 

K 2 


(2.28) 

(2.29) 




Note : 


(2.30) 
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Expansion Waves 

[n the case of high but finite Mach numbers we have 


0 - 


2 ( L 

y — 1 l Mj 


1 

M 2 


(2.39) 


where 0 is the deflection angle and M j and M 2 are the Mach numbers upstream 
and downstream df the expansion wave. Also, for the same assumption, 


Pi 

Pi 


y 


K 


(2.44) 


where K = M ,0 


Note: 


20 1 f ( y -\ yyif-y- 1 ' 


C, 

o 2 


m, y) 


(2.45) 

(2.46) 


PROBLEM 

2.1. Starting with the basic continuity, momentum, and energy equations for 
flow across an oblique shock wave (see, for example, Ref. 4), derive Eqs. 
(2.6) and (2.8). Note that u 2 and v 2 in these equations are the velocity com¬ 
ponents behind the shock parallel and perpendicular to the upstream veloci¬ 
ty respectively —not parallel and perpendicular to the shock wave as is 
usually taken in most standard shock-wave derivations. 



CHAPTER 

3 


LOCAL 

SURLACE 

INCLINATION 

METHODS 


Newton s ideas are as old as reason and as new as research. 

J. C. Hunsaker, comments to the Royal Society, 

Cambridge, England, at the occasion of 

the Newton Tercentenary Celebration, July, 1946 


A striking difference between linear and nonlinear waves concerns 
the phenomenon of interaction: the principle of superposition holds 
for linear waves but not for nonlinear waves. As a consequence, for 
example, excess pressures of interfering sound waves are merely 
additive: in contrast to this fact, interaction and refection of 
nonlinear wares muy lead to enormous increases in pressure. 


Richard Courant and K. O. Fredericks, 1948 
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3.1 INTRODUCTION 


Hypersonic flow is inherently nonlinear. This is intuitively obvious when we 
think of the important physical aspects of hypersonics discussed in Chapter 
1- aspects such as high-temperature chemically reacting flows, viscous interac¬ 
tion, entropy layers, etc. It is hard to imagine that such complex phenomena 
could be described by simple linear relationships. Even without these consider¬ 
ations, the basic theory of inviscid compressible flow, when the Mach number 
becomes large, does not yield aerodynamic theories which are mathematically 
linear. This is in stark contrast to supersonic flow which, for thin bodies at small 
angles of attack, can be described by a linear partial differential equation, lead¬ 
ing to the familiar supersonic expression for pressure coefficient on a surface (or 
streamline) with local deflection angle 0: 


C 


r 


20 


(3.1) 


In Eq. (3.1), M, tl is the free-stream Mach number. Equation (3.1) is a classic 
result from inviscid, linearized, two-dimensional, supersonic flow theory (see, for 
example, Refs. 4 and 5). It is simple, and easy to apply. Unfortunately, it is not 
valid at hypersonic speeds, for reasons to be discussed in Chapter 4. 

A virtue of F.q. (3.1) is that, for a specified free stream Mach number, it 
gives the pressure coefficient on the surface of a body strictly in terms of the 
local deflection angle of the surface, 0, that is, within the framework of supersonic 
linearized theory, C ; , at any point on a body does not depend on the details of 
the flowlield away from that point, thus it does not require a detailed solution of 
the complete flowfield. In essence, Eq. (3.1) provides a local surface inclination 
method for the prediction of pressure distributions over two-dimensional super¬ 
sonic bodies (restricted to thin bodies at small angles of attack). Such simplicity 
is always welcomed by practicing acrodynamicists who have to design flight 
vehicles. This leads to the question: Although hypersonic aerodynamics is non¬ 
linear, and hence Eq. (3.1) does not hold, are there other methods, albeit ap¬ 
proximate, which allow the rapid estimate of pressure distributions over 
hypersonic bodies just in terms of the local surface inclination angle? In other 
words, is there a viable “local surface inclination method” for hypersonic appli¬ 
cations? The answer is yes; indeed, there are several such methods which apply 
to hypersonic bodies. The purpose of this chapter is to present these methods. 

Finally, examine the roadmap given in Fig. 1.23. Note that the material 
discussed in Chap. 2, as well as the present chapter, is itemized on the far left 
side of the roadmap. Keep in mind that we are still discussing inviscid hyper¬ 
sonic How, where essentially we are examining the purely fluid dynamic effect of 
large Mach numbers. 


3.2 NEWTONIAN FLOW 

Three centuries ago, Isaac Newton established a fluid dynamic theory which 
later was used to derive a “law” for the force on an inclined plane in a moving 
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fluid. This law indicated that the force varies as the square of the sine of the 
deflection angle —the famous newtonian “sine-squared law." Experimental inves¬ 
tigations carried out by d'Alembert more than a half-century later indicated that 
Newton’s sine-squared law' was not very accurate and, indeed, the preponder¬ 
ance of fluid dynamic experience up to the present day confirms this finding. The 
exception to this is the modern world of hypersonic aerodynamics. Ironically, 
newtonian theory, developed 300 years ago for the application to low-speed 
fluid dynamics, has direct application to the prediction of pressure distributions 
on hypersonic bodies. What is the application, and why? The answers are the 
subject of this section. 

In Propositions 34 and 35 of his Principia, first published in 1687, Newton 
modeled a fluid flow as a stream of particles in rectilinear motion, much like a 
stream of pellets from a shotgun blast which, when striking a surface, would lose 
all their momentum normal to the surface but would move tangentially to the 
surface without loss of tangential momentum. This picture is illustrated in Fig. 
3.1, which shows a stream with velocity kj» impacting on a surface of area A 
inclined at the angle 0 to the free stream. From this figure, we see that: 

(Change in normal velocity) = V rJt sin 0 

{Mass (lux incident on a surface area A] = p x V X) A sin 0 

{Time rate of change of momentum of this mass flux} = (p m V m A sin 0)( V ai sin 0) 

= p m VljA sin 2 0 

From Newton's second law, the time rate of change of momentum is equal to 
the force F exerted on the surface 

F = p to Vi A sin 2 0 

F 

or, - = p a ,Vi sin 2 0 (3.2) 

A 

The force F in Eq. (3.2) requires some interpretation. Newton assumed the 
stream of particles to be rectilinear, i.e., he assumed that the individual particles 
do not interact with each other, and have no random motion. Due to this lack 
of random motion, F in Eq. (3.2) is a force associated only with the directed 
linear motion of the particles. On the other hand, modern science recognizes 




FIGURE 3.1 

Schematic for newtonian impact theory. 
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that the static pressure of a gas or liquid is due to the purely random motion of 
the particles motion not included in newtonian theory. Hence, in Eq. (3.2). 
F/A, which has the dimensions of pressure, must be interpreted as the pressure 
difference above the free-stream static pressure, namely 

F 

A =P ~ P » 

where p is the surface pressure, and p X1 is the free-stream static pressure. Hence, 
from Eq. (3.2) 

P ~ Poo = sin 2 0 


or 


P_~_P 

\p„V 


-f- = 2 sin 2 0 


or 


C p = 2 sin 2 0 


(3.3) 


Equation (3.3) is the famous newtonian sine-squared law for pressure coefficient. 

What does the newtonian pressure coefficient have to do with hypersonic 
flow? To answer this question, recall Fig. 1.13 which illustrated the shock wave 
and thin shock layer on a 15 degree wedge at Mach 36. An elaboration of this 
picture is given in Fig. 3.2, which shows the streamline pattern for the same 
Mach 36 flow over the same wedge. Here, upstream of the shock wave, we see 
straight, parallel streamlines in the horizontal free-stream direction; downstream 
of the shock wave, the streamlines are also straight but parallel to the wedge 
surface inclined at a 15-degree angle. Now imagine that you examine Fig. 3.2 
from a distance, say from across the room. Because the shock wave lies so close 
to the surface at hypersonic speeds. Fig. 3.2 “looks” as if the incoming flow is 
directly impinging on the wedge surface, and then is running parallel to the 
surface downstream —precisely the picture Newton drew in 1687. Therefore, the 
geometric picture of hypersonic llowfields have some characteristics which 
closely approximate newtonian flow; Newton’s model had to wait for more than 
two-and-a-half centuries before it came into its own. By this reasoning, Eq. (3.3) 



FIGURE 3.2 

Streamlines in the Ihin hypersonic shock layer. 
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should approximate the surface pressure coefficient in hypersonic flow. Indeed, it 
has been used extensively for this purpose since the early 1950s. 

In applying Eq. (3.3) to hypersonic bodies, 0 is taken as the local deflection 
angle, i.c., the angle between the tangent to the surface and the free-stream. 
Clearly, new Ionian theory is a “local surface inclination method" where C p de¬ 
pends only on the local surface deflection angle; it does not depend on any 
aspect of the surrounding flowfield. To be specific, consider Fig. 3.3c;, which 
shows an arbitrarily shaped two-dimensional body. Assume that we wish to esti¬ 
mate the pressure at point P on the body surface. Draw a line tangent to the 
body at point P; the angle between this line and the free-stream is denoted by 0. 
Hence, from newtonian theory, the value of C p at this point is given by C p = 
2sin 2 0. Now consider a three-dimensional body such as sketched in Fig. 3.3 b. 
We wish to estimate the pressure at an arbitrary point P on this body. Draw a 
unit normal vector n to the surface at point P. Consider the free-stream velocity 
as a vector V,. Then, by definition of the vector dot product, and using a 
trigonometric identity, wc obtain 


V , x ' n 


Vj, | cos (j> 


IKJ sin 



(3.4) 


where tj> is the angle between n and V m . The vectors n and V„ define a plane, 
and in that plane the angle 0 — n/2 — tj> is the angle between a tangent to the 
surface and the free-stream direction. Thus, from Eq. (3.4), 

V„ • n = | V x | sin 0 


or 


sin 0 = -—°°- • n 

|FJ 


(3.5) 


n = unit norma! 
vector at P 



FIGURE 3.3 

(«) Geometry for newtonian applications in two-dimensional flow; (£>) Geometry for newtonian ap¬ 
plications in three-dimensional flow. 
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1GURE 3.4 

indow region on the leeward side of a body, from newlonian theory. 


he newtonian pressure coefficient at point P on the three-dimensional body is 
icn C p — 2 sin 2 0, where 0 is given by Eq. (3.5). 

In the newtonian model of fluid flow, the particles in the free-stream im- 
act only on the frontal area of the body; they cannot curl around the body and 
npact on the back surface. Hence, for that portion of a body which is in the 
shadow” of the incident flow, such as the shaded region sketched in Fig. 3.4, no 
npact pressure is felt. Hence, over this shadow region it is consistent to assume 
lat p = p and therefore C p = 0, as indicated in Fig. 3.4. 

It is instructive to examine newtonian theory applied to a flat plate, as 
ketched in Fig. 3.5. Here, a two-dimensional flat plate with chord length c is at 
n angle of attack, oc, to the free-stream. Since we are not including friction, and 



FIGURE 3.5 

Flat plate at angle of attack. Illustration of aerodynamic forces. 
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because surface pressure always acts normal to the surface, the resultant aero¬ 
dynamic force is perpendicular to the plate, i.e.. in this case the normal force N 
is the resultant aerodynamic force. (For an infinitely thin fiat plate, this is a 
general result which is not limited to newtonian theory, or even to hypersonic 
How.) In turn. A' is resolved into lift and drag, denoted by L and D respectively, 
as shown in Fig. 3.5. According to newtonian theory, the pressure coefficient on 
the lower surface is 

C PI = 2 sin 2 a (3.6) 

and that on the upper surface, which is in the shadow region, is 

C p „ = 0 (3.7) 

Defining the normal force coefficient as r„ = N/q^S, where S = (c)(1), we can 
readily calculate r„ by integrating the pressure coefficients over the lower and 
upper surfaces (see for example the derivation given in Ref. 5). 

c „ = ' P(C,„ - C J dx (3.8) 

c Jo 

where .y is the distance along the chord from the leading edge. Substituting Eqs. 
(3.6) and (3.7) into (3.8), w ; e obtain 

c„ = - (2 sin 2 a)c 


or 


c„ = 2 sin 2 a (3.9) 

From the geometry of Fig. 3.5, we see that the lift and drag coefficients, defined 
as c, = L/q , S and c d = Djq : , S , respectively, where S = (c)(1), are given by 

e, = c„ cos a (3.10) 

and 

c l( = c„ sin a 

Substituting Eq. (3.9) into Eqs. (3.10) and (3.11), we obtain 

Ci — 2 sin 2 a cos a 

and 

c d = 2 sin 3 a (3.13) 

Finally, from the geometry of Fig. 3.5, the lift-to-drag ratio is given by 

L 

— = cot a (3.14) 

[Note that Eq. (3.14) is a general result for inviscid supersonic or hypersonic 
flow over a fiat plate. For such flows, the resultant aerodynamic force is the 


(3.11) 

(3.12) 
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normal force N. From the geometry shown in Fig. 3.5, the resultant aerody¬ 
namic force makes (he angle a with respect to lift, and clearly, from the right 
triangle between L, D and N, we have LjD = cot ot. Hence, F.q. (3.14) is not 
limited to just newtoniun theory.] 

The results obtained above for the application of newtonian theory to an 
infinitely thin flat plate are plotted in Fig. 3.6. Here LjD, c h and c d are plotted 
versus angle of attack a. From this figure, note the following aspects: 

1. The value of LjD increases monotonically as a is decreased. Indeed, LjD -* cc 
as a -> 0. However, this is misleading; when skin friction is added to this 
picture, D becomes finite at a = 0, and then LjD -»0 as a -> 0. 

2. The lift curve peaks at about a « 55 °. (To be exact, it can be shown from 
newtonian theory that maximum c, occurs at a = 54 . 7 °; the proof of this is 
left as a homework problem.) It is interesting to note that a « 55 “ for maxi¬ 
mum lift is fairly realistic; the maximum lift coefficient for many practical 
hypersonic vehicles occurs at angles of attack in this neighborhood. 


lOr 



0 15 30 45 60 75 90 

Angle of nuaek a, degrees 


KIGURF. .7.6 

Newtonian results for a Hat plate. 
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3. Examine the lift curve at low angle of attack, say in the range of a from 0 to 
15 degrees. Note that the variation of c, with a is very nonlinear. This is in 
direct contrast to the familiar result for subsonic and supersonic flow, where 
for thin bodies at small a, the lift curve is a linear function of a. (Recall, for 
example, that the theoretical lift slope from incompressible thin airfoil theory 
is 2n per radian.) Hcncc, the nonlinear lift curve shown in Fig. 3.6 is a 
graphic demonstration of the nonlinear nature of hypersonic flow. 

Consider two other basic aerodynamic bodies; the circular cylinder of in¬ 
finite span, and the sphere. Newtonian theory can be applied to estimate the 
hypersonic drag coefficients for these shapes; the results are 


1. Circular cylinder of infinite span 
D 

e d — ' r. 

‘h S 

S = 2R where R = radius of cylinder 
a,, = 3 (from newtonian theory) 


2. Sphere 


S = nR 2 where R = radius of sphere 
C D = I (from newtonian theory) 


The derivations of these drag-coefficient values are left for homework problems. 

It is interesting to note that the above results from newtonian theory do 
not explicitly depend on Mach number. Of course, they implicitly assume that 
M aj is high enough for hypersonic flow to prevail; outside of that, the precise 
value of M, does not enter the calculations. This is compatible with the Mach 
number independence principle, to be discussed in Chap. 4. In short, this principle 
states that certain aerodynamic quantities become relatively independent 
of Mach number if M, rj is made sufficiently large. Newtonian results are the 
epitome of this principle. 


3.3 MODIFIED NEWTONIAN LAW 

In Ref. 8 , Lester Lees proposed a modification to newtonian theory, writing Eq. 
(3.3) as 


(3.15) 
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vhere C,, m>x is the maximum value of the pressure coefficient, evaluated at a 
tagnnlion point behind a normal shock wave, i.e., 


C 


p< 


POi Pa 

l 2 Pa,Vl 


(3.16) 


vhere p„ 2 is the total pressure behind a normal shock wave at the free-stream 
4ach number. From exact normal shock-wave theory, the “Rayleigh Pitot tube 
urmula” gives (sec Ref. 5) 

Po, = F (7 + }) 2 Ml _ 

Pa i4yMl-2(y^l) 

■Joting that (Pa, V 2 m = (y/2 )p, XJ M 2 IJ , Eq. (3.16) becomes 


7/(7 - 1 ) 

H - y + 2 yMi 


7+1 


(3.17) 


C„ = 


yM 2 , 


P 02 
P / 


'ombining Eqs. (3.17) and (3.18), wc obtain 

2 rr (’/+i) 2 ,w 2 „ 

yM 2 , [[_4yMf," — 2(y1)_ 
his relation is plotted in Fig. 3.7. Note that, in the limit as M -> co, we have: 


y + 2y M l; 
y + 1 


(3.18) 


(3.19) 


_ (7+ l) n 

7/(7 - 1 ) 

4 

4 7 


y + 1 _ 


1.839 fory = 1.4 


- 2.0 for y = 1 

quation (3.15), with C Pm ^ given by Eq. (3.19) is called the modified newtonian 
w. Note that: 


The modified newtonian law is no longer Mach-number independent. The 
effect of a finite Mach number enters through Eq. (3.19). 

As both M co and >'->1, Eqs. (3.15) and (3.19) yield C p = 2 sin 2 0. 
That is, the straight newtonian law is recovered in the limit as -> co and 
7-1- 

For the prediction of pressure distributions over blunt-nosed bodies, modi- 
•d newtonian, Eq. (3.15), is considerably more accurate than the straight new- 
nian, Eq. (3.3). This is illustrated in Fig. 3.8, which shows the pressure 
stribution over a paraboloid at Mach 8. The solid line is an exact finitc-differ- 
l solution of the blunt-body flowfield (to be discussed in Chap. 5): the solid 
rnbols are the modified newtonian results from Eqs. (3.15) and (3.19). Note the 
ccllcnt agreement, particularly over the forward portion of the nose. The 
shed line is the straight newtonian result from Eq. (3.3); it lies 9 percent above 
e exact result. The inspiration for Lester Lee’s modification to newtonian 
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theory appears obvious when examining Fig. 3.8. Clearly, from the proper phys¬ 
ics of the flow, the pressure at the stagnation point on the body is equal to the 
stagnation pressure behind a normal shock wave, i.e., the p 0 , given by Eq. 
'3.17); this yields the exact pressure coefficient at the stagnation point, given by 
Fq. (3.19). Therefore, it is rational to simply replace the coefficient 2 in Eq. (3.3) 
with the value C’ Pn as shown in Eq. (3.15). This forces newtonian theory to be 
exact at the stagnation point, and as can be seen in Fig. 3.8, the variation of C p 
away from the stagnation point closely follows a sine-squared behavior. 


3.4 CENTRIFUGAL FORCE CORRECTIONS 
TO NEWTONIAN THEORY 

In the derivation of the straight newtonian law, Eq. (3.3), we considered flow 
over a Hal surface, such as the model sketched in Fig. 3.1. However, we pro¬ 
ceeded to apply Eq. (3.3) to curved surfaces, such as in Figs. 3.3, 3.4, and 3.8. is 
this theoretically consistent? The answer is no; for flow over a curved surface, 
there is a centrifugal force acting on the fluid elements which will affect the 
pressure on the surface. For an application of newtonian theory to curved sur¬ 
faces which is totally consistent with theoretical mechanics, we must modify the 
discussion in Sec. 3.2 to take into account the centrifugal force effects. This is the 
purpose of the present section. 

To physically understand the nature of centrifugal force on a flowfield, 
consider a fluid element moving at velocity V along a curved streamline with 
radius of curvature R, as sketched in Fig. 3.9. The fluid element is experiencing a 
radial acceleration V 2 /R with an attendant centrifugal force in the radial direc¬ 
tion, as also shown in Fig. 3.9. in order to balance this centrifugal force, and 
keep the fluid element moving along the streamline, the pressure p + dp on the 
top surface of the element must be larger than the pressure p on the bottom 
surface, i.e., there must be a positive pressure gradient in the radial direction. 
One could then theorize that, in the How over a convex surface, the pressure 
would decrease in a normal direction toward the surface. This is a general fluid 
dynamic trend, not just limited to newtonian theory. However, it is especially 
true for the mechanics associated with the newtonian model. For flow over a 
convex surface, we should expect the newtonian pressure to be decreased due to 
the centrifugal effect. This is derived as follows. 

Consider Fig. 3.10, which illustrates the newtonian flow over a curved sur¬ 
face. Consistent with the newtonian model, all particles that impact the surface 
subsequently move tangentially over the surface in an infinitely thin layer. For 
the time being, assume this layer to have small thickness An; later we will let 
Aa->0 consistent with the newtonian approximation. Therefore, in Fig. 3.10 we 
arc considering a thin layer of flow over the body, bounded by the dashed line 
and the body itself. (For clarity of presentation, the thickness of this layer is 
greatly magnified in Fig. 3.10.) Consider point i on the body surface. At point i 
we wish to calculate the pressure p ; . Through point i, consider a streamline 
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:oordinatc system, where ,v and n are coordinates locally tangential and perpen- 
licular to the streamline. The radius of curvature of the streamline is R. The 
aycr of flow over the body is so thin that we assume R is the same for all the 
.1 reamlines crossing the coordinate n drawn from point i over the distance An. 
\s a result of this assumption, since the surface at point i is at the angle 0 i with 
■espect to the free stream, then the angle at point 2 made by the outer edge of 
he layer (dashed line) with respect to the free stream is also 0 t . Now consider a 
dreamtube within the layer, as shown by the shaded region in Fig. 3.10. In the 
rce stream ahead of the layer, the height of this streamtube is dy, where y is the 
toordinatc perpendicular to the free stream, and the velocity is V„. Immediately 
upon entering the layer, the flow direction is assumed to be 0, the local deflec- 
ion angle of the body at that location, and the magnitude of the velocity is 
K„cos 0 —all consistent with the newtonian model. Where the streamtube 
mosses the normal coordinate n drawn through point t, the thickness of the 
dreamtube is dn and the velocity is V. Concentrate on this part of the stream- 
tube, i.e., where it crosses n. At this location, Newton’s second law written in 
tlrcamlinc coordinates for (he motion of a fluid element is, in the normal direc¬ 
tion (sec for example Ref. 9) 


dp _pV 2 
on R 


(3.20) 


liquation (3.20) states that the centrifugal force per unit volume of a fluid ele¬ 
ment, pV 1 /R, is exactly balanced by the normal pressure gradient, ipjdn. Inte¬ 
grating Hq. (3.20) across the layer from point i to point 2, we have 


dp = 


*•' Pi 


' pV 2 


dn 


(3.21) 


Assuming two-dimensional How, the constant mass flow through the shaded 
streamtube dictates that 


P«, V„, dy = pV dn 

Substituting Eq. (3.22) into (3.21), we obtain 

, F Atl cos 0, 1 / 

P 'X) 'co 

R 


V dy 


(3.22) 


(3.23) 


where the direction of integration now becomes the vertical coordinate y. Note 
that the vertical coordinates of points i and 2 are y, and y, + An cos 0 t respec¬ 
tively. Recall that dy in Eqs. (3.22) and (3.23) is the incremental height of the 
streamtube measured in the free stream, and that all the mass flow through the 
section of the layer of thickness An above point i originates in the total vertical 
extent of the free stream from the bottom line up to point 2. Hence, in Eq. 
(3.23), the limits of integration tire taken from y = 0 to y = y ; + An cos 0 ; . Mak- 
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ing the assumption of an infinitesimally thin layer, we let An -> 0 or, more cor¬ 
rectly. y ; > An cos 0;. In this limit, Eq. (3.23) becomes 

f 1 ' P, 

P2 - P,= —5— V dy (3.24) 

J 0 R 

We now make another assumption consistent with the newtonian model. Be¬ 
cause newtonian theory assumes inelastic collisions of the particles with the sur¬ 
face wherein all the normal momentum is lost but the tangential momentum is 
preserved, it is consistent to assume that the velocity of any given particle after 
collision is constant. Hence, in Fig. 3.10, we assume that the flow velocity along 
the shaded streamtube inside the layer is constant, that is, V = V a cos 0 along 
the streamtube, including the section above point i. With this, and recalling that 
R is assumed constant for all streamlines crossing n above point i, Eq. (3.24) 
becomes 


,p «.vi 

R 


cos 0 dy 


(3.25) 


Recall from the definition of radius of curvature that, at point i, 

1 1 
(d0/ds)i ( d0/dy)i sin 0,- 

Combining Eqs. (3.25) and (3.26) and rearranging, we have 

dd()\ 


Pi = P 2 + Kq,( — j sin 0, cos 0 dy 


(3.26) 


(3.27) 


Subtracting from both sides of Eq. (3.27), and dividing by q, x , we obtain the 
pressure coefficient 


C Pi = C p , + 2( sin (I,- j" cos 0 dy 


(3.28) 


Finally, at point 2 the flow is just entering the layer, and is being deflected 
through the angle 0y there is no centrifugal effect at this point, and hence from 
newtonian theory the pressure coefficient at point 2 must be interpreted as the 
straight newtonian result given by Eq. (3.3), namely 2 sin 2 0 ( . With this, Eq. 
(3.28) is written as 


C Pt = 2 sin 2 0; + 2| 


'd0' 

dy 


sin (I,- 


cos 0 dy 
0 


(3.29) 


Equation (3.29) is the newtonian pressure coefficient at point i on a curved 
two-dimensional surface taking into account the centrifugal force correction. The 
first term on the right-hand side is the straight newtonian result; the second 
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term is the theoretically consistent correction for centrifugal effects. An analo¬ 
gous equation for axisymmetrie bodies is 


C Pt = 2 sin 2 0, + 2\ 


d0\ sin 0; 


y cos 0 dy 
o 


(3.30) 


Equation (3.30) can be written in terms of the local cross-scctional area A = ny 2 . 

C Pi = 2 sin 2 0, + sin 0; j" cos 0 dA (3.31) 

The derivations of Fqs. (3.30) and (3.31) are left as homework problems. 

The results embodied in Eqs. (3.29)-(3.31) were first obtained by Adolf 
Busemann in 1933 (Ref. 10), with analogous approaches given in Refs. 11 and 
12. For this reason, newtonian theory as modified for centrifugal force effects is 
frequently called Newtonian-Busemann theory. 

Note from Eqs. (3.29)—(3.31) that newtonian theory with the centrifugal 
modification is not totally a “local surface inclination result.” The value of C Pi 
depends not only on the local inclination angle 0 h but also on the shape of the 
body upstream of point / through the presence of the integral terms. In some 
sense, this is compatible with the true physical nature of steady supersonic and 
hypersonic flows where conditions at a given point are influenced by pressure 
waves from the upstream region but not from the downstream region (recall 
that information cannot propagate upstream in steady supersonic flow). How¬ 
ever, do not be misled; this aspect of Newtonian-Busemann theory has nothing 
to do with the true physical picture of the propagation of information via pres¬ 
sure waves —indeed, such propagation is not a part of the newtonian model. 
Rather, the integral terms in Eqs. (3.29)—(3.31) are simply expressions associated 
with the mass flow through the layer immediately above point i in Fig. 3.10. This 
mass llow depends on the velocity profile along n, V = V(n). In the newtonian 
model shown in Fig. 3.10, recall that we assumed that the flow velocity is con¬ 
stant along a streamline inside the layer, and hence the value of V at a given n 
depends on the location (hence the local value of 0 ) where the streamline first 
enters the layer. This is how the dependence of C Pi on the shape of the body 
upstream of point i enters the formulation. 

Equations (3.29) and (3.30) take on a particularly simple form for slender 
bodies where 0 is small. For small 0, 

sin 0; -> 0 i 

cos 0 dy —► }>,■ 

J o 

Also, letting ds be an incremental length along the surface, dy = sin V ds , and 
hence sin O^dO/dy)-, = (dOfds)-, = k-„ where tc i is the curvature of the surface at 
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(K degrees 

FIGURE 3.11 

Surface pressure distributions for flow past ;t circular cylinder. M^ — oo, y — 1.4. (From Ref. 15.) 


point /. Thus, Eqs. (3.29) and (3.30) become (dropping the subscript) 


C p = 2(0 2 + Ky): for slender 2-D bodies 


(3,32 a) 


C p = 2 0 2 + Ky: for slender bodies of revolution 


(3.32 />) 


For flow over a blunt body, the centrifugal correction actually makes 
things worse. For example. Fig. 3.11 shows predictions for the pressure coeffi¬ 
cient over a circular cylinder based on all three types of newtonian-like How; 
newtonian. modified newtoniun, and Newtonian-Busemann. These results are 
compared with tin exact numerical calculation carried out by Van Dyke for 
M„ = co (see Ref. 13). Note from Fig. 3.11 that newtonian theory gives the 
correct qualitative variation, but is off by a constant percentage, and that modi¬ 
fied newtonian is quite accurate. However, the Newtonian-Busemann results are 
neither qualitatively nor quantitatively correct. A similar trend occurs for slen¬ 
der body cases as shown in Fig. 3.12. Here, the pressure distribution over a 10 
percent thick biconvex airfoil is predicted by both newtonian and Newtonian- 
Busemann theories, and compared with exact numerical results from the method 
of characteristics. For y = 1.4, the Newtonian-Busemann is again worse than 
straight newtonian. fn Fig. 3.12, the method-of-characteristic results are 
obtained from Ref. 14, and the newtonian results from Refs. 15 and 16. 
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rface pressure distribution over a 10 percent thick biconvex airfoil. Shape of the airfoil is shown in 
3.13. M v = 'y, y = 1.4. (From Ref- 14.) 


In light of the results shown in Figs. 3.11 and 3.12, we conclude that the 
ntrifugal force correction to newtonian theory, although correct from the point 
view of theoretical mechanics, is simply not valid for practical applications. 
>r this reason, the centrifugal force corrections are rarely, if ever, seen in con- 
nporary applications of newtonian theory for hypersonic vehicle design, 
icrcforc, why have wc spent an entire section of this book discussing such 
rrections? Is it only an academic exercise, at best? The answer is—not quite. 
iis is the subject of the next section. 

5 NEWTONIAN THEORY- 
HAT IT REALLY MEANS 

Secs. 3.2 -3.4, the theoretical basis of newtonian theory was developed, includ- 
l the centrifugal force effects. Given the newtonian flow model, Eq. (3.3) for a 
t surface, and Eqs. (3.29) and (3.30) for curved surfaces are precise results, 
tained by the rigorous application of theoretical mechanics to the postulated 
ode!. On the other hand, when we apply newtonian theory to practical hy- 
rsonic flow problems in air, we have seen in Secs. 3.3 and 3.4 that the best 
reement with exact results is obtained without the centifugal force correc¬ 
ts- which at first glance appears theoretically inconsistent. Indeed, straight 
wtonian theory [Eq. (3.3), or Lee’s modification given by Eq. (3.15)] 
quently gives very acceptable results for pressure distributions over hyper- 
nic bodies in air, whether or not these bodies have straight or curved surfaces, 
lerefore, is newtonian theory just an approximation which fortuitously gives 
isonable results for hypersonic flow? Is the frequently obtained good agree- 
:nt between newtonian and exact results just a fluke? The answer is no— 
wtonian theory has true physical significance if, in addition to considering the 
lit of -> oo, we also consider the limit of y -> 1.0. Let us examine this in 
ire detail. 
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Temporarily discard any thoughts of newtonian theory, and simply recall 
the exact oblique shock relation for C p as given by Eq. (2,14), repeated below 
(with free-stream conditions now denoted by a subscript co rather than a sub¬ 
script 1. as used in Chap. 2) 


C r = - —- ( sin 2 [1 ■ 


M 1 


(2.14) 


Equation (2.15) gave the limiting value of C p as M ai —> oo repeated below: 

4 


as M, 


C„ 


y + 1 


sin 2 />’ 


(2.15) 


Now take the additional limit of y -> 1.0. From Eq. (2.15), in both limits as 
A-/., -> a and y -> 1.0, we have 


C -» 2 sin 2 [1 


(3.33) 


Equation (3.33) is a result from exact oblique shock theory; it has nothing to do 
with newtonian theory (as yet). Keep in mind that /? in Eq. (3.33) is the wave 
angle, not the deflection angle. 

Let us go further. Consider the exact oblique shock relation for p 2 /p 
given by Eq. (2.3) repeated below (again with subscript co replacing the sub¬ 
script 1 ): 


P 2 (7 + l)M(y sin 2 jl 


Pt (7 - !)M;, sin 2 /] + 2 
Equation (2.4) was obtained as the limit where M a 

Pi 7 + 1 

as M, -> co - - ->- 

Pa, 7 - 1 

In the additional limit as 7 -> 1 , we find: 


00 , namely 


(2.3) 


(2.4) 


1 and A'/ . 


Pi 

P,» 


(3.34) 


i.e., the density behind the shock is infinitely large. In turn, mass flow consider¬ 
ations then dictate that the shock wave is coincident with the body surface. This is 
further substantiated by Eq. (2.19), which is good for -> 00 and small deflec¬ 
tion angles 


P y-M 

o~* "2 


(2.19) 


In the additional limit as 7 -> 1 , we have: 


(1 = 0 


as 7 -»■ 1 and M ai cc and 0 and (1 small 
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i.e., the shock wave lies on the body, (n light of this result. Eq. (3.33) is written 
as 


C„ = 2 sin 2 0 


(3.35) 


Examine Eq. (3.35). It is a result from exact oblique shock theory, taken in the 
combined limit of M^. —> co and y —► 1. However, it is also precisely the newtonian 
result given by Eq. (3.3). Therefore, we make the following conclusion. The 
closer the actual hypersonic flow problem is to the limits M w -> oo and y -> 1, 
the closer it should be described physically by newtonian flow. Also in this com¬ 
bined limit, the centrifugal correction becomes physically appropriate, and the 
Newtonian-Busemann theory gives better results than straight newtonian. For 
example. Fig. 3.13 illustrates the pressure coefficient over a 10 percent thick bi¬ 
convex airfoil at M = go; this is the same type of comparison made previously 
in Fig. 3.12. However, Fig. 3.13 is for y= 1.05, and clearly the Newtonian- 
Busemann theory gives much closer agreement with the exact method of charac¬ 
teristics than does the straight newtonian. This is in direct contrast with the 
results for y — 1.4 shown in Fig. 3.12. Therefore, we conclude that the applica¬ 
tion of newtonian theory to hypersonic flow has some direct theoretical sub¬ 
stance, becoming more accurate as y —► 1. Furthermore, for hypersonic flows in 
air with y = 1.4, we would not expect the full newtonian theory (properly 
including centrifugal effects) to be accurate and, as we have seen in Figs. 3.11 
and .3.12, it is not. On the other hand, for air with y = 1.4, agreement between 
exact results and the straight newtonian theory (without centrifugal effects) does 
indeed appear to be rather fortuitous. 

We might ask the rather academic question: If in the limit of M u -> go 
and y s 1, the shock layer thickness goes to zero, then how can there be any 
centrifugal force felt over this zero thickness? The answer is, of course, that in 
the same limit the density becomes infinite, and although the shock layer ap- 



FIGIJRE 3.13 

Same as Fig. 3.12, except with y 1.05. (From Ref. 14) 
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proaches zero thickness, the infinite density felt over this zero thickness is an 
indeterminate form which yields a finite centrifugal force. 

As a final note on our discussion of newtonian theory, consider Fig. 3.14. 
Here, the pressure coefficients for a 15-degree half-angle wedge and a 15-degree 
half-angle cone are plotted versus free-stream Mach number for y = 1.4. The 
exact wedge results are obtained from oblique shock theory, and the exact cone 
results are obtained from the solution of the classical Taylor-Maccoll equation 
(see, for example. Ref. 4) as tabulated in Refs. 17 and 18. Both sets of results arc 
compared with newtonian theory, C p = 2sin 2 0, shown as the dashed line in Fig. 
3.14. This comparison demonstrates two general aspects of newtonian results: 

1. The accuracy of newtonian results improves as M increases. This is to 
be expected from our previous discussion. Note from Fig. 3.14 that below 

= 5, the newtonian results are not even close, but the comparison 
becomes much closer as M „ increases above 5. 

2. Newtonian theory is usually more accurate for three-dimensional bodies (e.g., 
the cone) than for two-dimensional bodies (e.g., the wedge). This is clearly 
evident in Fig. 3.14 where the newtonian result is much closer to the cone 
results than to the wedge results. 
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FIGURE 3.14 

Comparison between newtonian and exact results for the pressure coefficient on a sharp wedge and 
a sharp cone. 
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These two trends are general conclusions that seem to apply to newtonian 
results for hypersonic bodies in air. Furthermore, we are tempted to say 
that newtonian results for blunt bodies should use the modified newtonian 
formula [Fq. (3.15)], and that such results usually produce acceptable accuracy, 
as illustrated in Figs. 3.8 and 3.11. In contrast, we suggest that newtonian results 
for slender bodies should use the straight newtonian law [Eq. (3.3)], and we 
observe that its accuracy may not be totally acceptable in some cases. For 
example, for Fig. 3.14, at M aj = 20, the percentage error in using newtonian 
results is 19 and 5 percent for the wedge and cone, respectively—not as accurate 
as might be required for some applications. If the modified newtonian formula 
[F,q. (3.15)] had been used in Fig. 3.14, the errors would be even larger, since 

< 2. Therefore, wc conclude that although newtonian theory is very useful 
due to its simplicity, in some applications its accuracy leaves something to be 
desired. 

As a parenthetical comment, Fig. 3.14 illustrates another trend that is 
characteristic of hypersonic flow. Note that, at low M m , the exact values of C p 
for both the wedge and cone decrease rapidly with increasing Mach number. 
However, at higher values of M„, the pressure coefficient for each shape tends 
to seek a plateau, approaching a value that becomes rather independent of M, 
at high Mach number. This is an example of the Mach number independence 
principle , to be discussed in Chap. 4. There we will see that a number of proper¬ 
ties in hypersonic flow, including C p , lift coefficient, wave drag coefficient, and 
moment coefficient become relatively independent of M aj at high Mach number. 


3.6 TANGENT-WEDGE/ 

TANGENT-CONE METHODS 

Referring again to the roadmap given in big. l.zu, we remind ourselves tnat we 
are discussing a class of hypersonic prediction methods based only on a’ knowl¬ 
edge of the local surface inclination relative to the free stream. The newtonian 
theory discussed in Sees. 3.2-3.5 was one such example; the tangent-wedge/ 
tangent-cone methods presented in this section are two others. 

Let us consider first the tangent wedge method, applicable to two-dimen¬ 
sional hypersonic shapes. Consider the two-dimensional body shown as the 
hatched area in Fig. 3.15. Assume that the nose of the body is pointed, and that 
the local surface inclination angle 0 at all points along the surface is less than 
the maximum deflection angle for the free stream Mach number. Consider point 
i on the surface of the body; we wish to calculate the pressure at point i. The 
local deflection angle at point i is Imagine a line drawn tangent to the body 
at point i; this line makes an angle 0; with respect to the free stream, and can be 
imagined as the surface of an equivalent wedge with a half angle of () h 
as shown by the dashed line in Fig. 3.15. The tangent-wedge approximation 
assumes that the pressure at point i is the same as the surface pressure on the 



LOCAL SURFACE INCLINATION METHODS 67 



FIGURE 3.15 

Illustration of (lie tangent-wedge method. 


equivalent wedge at the free stream Mach number, M„, that is, p, is obtained 
directly from the exact oblique shock relations for a deflection angle of 0 : and a 
Mach number of ,, . 

The tangent-cone method for application to axisymmetric bodies is analo¬ 
gous to the tangent-wedge method, and is illustrated in Fig. 3.16. Consider point 
i on the body; a line drawn tangent to this point makes the angle 0,- with respect 



FIGURE 3.16 

Illustration of the tangent-cone method. 
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) the free stream. Shown as the clashed line in Fig. 3.16, this tangent line can be 
nagined as the surface of an equivalent cone, with a semiangle of 0,. The tan- 
ent-cone approximation assumes that the pressure at point i is the same as the 
urface pressure on the equivalent cone at a Mach number of M^, that is, p, is 
btained directly from the cone tables such as Refs. 17 and 18. 

Both the tangent-wedge and tangent-cone methods are very straightfor- 
ard. However, they are approximate methods, not based on any theoretical 
rounds. We cannot “derive” these methods from a model of the flow to which 
asic mechnical principles are applied, in contrast to the theoretical basis for 
ewtonian flow. Nevertheless, the tangent-wedge and tangent-cone methods fre- 
uently yield reasonable results at hypersonic speeds. Why? We can give an 
pproximate, “hand-waving” explanation, as follows. First, consider a line 
rawn perpendicular to the body surface at point i, across the shock layer as 
cetched in Fig. 3.15. Note that the imaginary shock wave from the imaginary 
quivalcnt wedge crosses this line below the point where the actual shock wave 
om the body crosses the line. The region around this line is isolated and mag- 
ified in Fig. 3.17. Now consider the following fact. 


Fact: In the hypersonic How across an oblique shock 
wave on a slender body, the y component of the flow 
velocity i> is changed much more strongly than the x com¬ 
ponent, it. 


his fact, which we will revisit several times in the following chapters is proved 
y a combination of F.qs. (2.7), (2.10), and (2.19), which yields in the limit of 
-> co (referring to the shock geometry shown in Fig. 2.2) 


Ait _ V U: — » 2 y + 1 
V„, ^ 2 


(3.36) 


An r 2 
V,. ~ K, 


0 


(3.37) 


l Eq. (3.36), An is the change in the x-component of velocity across the oblique 
lock, and in Eq. (3.37), An is the change in the y component of velocity, 
'learly, the change of the u velocity is considerably smaller (order of 0 2 ) than 
le change of the n velocity (order of 0). (Keep in mind that 0 is a small angle in 
idians.) In turn, recalling Euler’s equation dp = —pV dV, this implies that the 
iajor pressure gradients are normal to the flow. Referring to Fig. 3.17, the prin- 
pal change in pressure is therefore along the normal line lab; by comparison, 
ranges in the flow direction are second order. Hence examining Fig. 3.17, the 
irface pressure on the body at point i is dominated by the pressure behind the 
wck at point a. Due to the centrifugal force effects, the pressure at point i, p,, 
ill be less than p„. Now, in the tangent-wedge method, p, = p,„ where p b is the 
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FIGURE 3.17 

Segment of ;i hypersonic shock layer; for use in partial justification of the tangent-wedge method. 


pressure behind the imaginary wedge shock (at point b in Fig. 3.17). The pres¬ 
sure p h is already less than p„ because the imaginary wedge shock angle at point 
b is less than the actual body-shock angle at point a ( fl bo6y > /l wcdec ). Thus we 
see that the wedge pressure p h is a reasonable approximation for the surface 
pressure />,, because in the real flow picture the higher pressure p a behind the 
body shock is mitigated by centrifugal effects as the pressure is impressed from 
the shock to the body at point i. The same reasoning holds for the tangent-cone 
method. 

Results obtained with the tangent-cone method as applied to a pointed 
ogive are shown in Fig. 3.18. taken from Ref. 19. Here, the surface pressure 
distribution is plotted versus distance along the ogive. Four sets of results are 
presented, each for a different value of K = M m (d/l), where d/I is the slender¬ 
ness ratio of the ogive. The solid line is an exact result obtained from the rota¬ 
tional method of characteristics, and the dashed line is the tangent-cone result. 
Very reasonable agreement is obtained, thus illustrating the usefulness of the 
tangent-cone method, albeit its rather tenuous foundations. The same type of 
agreement is typical of the tangent-wedge method. In Fig. 3.18, the parameter 
K = (d/l) is called the hypersonic similarity parameter. Its appearance in 

Fig. 3.18 is simply a precursor to our discussion of hypersonic similarity in 
Chap. 4. 
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l CURE 3.18 

irfaec pressure distributions for ogives of different slenderness ratio d!l. (From Ref. 19.) 


.7 SHOCK-EXPANSION METHOD 

>f the local surface inclination methods discussed so far, the newtonian method 
an he applied to a body surface of any inclination angle, whereas the tangent- 
'cdgc/tangcnt-conc methods require a local surface angle less than the shock 
etachment angle for the given free-stream Mach number. This is why newto- 
ian theory can be applied to blunt-nosed bodies, but the tangent-wedge/tan- 
ent-cone methods are limited to sharp-nosed bodies with attached shock waves, 
’he method discussed in the present section—the shock-expansion method —is 
n the latter category. It assumes a sharp-nosed body with an attached shock 
vavc. However, it has more theoretical justification than the tangent-wedge/tan- 
:ent-cone methods, as described below. 

Consider the hypersonic flow over a sharp-nosed two-dimensional body 
vith an attached shock wave at the nose, as sketched in Fig. 3.19. The deflection 
ingle at the nose is (?„. The essence of the shock-expansion theory is as follows: 

i. Assume the nose is a wedge with semianglc 0, r Calculate M„ and p„ behind 
the oblique shock at the nose by means of exact oblique-shock theory. 

1. Assume a local Prandtl-Meyer expansion along the surface downstream of 
the nose. We wish to calculate the pressure at point i, p { . To do this, we must 
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Surface pressure from a 
Prandtl-Meyer 
expansion where, ai a 
local point i, the 
expansion angle is 
AO = (0„ - 00 


FIGURE 3.19 

Illustration of the shock-expansion method. 


first obtain the local Mach number at point i, M ; . This is obtained from the 
Prandtl-Meyer function, assuming an expansion through the deflection angle 
AO = (>„ - 0,.. 


AO 



7 — 1 , , 

(Ml- 0-tan" 1 

y + 1 


y — 1 , 

c (M - 1) 
y + i 


tan ~'jMl - f - tan -1 ^Mf — 1 


(3.38) 


In Eq. (3.38), ,V7, is the only unknown; M„ is known from step 1 above, and 
AO = 0„ — 0; is a known geometric quantity. Of course, for air with y = 1.4, 
tables for the Prandtl-Meyer function abound (see for example. Ref. 4), and in 
such a case the tables would be used to calculate M i rather than attempting 
to solve Eq. (3.38) implicitly for M ; . 

3. Calculate p, from the isentropic flow relation: 


P; 

P„ 

(again, for air with y = 1.4, the isentropic flow tables, such as found in Ref. 4, 
can be used to obtain p : in a more convenient manner.) 


1 _+_(>' 

1 + (/ 


l)/2 M; 

1)/2M? 


(3.39) 


Results from the shock-expansion method, obtained from Ref. 20, for flow over 
a 10 percent thick biconvex airfoil are shown in Fig. 3.20, as compared with the 
exact method of characteristics. Excellent agreement is obtained. This is to be 
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x/c 


I'lGURK 3.20 

surface pressure distribution over the same 10 percent thick airfoil as shown in Fig. 3.13; compar- 
son of the shock expansion method with exact results from the method of characteristics. M ai — co. 
l-'rnm Kef. 20 ) 


■somewhat expected. Alter passing through the attached shock wave at the nose, 
the actual How docs indeed expand around the body, and this expansion process 
is approxiinated by the assumption of a local Prandtl-Meyer expansion. Why 
this is not a precisely exact calculation is discussed two paragraphs below. 

The shock-expansion method can also be applied to bodies of revolution. 
The method is essentially the same as shown in Fig. 3.19, except now ()„ is 
assumed to be the semiangle of a cone, and Atf„ and p n at the nose are obtained 
from the exact Taylor-Maccoll cone results. Then the Prandtl-Meyer expansion 
relations are applied locally downstream of the nose. This implies that the flow 
downstream of the nose is locally two-dimensional, which assumes that the 
divergence of streamlines in planes tangential to the surface is much smaller 
than the divergence of streamlines in planes normal to the surface. For bodies of 
revolution at zero degrees angle of attack, this condition is usually met.'Results 
for the shock-expansion method applied to ogives at zero angle of attack arc 
shown in Fig. 3.21, obtained from Ref 21. The ogive has a slenderness ratio, 
<■//1 = 1/3. In Fig. 3.21a, the results are for a supersonic Mach number, 
M , = 2.73, whereas in Fig. 3.21b, the results are for a slightly hypersonic case, 
M „ ~ 5.05. The circles are experimental data, the solid line represents an exact 
result from the method of characteristics, and the dashed line is from the shock- 
expansion method. Note that, for the supersonic case, the shock-expansion 
method yields poor agreement; however, for the hypersonic case, the shock- 
expansion method is much closer to the hypersonic case, the shock-expansion 
method is much closer to the exact result. There is a reason for this, as 
explained below. 

Consider Fig. 3.22, which contains schematics of supersonic and hyper¬ 
sonic flows over a pointed body with an attached shock wave. Downstream of 
the shock wave, expansion waves are generated at the surface of the body and 
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FIGURE 3.21 

Pressure distribution over an ogive with d/l - i/3 at zero angle of auack. y = 1.4. (From Rtf. 21.) 
(a) Supersonic case; (h) hypersonic case. 


propagate outward, eventually intersecting the bow shock wave. These expan¬ 
sion waves reflect from the shock wave; the reflected waves propagate back to 
the body surface, as shown by the dashed lines in Fig. 3.22. Shock-expansion 
theory ignores the effect of these reflected waves on the body-surface pressure. 
Now consider just the supersonic case sketched in Fig. 3.22 a. At supersonic 
Mach numbers, the shock angles and the incident and reflected wave angles arc 
large. [The incident and reflected waves are essentially Mach waves with the 
Mach angle ft = arcsin ( 1/iW) where M is the local Mach number; at low Mach 
number, p is large.] As a result, as seen in Fig. 3.22 a, the reflected waves 
influence a considerable portion of the body surface, and this influence is not 




(a) (h) 


FIGURE 3.22 

Schematic of shock wave and Mach wave patterns, (a) Supersonic; (/?) hypersonic. 
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ikon into account by the shock-expansion method. In contrast, for the hyper- 
onie ease shown in l-’ig. 3.22b, the shock and Mach angles are much smaller, 
nd the reflected waves propagate much further downstream before they hit the 
'tidy surface. As a result, the reflected waves do not greatly influence the surface 
iressure, especially on the forward portion of the body. Therefore, the real 
ypersonic picture satisfies the assumption of shock-expansion theory more 
loscly than the supersonic picture, and it is no surprise that shock-expansion 
heory yields belter agreement at higher Mach numbers. 


1.8 SUMMARY AND COMMENT 

This chapter has dealt with hypersonic local surface inclination methods—such 
nclhods predict the local surface pressure as a function of the local surface 
nclination angle relative to the free-stream direction, 0. The methods discussed 
,vere: 


I. The straight newtonian method, which yields 

C p = 2 sin 2 0 (3.3) 

l. The modified newtonian method, which states 

Cp ~ sin 2 0 (3.15) 


3. The Newton-Busemann method, which takes into account the centrifugal 
force correction. For a two-dimensional body, this result is 


C 


Pi 


= 2 sin 2 0; + 2 


\ 10 ~ 

dy_ 


sin (); 


cos 0 dy 
o 


(3.29) 


4. The tangent-wedge method, where the pressure at point i on a two-dimen¬ 
sional body is assumed to be the same as a wedge with deflection angle 0- r 

5. The tangent-cone method, where the pressure at point i on an axisyrhmetric 
body is assumed to be the same as a cone with the semicone angle of 0 : . 

6. The shock-expansion method, where the pressure distribution downstream of 
the attached shock wave on a two- or three-dimensional body is assumed to 
be given by a local Prandtl-Meyer expansion. 


It is not possible to state with any certainty which of the above methods is the 
best for a given application. All of these methods have their strengths and weak¬ 
nesses, and some intuitive logic is required to choose one over the others for a 
given problem. For example, in the prediction of the pressure distribution over a 
hypersonic airplane, any distinguishable portions of the fuselage might be 
treated with the tangent-cone method, whereas the wings might be better treated 
with the tangent-wedge method. Of course, for surfaces with large inclination 
angles (greater than the maximum deflection angle for an oblique shock wave at 
the given M,„) the newtonian method is appropriate. Within the confines of the 
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newlonian method itself, for blunt surfaces, where 0 is very large, modified ncw- 
tonian is best, whereas straight newlonian usually yields better results for slen¬ 
der bodies. In both cases, for y = 1.4, the centrifugal force correction leads to 
poor results, and should not be used. (Keep in mind that although the centrifu¬ 
gal force correction is theoretically consistent with mechanical principles, it is 
quantitatively correct only in the combined limit of M, -> x and y -> 1.) 

In regard lo all of the local surface inclination methods discussed here, 
none of the above judgments on accuracy and applicability are totally definitive, 
and they all must be taken in the spirit of suggestions only. However, one defini¬ 
tive statement can be made about all of these methods, namely, that they are 
straightforward and easy to apply. For this reason, they are popular design tools 
for the investigation of large numbers of different hypersonic bodies. Indeed, all 
of the local surface inclination methods discussed in this chapter are embodied 
in an industry-standard computer program called the “Hypersonic Arbitrary 
Body Program" originally prepared by Gentry (Ref. 22), and for this reason 
frequently referred to as the “Gentry program.” This program has been in wide 
use throughout industry and government since the early 1970s. All of these 
methods discussed in this chapter are options within the Gentry program which 
can be called at will for application to different portions of a hypersonic body. 
This program, and modified versions of it, is at present the most widely used 
tool in the preliminary design and analysis of hypersonic vehicles. It is men¬ 
tioned here only to reinforce the engineering practicality of the methods dis¬ 
cussed in this chapter. 


PROBLEMS 

3.1. Consider the variation of lift with angle of attack for an infinitely thin flat plate. 
Using newlonian theory, prove that maximum lift occurs at a = 54.7". 

3.2. From newtonian theory, prove that the drag coefficient for a circular cylinder of 
infinite span is 4/3. 

3.3. From newtonian theory, prove that the drag coefficient for a sphere is 1. 

3.4. In Probs. 3.1-3.3, are the results changed by using modified newtonian theory? Ex¬ 
plain. 

3.5. Derive Eqs. (3.29) and (3.30) for the newlonian pressure coefficient on an axisym- 
mctric body including centrifugal effects. 

3.6. The curves shown in Fig. 3.6 are changed when skin friction on the flat plate is 
included. In particular, the variation of L/D with x will peak al a low angle of attack, 
and go to zero at x = 0. (Why?) Let the drag coefficient due to skin friction be 
assumed constant, and denoted by C DlJ . Assuming a newtonian pressure distribution, 
show that the maximum value of L/D is 0.667/Cj/ 3 , and occurs at an angle of attack 
(in radians) of x = C'fifi Furthermore, at (L/D) max , show that C„ 0 = )C„, where C n is 
the total drag coefficient. (In other words, we can state that, at (L/D) m „, wave drag 
is twice the friction drag.) 

3.7. Using newlonian theory, show that, at hypersonic speeds, stagnation pressure is 
about twice the dynamic pressure where, by definition, q m = /p rtl F^,. 
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No knowledge can be certain , if it is not based upon mathematics 
or upon some other knowledge which is itself based upon the 
mathematical sciences. Instrumental, or mechanical, science is the 
noblest and, above all others, the most useful. 


Leonardo da Vinci (1425-1519) 
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4.1 INTRODUCTION 

Examining llie roadmap in Fig. 1.23, wc note that our discussion of inviscid 
hypersonic aerodynamics started with the basic hypersonic shock and expansion 
relations (Chap. 2). and then carried on with local surface inclination methods 
for predicting pressure distributions on hypersonic bodies (Chap. 3). These dis¬ 
cussions. which constitute the extreme left-hand branch in Fig. 1.23, have in 
common the need for only elementary mathematics; for the most part, the deri¬ 
vations and results involved only simple algebra. The reason for this is that 
straight oblique shock waves, expansion waves, and local surface inclination 
methods involve only localized phenomena — they do not require an integrated 
knowledge of whole regions of a How field. The material in Chaps. 2 and 3 are 
about as far as we can proceed in this direction. For virtually all other consider¬ 
ations in hypersonic flow, we must examine the details of the complete fiowfield. 
Therefore, we must now move to the second branch of our roadmap in Fig. 
1.23, labeled “fiowfield considerations.” In so doing, our mathematical require¬ 
ments increase, because the details of any fiowfield are governed by a system of 
conservation equations which can be expressed in either integral or partial dif¬ 
ferential equation form. Approximate solutions of these equations for various 
hypersonic applications is the subject of the present chapter. “Exact” (numeri¬ 
cal) solutions will be discussed in Chap. 5. 

Another way to scope the material in this chapter is to establish the fol¬ 
lowing philosophy. Up to as late as 1960, the history of the development of fluid 
mechanics had involved two dimensions: pure experiment and pure theory. With 
the advent of computational fluid dynamics after 1960, a new third dimension, 
namely, numerical compulations, has been added which complements the previ¬ 
ous two. The science of fluid dynamics is now extended and applied by using all 
three dimensions in concert. The material in the present chapter is in the dimen¬ 
sion of pure theory. The contributions of the other dimensions will be discussed 
in subsequent chapters. By its very nature, any hypersonic fiowfield analysis 
before the advent of high-speed digital computers had to be in the dimension of 
pure theory. This was the only option for the analysis of hypersonic flows dur¬ 
ing the early development of the discipline. Many of these older analyses, all of 
which involved some approximations to allow the solution of the governing 
equations, arc just as relevant to the modern hypersonics of today as they were 
in the 1950s. Moreover, they frequently have the advantage of illustrating more 
clearly than numerical solutions the effect of various parameters on the physical 
results. For these reasons, the present chapter is devoted to the discussion of 
approximate analyses of inviscid hypersonic flowfields. In so doing, we will 
begin to walk our way down the second branch of the roadmap in Fig. 1.23. 


4.2 THE GOVERNING EQUATIONS 

Consider an inviscid, adiabatic (hence isentropic) fiowfield. The derivation of the 
governing conservation equations can be found in Refs. 4 and 5; the results, 
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/ritten in cartesian coordinates, are: 
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(4.2) 

(4.3) 

(4.4) 

(4.5) 


In the above, p is density, u, v, and w are the x, y, and 2 components of velocity, 
respectively, p is pressure, and s is entropy. Equations (4.1)—(4.5) are the well- 
known Euler equations , which govern inviscid flows. In reality, the above equa¬ 
tions are a somewhat special form of the Euler equations, wherein body forces 
are neglected in Eqs. (4.2)-(4.4), and Eq. (4.5) is a specialized energy equation 
for an adiabatic, inviscid flow. In words, Eq. (4.1) is a statement that mass is 
conserved; Eqs. (4.2)-(4.4) are statements of Newton’s second law, F = mu, in 
the x, y, and z directions, respectively, and Eq. (4.5) is a statement that the 
entropy is constant along a streamline for an inviscid, adiabatic flow. In spine 
respects, Eq. (4.5) can be called the “entropy equation”, although it is funda¬ 
mentally an energy equation. For an isentropic process in a calorically perfect 
gas (a perfect gas with constant specific heats), p/p y = constant. Hence, if the 
entropy is constant along a streamline as stated by Eq. (4.5), then the quantity 
p/p 7 is also constant along a streamline, and for a calorically perfect gas Eq. 

(4.5) can be replaced by 
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The solution of the above equations for a given problem depends on the 
boundary and initial conditions for that problem. Discussions of the appropriate 
boundary and initial conditions will be made as appropriate in subsequent 
sections. 


4.3 MACH NUMBER INDEPENDENCE 

Return again to Fig. 3.14, where values of C p for both a 15-degree half-angle 
wedge and cone are plotted versus Mach number.-As noted at the end of Sec. 
3.5, at low supersonic Mach numbers, C p decreases rapidly as M m is increased. 
However, at hypersonic speeds, the rale of decrease diminishes considerably, and 
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C p appears 10 reach a plateau as M becomes large, that is C p becomes relative¬ 
ly independent of M, at high Mach numbers. This is the essence of the Mach 
number independence principle ; at high Mach numbers, certain aerodynamic 
quantities such as pressure coefficient, lift and wave-drag coefficients, and flow- 
field structure (such as shock wave shapes and Mach wave patterns) become 
essentially independent of Mach number. Indeed, straight newtonian theory (dis¬ 
cussed in Chap. 3) gives results that are totally independent of Mach number, as 
clearly demonstrated by Eq. (3.3). Modified newtonian theory exhibits some 
Mach number variation via C Pm , tx in Eq. (3.15); however, the variation of C Pmitx 
with M , in Fig. 3.7 exhibits a Mach number independence at high Af„. The 
hypersonic Mach number independence principle is more than just an observed 
phenomena; it has a mathematical foundation, which is the subject of this 
section. We will examine the roots of this Mach number independence more 
closely. 

Let us nondimensionalize Eqs. (4.1)-(4.4) and (4.6) as follows. Define the 
nondimensional variables (the barred quantities) as 
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where / denotes a characteristic length of the flow, and p m and V a are the free- 
stream density and velocity respectively. Assuming steady flow (d/dt = 0), we 
obtain from Eqs. (4. l)-(4.4) and (4.6) 
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(4.8) 


(4.9) 

(4.10) 

(4.11) 


Any particular solution of these equations is governed by the boundary condi¬ 
tions, which are discussed below. 
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The boundary condition for steady inviscid flow at a surface is simply the 
atemenl that the How must be tangent to the surface. Let n be a unit normal 
rctor at some point on the surface, and let V be the velocity vector at the same 
oint. Then, for the flow to be tangent to the body, 


V • n = 0 (4.12) 

(f there is any mass transfer through the surface, then V-n = v r , where v T is the 
ormal velocity of the fluid being transferred into or out of the surface. How- 
ver, most inviscid flow problems do not involve mass transfer across the sur- 
ice, and Eq. (4.12) is the pertinent boundary condition.) Let n x , n y , and n, be 
he components of n in the x, y, and ; directions respectively. Then, Eq. (4.12) 
an be written as 


un x + vn y + vvn, = 0 (4.13) 

Recalling the definition of direction cosines from analytic geometry, note, in Eq. 
4.13) that n x , n y , and n z are also the direction cosines of n with respect to the .x, 
’, and r axes respectively. With this interpretation, n x , n y , and n z may be con- 
adored dimensionless quantities, and the nondimensional boundary condition 
it the surface is readily obtained from Eq. (4.13) as 


im x + vn y + vvn, = 0 (4.14) 

Assume that wc arc considering the external flow over a hypersonic body, 
where the llowlield of interest is bounded on one side by the body surface, and 
on the other side by the bow shock wave. Equation (4.14) gives the boundary 
condition on the body surface. The boundary conditions right behind the shock 
wave arc given by the oblique shock properties expressed by Eqs. (2.1), (2.3), 
(2.6), and (2.8), repeated below for convenience (replacing the subscript 1 with 
sub infinity for frec-stream properties). 
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, 2 (Mi sin 2 p-l) 
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In terms of the nondimensional variables, and noting that for a calorically per¬ 
fect gas p 2 /p, = p 2 (p.„V 2 a ,)/p„, = p 2 V 2 JRT x , = p 2 yV 2 Jal = p 2 yMl, Eqs. (2.1), 
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(2.3), (2.6), and (2.8) become 
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In the limit of high M,, as M^ -> oo, Eqs. (4.15)-(4. 18) go to [refer 
(2.2), (2.4), (2.7), and (2.10)] 

to Eqs. 
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Now consider a hypersonic How over a given body. This flow is governed 
by Eqs. (4.7) (4.11), with boundary conditions given by Eqs. (4.14)—(4.18). 


Question: Where does M m explicitly appear in these 
equations? 

Answer: Only in the shock boundary conditions, Eqs. 
(4-15)—(4.18). 


Now consider the hypersonic flow over a given body in the limit of large M m . 
The flow is again governed by Eqs. (4.7)—(4.11), but with boundary conditions 
given by Eqs. (4.14) and (4.19)-(4.22). 

Question: Where does explicitly appear in these 
equations? 

Anstver: No place! 

Conclusion: At high M x , the solution is independent of 
Mach number. 
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Clearly, from this last consideration, we can see that the Mach number indepen¬ 
dence principle follows directly from the governing equations of motion with the 
appropriate boundary conditions written in the limit of high Mach number. 
Therefore, when the free-stream Mach number is sufficiently high, the non- 
dimensional dependent variables in Eqs. (4.7)-(4.11) become essentially indepen¬ 
dent of Mach number; this trend applies also to any quantities derived from 
these nondimensional variables. For example, C, p can be easily obtained as a 
function of p only; in turn, the lift and wave-drag coefficients for the body, C,. 
and C j)m , respectively, can be expressed in terms of C p integrated over the body 
surface (see, for example, Ref. 5). Therefore, C, p , C L , and C 0w also become inde¬ 
pendent of Mach number at high M„. This is demonstrated by the data shown 
in Fig. 4.1, obtained from Refs. 23-25, as gathered in Ref. 15. In Fig. 4.1, the 
measured drag coefficients for spheres and for a large-angle cone-cylinder are 
plotted versus Mach number, cutting across the subsonic, supersonic, and hyper¬ 
sonic regimes. Note the large drag rise in the subsonic regime associated with 
the drag-divergence phenomena near Mach 1, and the decrease in C D in the 
supersonic regime beyond Mach 1. Both of these variations are expected and 
well understood. (See, for example, Refs. 1 and 5.) For our purposes in the 
present section, note in particular the variation of C. D in the hypersonic regime; 
for both the sphere and cone-cylinder, C n approaches a plateau, and becomes 
relatively independent of Mach number as M IX becomes large. Note also that 
the sphere data appears to achieve “Mach number independence” at lower 



M, 


FIGURE 4.1 

Drag eoenicient for a sphere and a cone-cylinder from ballisiic range measurements; an illustration 
of Mach number independence. (From Ref. 75.) 
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Mach numbers than the conc-cylinder. This is to be expected, as follows. In Eqs. 
(4.15) (4.18). the Mach number frequently appears in the combined form 
M\ sin 2 //: for any given Mach number, this quantity is larger for blunt bodies 
(// large) than for slender bodies (/i small). Hence blunt-body flows will tend to 
approach Mach number independence at lower M a , than will slender bodies. 

Finally, keep in mind from the above analysis that it is the nondimensional 
variables that become Mach number independent. Some of the dimensional vari¬ 
ables, such as p, are not Mach number independent; indeed, p -> oo as M a , -> co. 

4.4 THE HYPERSONIC 
SMALL-DISTURBANCE EQUATIONS 

The generning Euler equations discussed in Sec. 4.2 apply to the inviscid flow 
over a body of arbitrary shape-—large or small, thick or thin, blunt or sharp. In 
applications involving low drag and/or high L/D hypersonic configurations, we 
are generally dealing with slender body shapes; some examples arc shown in 
Figs. 1.8 to l.ll. Therefore, a special, approximate form of the Euler equations, 
applicable to hypersonic slender bodies, is useful in studying the aerodynamic 
properties of such bodies. The purpose of this section is to obtain these equa¬ 
tions, called the hypersonic small-disturbance equations. 

We will follow an approach frequently employed in aerodynamic theory; 
instead of using the flow velocity itself as a dependent variable, we will deal with 
the change in velocity relative to the free-stream, namely the perturbation veloci¬ 
ty. For example, consider the two-dimensional flow over the slender body shown 
in Fig. 4.2. At any given point in the flowfield, the vector velocity is V. This is 
resolved into x and y components, u and v respectively. In turn, u and v can be 
expressed in terms of changes in velocity relative to the x and y components of 



FIGURE 4.2 

Illustration of perturbation velocities. 
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ihe free-slream velocity; these changes arc denoted by «' and if respectively, and 
ire defined bv 


u = V a + 1 f 
v = if 


The above relations are written for the case where V x is aligned with the .x axis, 
hence the y component of V m is simply zero. The changes in velocity, if and if, 
are called perturbation velocities; in general, they do not have to be small. 

In this section, wc are considering the hypersonic flow over a slender body. 
In such a case, if and if are assumed to be small relative to K„, but not neces¬ 
sarily small relative to the free-stream speed of sound. Hence, we will assume 
that we are dealing with small perturbations, if < V m and if < V m . To study the 
nature of these perturbations further, consider the velocity at a point on the 
surface of the body, as shown in Fig. 4.2. The body surface is given by _y = /(.x), 
hence the How tangency condition dictates that 

a' r/v 

- - = (on the body) (4.23) 

K (/J + if d.x 

However, examining Fig. 4.2 we see that 
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where the symbol O means “order of.” Let us define 
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Then from Eqs. (4.23) and (4.24) 
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Let a,, = frcc-strcam speed of sound. From Eq. (4.26): 
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Clearly, from Eq. (4.27), the strength of the disturbance in the flow (relative to 
a a) is of the order of the parameter M ^ t. This parameter will be identified as 
the hypersonic similarity parameter in the next section. However, for the time 
being, simply keep in mind the definition of the slenderness ratio, t = d/7, and 
the fact that the product M f r is an indication of the strength of the disturbance 
created by the body in the How, as expressed by v'/a lX . 

Let us now express the steady Euler equations in terms of the perturbation 
velocities, if and i\ that is, in Eqs. (4.1 )-(4.4) and (4.6), with zero time deriva¬ 
tives for steady How, replace u with ly + if, v with if, and vv with vv', obtaining 
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Note in Eqs. (4.28)-(4.32) that only the velocities are expressed in terms of per¬ 
turbations relative to the frec-stream values; the remaining flow quantities, p 
and p, are still carried as their whole values. (Sometimes, a perturbation analysis 
will also deal with changes in all the dependent variables relative to the free 
stream, i.e., a perturbation pressure p’ and perturbation density // would be 
defined as p = p, + p and p = p xi + // respectively. This is not necessary in our 
present analysis; in Eqs. (4.28)-(4.32), p and p are the usual “whole” values of 
pressure and density.) 

We wish to nondimensionalize Eqs. (4.28)-(4.32). Moreover, we wish to 
have nondimensional variables with an order of magnitude of unity, for reasons 
to be made clear later. To obtain a hint about reasonable nondimensionalizing 
quantities, consider the oblique shock relations in the limit as -> co, ob¬ 
tained in Chap. 2. Also note that for a slender body at hypersonic speeds, both 
the shock wave angle ft and the deflection angle 0 are small, hence 


sin ft v sin 0 



T 


Thus, from Eq. (2.2), repeated below for convenience 


Pi 2y 
Poo y + 1 


M 2 m sin 2 P 


( 2 . 2 ) 
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e have the ordcr-of-magnitudc relationship 


P ~~ -0[M 2 *,t 2 ] (4.33) 

!>, 

'his in turn implies that the pressure throughout the shock layer over the body 
'ill be on the order of M 2 x x 2 p 1 , and hence a reasonable definition for a non- 
imcnsional pressure which would be on the order of magnitude of unity is 
= p/yM 2 ,x 2 p^. (The reason for the y will become clear later.) In regard to 
ensity, consider Eq. (2.4), repeated below 


Pi y +_t 

TO 7 - i 


(2.4) 


■'or y= 1.4, p 2 /p^,-*6, which for our purposes is on the order of magnitude 
icar unity. Hence, a reasonable nondimensional density is simply p = p/p„. In 
egard to velocities, first consider Eq. (2.7), repeated below 


u 2 2 sin 2 /I 

V, “ 7 + 1 


(2.7) 


)eline the change in the x-component of velocity across the oblique shock as 
\u = V ai — u 2 . From Eq. (2.7), we have 


An 

V a , 



2 sin 2 /( 
y + 1 


0(T 2 ) 


(4.34) 


This implies that the nondimensional perturbation velocity 1 7 (which is also a 
hange in velocity in the .x-direction) should be defined as u' = ti'/V^x 2 in order 
o be of an order-of-magnitude of unity. Finally, consider Eq. (2.10) repeated 
iclow 


v 2 sin 2 P 
V„, ^ f+T 


7 rom Eq. (2.10), we have 


Ac 




sin 2/1 
y + 1 


O(i) 


( 2 . 10 ) 


(4.35) 


This implies that the nondimensional perturbation velocity v' ought to be v = 
’'/V.„x, which is on the order of magnitude of one. 

[We pause to observe an interesting physical fact evidenced by Eqs. (4.34) 
ind (4.35). Since we are dealing with slender bodies, i is a small number, much 
less than unity. Hence, by comparing Eqs. (4.34) and (4.35), we see that An, 
which varies as i 2 , is much smaller than Ac, which varies as i. Therefore, we 
conclude in the case of hypersonic flow over a slender body that the change in v 
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dominates the flow, i.e., the changes in u and v are both small compared lo kj.,, 
but that the change in v is large compared to the change in u. This fact was 
observed earlier, in Sec. 3.6, in conjunction with an argument that the major 
changes in properties in a hypersonic shock layer over slender bodies takes 
place across the (low rather than along the flow.] 

Based on the above arguments, we define the following nondimensional 
quantities, all of which are on the order of magnitude of unity. Note that we add 
a third dimension in the z-direction, and that y and z in the thin shock layer are 
much smaller than x. 

x 

* = 7 

u' 


- _ _ p _ 

P yMiT 2 p, x 


z 

h 


v 

vX 


w 

w' =- 

V„T 


(Note: The barred quantities here are different than the barred quantities used 
in Sec. 4.3, but since the present section is self-contained, there should be no con¬ 
fusion.) In terms of the nondimensional quantities defined above, Eqs. 
(4.28)-(4.32) can be written as follows. From Eq. (4.28), 


£ 

IX’-A 

[,.,t 

Poo Xt 

, S(pw') 

i 

8 

8^ 

H 

_1 

ax 

L )± 

dy 

T 

dz 

L T J 


0 (4.36) 


From Eq. (4.29), 


1 A 

P\ -v + " v-- 

\ t / ox 


- 2 - + »' 


+ pi >' 


dv 


^2 + U ’Vpco h^X] + PW’ (-^2 + U' 


vi* 3 

T 


dp 

dx 




J 


or, noting that 


,/P /PcO Y/2 ^CC . ,P 

Pm V lr,= - P co = VP® — = yPo= M l 

yp co ai 


we have 


du' du' __ du' dp 

P(i + UT-) ~ + pv' ~ + pw' - 
ox Oy 


dz dx 


(4.37) 
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•'rom Eq. (4.30) 


, 1 A dv' , , dv' 

P\ ~2 + 11 K- [Pa, y~co^] + pv zrz 
\t / <y.v dy 


Pa, v iy~ 


+ pw' 


. dv' 



= - d l 



dy 

T 


dv' 


dv' 8p 


p( 1 + u'x ) + pv' — + pw' = - — 


(3.x ’ tiy 

From Eq. (4.31), similarly we have 


dz dy 


dw' __ dw' __ 8w' dp 

p(l + 1 Ft 2 ) ■ - + pv' -- + /nv' -r = —. 

ax (/>’ dz dz 


From Eq. (4.32) 


2 + F [ K,, J 4 yp,,, M l, pU + V 2 4 


OX f)' 


dz p y 


V, 

t 

, - d p 
+ w — 

OZ p' 


(4.38) 


(4.39) 




s (p\ , ,.r 7 (f 


d / P 


(1 + T 2 i 7) ( 1, ] + iV ---- ( -- I + w' — ( 1; j = 0 

dx\p’J dy\p y J dz \p'J 


(4.40) 


Examine Eqs. (4.36) (4.40) closely. Because of our choice of nondimensionalized 
variables, each term in these equations is of order of magnitude unity except for 
those multiplied by i 2 , which is very small. Therefore, the terms involving i 2 can 
be ignored in comparison to the remaining terms, and Eqs. (4.36)-(4.40) can be 
written as 


(4.41) 

(4.42) 

(4.43) 

(4.44) 

(4.45) 


dx \p> 


dp , d S£P , d (P >y ) = o 

d.x dy dz 

du' __ du' _ du' 

P , . + pv' + pw' - 


cx 
. dv’ 


dy 

dv' 


GZ 

dv' 


P H + ^'Ty + ^-dz 


S_P 

(3.X 

dp 

dy 


. dw' 


dw' 


P x- + pv -T- + pw 


dx 


Gy 


d ( p\ d 
+ V Ty[~p y ) + W 'dz\p 


, dw' 
dz 

P' 


= 0 
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Equations (4.41 )-(4.45) are the hypersonic small disturbance equations. They 
closely approximate the hypersonic flow over slender bodies. They are limited to 
flow over slender bodies because we have neglected terms of order t 2 . They are 
also limited to hypersonic flow because some of the nondimensionalized terms 
are of order of magnitude unity only for high Mach numbers; we made certain 
of this in the argument that preceded the definition of the nondimensional quan¬ 
tities. Hence, the fact that each term in Eqs. (4.41)-(4.45) is of the order of 
magnitude unity [which is essential for dropping the i 2 terms in Eqs. 
(4.36-4.40)] holds only for hypersonic flow. 

Equations (4.41 )-(4.45) exhibit an interesting property. Look for i7' in these 
equations; you can find it only in Eq. (4.42). Therefore, in the hypersonic small 
disturbance equations, u is decoupled from the system. In principle, Eqs. (4.41) 
and (4.43)—(4.45) constitute four equations for the four unknowns, p, p, v' and 
w'. After this system is solved, then u' follows directly from Eq. (4.42). This 
decoupling of u from the rest of the system is another ramification of the fact 
already mentioned several times, namely that the change in velocity in the flow 
direction over a hypersonic slender body is much smaller than the change in 
velocity perpendicular to the flow direction. 

The hypersonic small-disturbance equations are used to obtain some prac¬ 
tical information about hypersonic flow's over slender bodies. The first such use 
will be made in the next section, dealing with hypersonic similarity. 

(As a final, parenthetical comment, we now note the importance of obtain¬ 
ing the limiting hypersonic shock relations in Chap. 2. We have already used 
these relations several times for important developments. For example, they 
were used to help demonstrate Mach number independence in Sec. 4.3, and they 
were instrumental in helping to define the proper nondimensional variables in 
the hypersonic small disturbance equations obtained in this section. So the work 
done in Chap. 2 was more than just an academic exercise; the specialized forms 
of the oblique shock relations in the hypersonic limit are indeed quite useful.) 

4.5 HYPERSONIC SIMILARITY 

The concept of flow similarity is well entrenched in fluid mechanics. In general, 
two or more different flows are defined to be dynamically similar when: (1) the 
streamline shapes of the flows are geometrically similar; and (2) the variation of 
the flowfield properties is the same for the different flows when plotted in a 
nondimensional geometric space. Such dynamic similarity is ensured when: 
(1) the body shapes arc geometrically similar, and (2) certain nondimensional 
parameters involving free-stream properties and lengths, called similarity param¬ 
eters, are the same between the different flows. See Ref. 5 for a more detailed 
discussion of flow similarity. 

In the present section, we discuss a special aspect of flow similarity which 
applies to hypersonic flow over slender bodies. In the process, we will identify 
what is meant by hypersonic similarlity, and will define a useful quantity called 
the hypersonic similarity parameter. 
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Consider a slender body at hypersonic speeds. The governing equations 
e Eqs. (4.41) (4.45). To these equations must be added the boundary condi- 
>n.s at the body surface and behind the shock wave. At the body surface, the 
>vv tangcncy condition is given by Eq. (4.13), repeated below 

t m x + vn y + \vn, = 0 (4.13) 

i terms of the perturbation velocities defined in Section 4.4, Eq. (4.13) becomes 

(K, + u')n x + v ' n y + w ' n z — 0 (4.46) 

i terms of the nondimensional perturbation velocities defined in Sec. 4.4, Eq. 
-.46) becomes 

\ + ii'^( V :li -c 2 )n x + ti'(Kx,i )n y + w'(V m x)n, = 0 
r 

(1 + x 2 u)n x + U'x n y + i*i n z = 0 (4.47) 

r Eq. (4.47), the direction cosines n x , n y , and n, are in the (x, y, z) space; these 
allies arc somewhat changed in the transformed space (x, y, z) defined in Sec. 
.4. Letting n x , n and n, denote the direction cosines in the transformed space, 
: c have (within the slender body assumption) 

n x = i n x n y = ri y n, = ri, (4.48) 

he mathematical derivation of Eqs. (4.48) is left as a homework problem. How- 
ver, the results are almost intuitively justified, as follows. For a slender body 
ligned along the \- axis, the unit norma! vector at the surface is almost perpen- 
icular to the surface. This means that n x is a small number, much less than 
mity, whereas n and n, can be close to unity. In the transformed space, the 
lope of the body is increased by a factor l/t, and the unit normal vector in the 
rnnsfonned space is now more than tilted with respect to the x axis by the 
actor l/i. Hence, the direction cosine with respect to the x axis is now n x = 
ij r. Moreover, in the transformed plane, the unit normal vector is still close 
nough lo being nearly perpendicular to the x axis to justify that n y and n, are 
till close to unity, just as in the case of n y and n z . Hence, we can say that 
ij, ss n r and n, ss n z . This is a justification for Eqs. (4.48). With the relations 
tiven in Eq. (4.48), the boundary condition given by Eq. (4.47) becomes 

(1 + z 2 u')xn x + v'xn y + wxn z = 0 


tr 

(1 + x 2 tl')n x + v'h y + w'n z = 0 (4.49) 

Consistent with the derivation of the hypersonic small-disturbance equations in 
Sec. 4.4, we neglect the term of order i 2 in Eq. (4.49), yielding the final result for 
the surface boundary condition 

il x + v'n y + w'n z = 0 


(4.50) 
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The shock boundary conditions, consistent with the transformed coordi¬ 
nate system, can be obtained as follows. Consider Eq. (2.3) repeated below 


p_ 2 = . = (7 + 1 )Mj si n 2 fi 

Poo Pl (7 ~ l)Ml sin 2 /) + 2 


(2.3) 


P 2 


7 + 1 
7 -~1 


Mi sin 2 /? 


Ml sin 2 /? + 2/(7 - 1 ) 
For hypersonic flow over a slender body, fi is small. Hence. 

f dy\ fdy 


sin fi se p : 


dx 


dx 


(4.51) 


where ( dyjdx ) is the slope of the shock wave in the transformed space. Thus, Eq. 
(4.51) becomes 


7 + }\[ _ {dyldx) s _ 

- 1 )\(dyldx); + 2/(y - l)Mix 2 


Repeating Eq. (2.2) below 


— = 1 + ~ (Mi Sin 2 P - 1) 
Pot. 7 + 1 


(4.52) 


( 2 . 2 ) 


and recalling that p = p/yM 2 , T 2 p aj , Eq. (2.2) becomes 

Pi 1 27 , 1 

,.2 - 2 = .■ + T -T (Mi sm 2 fi - 1 ) , 

•;M;t p x , yM- a , i 2 7 + 1 yM^i 


1 2y 

Pl yM 2 „T 2 + y + i 


M 2 t 2 ^Y 

\dx , 


1 


yMix 


1 ^ 2 (dy/dx)f 


yMix- 7+1 (7 + 1 )M„t 2 

- = 2 (dy /dx) ; ( 7 - 1 ) - 2 y 

?2 7 + 1 7(7 + l )Mix 2 


2 

r/d-y\ 2 1-74 


Pl 7+1 

yj-v/s 2yMix 2 



(4.53) 


Repeating Eq. (2.6) 


" 2 = 1 _ 2(M ™ sin2 P ~ ^ 
v« (y + Wl 


(2.6) 
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and recalling that u 2 = I 7 , + u] and u' 2 = u' 2 /V^T 2 , Eq. (2.6) becomes 

h ' 2 _ 2lMiT 2 (dy/dx)^- 1 ] 

K, ' (y'+~DM 2 a 

n\ 2[M],i 2 (dy/dx) 2 — 1 ] 

V,x 2 ~ (yTl)Miy 2 


2 

u\ = — - 

y + 


m 2 _ i ~ 

dxj s M 2 m i 2 


(4.54) 


Repeating Eq. (2.8) 


v 2 2(M 2 , sin 2 /) — 1) cot /? 
V, = (y + 1 )M 2 , 


( 2 . 8 ) 


and recalling that v 2 = v' 2 and v' 2 = v' 2 = ui/K^t, Eq. (2.8) becomes 


v' 2 _ 2 

14,t 7 + 1 

2 

2 = y + i 


is 2 


l 

M 2 


I 

lh 



1 


1 

(dy/dx) s j 2 


2 

y + 1 


dy' 

dx 


1 

M 2 , i 2 


1 


(4.55) 


Equalions (4.52) (4.5.5) represent boundary conditions immediately behind the 
shock wave in terms of the transformed variables. Note that these equations 
were obtained from the exact oblique shock relations, making only the one 
assumption of small wave angle; nothing was said about very high Mach 
numbers, hence Eqs. (4.52)-(4.55) should apply to moderate as well as to large 
hypersonic Mach numbers. 

Examine carefully the complete system of equations for hypersonic flow 
over a slender body —the governing flow equations [Eqs. (4.41)-(4.45)], the sur¬ 
face boundary condition [Eq. (4.50)], and the shock boundary conditions [Eqs. 
(4.52) (4.55)]. For this complete system, the free-stream Mach number M, and 
the body slenderness ratio i appear only as the product M aj i, and this appears 
only in the shock boundary conditions. As first stated in Sec. 4.4, the product 
Ad,i is identified as the hypersonic similarity parameter, which we will denote 
by K. 


Hypersonic similarity parameter: . K = M,„t 

Important: The meaning of the hypersonic similarity parameter becomes clear 
from an examination of the complete system of equations. Since M„i and y are 
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the only parameters that appear in these nondimensional equations, then so¬ 
lutions for two different flows over two different but affinely related bodies 
(bodies which have essentially the same mathematical shape, but which differ by 
a scale factor on one direction, such as different values of thickness) will be the 
same (in terms of the nondimensional variables, u ', f', etc) if y and M. Jt r arc the 
same between the two flows. This is the principle of hypersonic similarity. 

For affinely related bodies at a small angle of attack a, the principle of 
hypersonic similarity holds as long as in addition to y and M^x, x/x is also the 
same. For this case, the only modification to the above derivation occurs in the 
surface boundary condition, which is slightly changed; for small a, Eq. (4.50) is 
replaced by 


n x + - | + t>'n + w'n, = 0 

i / 


(4.56) 


The derivation of Eq. (4.56), as well as an analysis of the complete system of 
equations for the case of small a, is left to the reader as a homework problem. In 
summary, including the effect of angle of attack, the solution of the governing 
equations along with the boundary conditions takes the functional form 


P = P\ -f y, 2 , y, m ooT 


p = f>\ y, z, y, - 


etc. 

Therefore, hypersonic similarity means that, if y, M aj x, and a/x are the same 
for two or more different flows over affinely related bodies, then the variation 
of the nondimensional dependent variables over the nondimensional space, p = 
p(x, y,:), etc, is clearly the same between the different flows. 

Consider the pressure coefficient, defined in Eq. (2.13) as 


C„ = 


Poo 

, vf 


V- P a, 

' (y/2)pjMl 


This can be written in terms of p as 

2 (P -P.JT 


C„ = 


yp„ Mfi 


2 2 t ( p ^ aa2 


yMfr 


(4.57) 


Since p = p(x , y, z, y, M m z, x/z), then Eq. (4.57) becomes the following functional 
relation: 


c„ 

/ Cf.\ 

-£=f 

d y, z, y, M m i, - 

T 

V V 


(4.58) 
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■rom Eq. (4.58), wc .see another aspect of hypersonic similarity, namely, that 
lows over affinely related bodies with the same values ofM„i. and a/r will 
lave the same value of CJ i 2 . 

The viability of hypersonic similarity is reinforced by results which we 
utvc already obtained in Chap. 2. In Sec. 2.3, the hypersonic shock relations for 
arge and small deflection angles were obtained in terms of M^ O, where 0 is 
he flow deflection angle through the shock wave. There, we defined M„0 = K 
is the hypersonic similarity parameter; this is precisely the same as M„r be- 
■ause, for slender bodies, 0 x tan 0 ~ d/I = i. Examine Eq. (2.29), and its func- 
ional form, namely Eq. (2.30), repeated below 

^«^=/(K.V) (2.30) 

This states that CJ x 2 for the flow behind an oblique shock (hence, over a wedge 
>f slenderness ratio x) is a function of y and K only. Equations (2.45) and (2.46) 
>btained for the hypersonic expansion wave give analogous results. Hence, the 
esults in Secs. 2.3 and 2.4 are precursors to the concept hypersonic similarity 
liscussed in the present section. It is recommended that, at this stage, you re- 
ead Secs. 2.3 and 2.4, keeping this point of view in mind. 

Hypersonic similarity carries over to lift and wave-drag coefficients as well, 
-et us examine this in more detail. To begin with, assume a two-dimensional 
)ody of length /, hence a planform (or top-view) area per unit span of (f)(1). The 
ift and wave-drag coefficients can be readily obtained by integrating the 
pressure coefficient over the surface of the body, resulting in (see, for example, 
fef. 5) 

c i = ! f (C p , - CJ dx (4.59) 

‘ Jo 

ind 

Ci= ~iL (Cp ‘ +c ' jdy (4 - 6o) 


In Eqs. (4.59) and (4.60), c, and c d are referenced to the planform area, and C pi 
and C Pu are the pressure coefficients over the lower and upper surfaces respec¬ 
tively. Equation (4.59), written in terms of x, is 


c, = f (C P , - CJ dx (4.61) 

J 0 

Dividing Eq. (4.61) by x 2 , and combining with Eq. (4.58), we obtain the follow¬ 
ing functional relation for c,/x 2 


c i 

T 2 


Y c, 

0 W 2 


^ =//y> M » T ’ * 


(4.62) 
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[Note that, for a two-dimensional body, y = _y(.\), and there is no variation with 
z; hence the integral with respect to _v in Eq. (4.62) takes care of the spatial 
variation of C r with respect to ,v. _v, 2 given in Eq. (4.58) resulting, after the 
integrations, in simply the functional variation shown by Eq. (4.62).] To obtain 
an analogous expression for the wave-drag coefficient, we write Eq. (4.60) in 
terms of y as follows: 

c* = ) [ (C,„ + CJ d(j^h) = t (C„, + CJ dy (4.63) 

Dividing Eq. (4.63) by t 3 , and combining with Eq. (4.58), we obtain the follow¬ 
ing functional relation for cJ i 3 : 

+ ,4 ' 64) 
Summarizing the above results, we have 



referenced to planform area 


Let us repeat the above arguments, except now for a three-dimensional 
body. The considerations are only slightly more involved, as follows. Consider 
Fig. 4.3, which shows an arbitrarily body in an x-y-z coordinate system. In an 
inviscid How, the net aerodynamic force is due to the integration of the surface 
pressure distribution over the body. Consider an elemental force p dS due to the 
pressure acting on the element of surface area dS, as shown in Fig. 4.3. The 
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component of this force in the z direction is p dx dy, where (dx dy ) is the projec¬ 
tion of dS into the x-y plane. Hence the lift L is 

L = f f p(x, y, z) dx dy (4.65) 


s 

In terms of the transformed variables, Eq. (4.65) becomes 


L = 


p(x, y, z) dx dy 


(yP-oMl, z 2 )(z) 


(4.66) 


We define the lift coefficient for the three-dimensional body as C, = L/q x S, 
where = (y/2)p aj M 2 aj and the area S is taken to be the base area (in contrast 
to the planform area, used for our two-dimensional case above). Letting h and 
h, be the half width and half height of the base respectively (as shown in Fig. 
4.3), then S or h v h, = h v h z (z 2 ). Note that S is proportional to r 2 . Hence, from 
Eq. (4.66), 

2 

C, oc ., ,, 

yp,M~,z~ 


p(.r, y, z) dx dy 


(y Po! ,Miz 2 )(z) 


(4.67) 


Recall that /;(.\, y, z) is obtained from the solution of the hypersonic small distur¬ 
bance equations for a given y, M„i, and a/z. Therefore, the surface integral 
given in Eq. (4.67) depends only on y, M,t, and x/z. With this in mind, Eq. 
(4.67) leads to the functional relation 

C ‘- = F l {y:M^z,' y -\ (4.68) 


Returning to Fig. 4.3, the component, of p dS in the x direction is p dy dz. 
Hence, the drag D is 


D = p(x, y, z) dy dz 


D = 


[>(x, y, 5) dy dz 


r _ D 2 

" q*S 00 yp„Miz 2 


iyp,xMh z 2 )(i 2 ) 

p(x, y, z) dy dz 


.(>■*>„ Mi t*Xt 2 ) 


C n 


\ = f i(y, a/r) 


(4.69) 
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Summarizing the above results, we have 


Ck 


M„ i, oc/t) 

T 

= FJy 

, M 3 ,t, x/t) 

I 2 
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Examine the results summarized in the two boxes above, namely the results for 
c, and c tl for a two-dimensional flow, and C, and C„ for a three-dimensional 
flow. From these results, the principle of hypersonic similarity states that affinely 
related bodies with the same values of y, i, and a/x will have: (1) the same 
values of c,/t 2 and cj i 3 for two-dimensional flows, when referenced to planform 
area; and (2) the same values of CJ i and CJ i 2 for three-dimensional flows 
when referenced to base area. 

The validity of the hypersonic similarity principle is verified by the results 
shown in Figs. 4.4 and 4.5, obtained from the work of Neice and Ehret (Ref. 26). 
Consider first Fig. 4.4a, which shows the variation of CJx 2 as a function of 
distance downstream of the nose of a slender ogive-cylinder (as a function of 
x = x/6 expressed in percent of nose length). Two sets of data arc presented, 
each for a different A/, and t, but such that the product K = M a ,x is the same 
value, namely 0.5. The data are exact calculations made by the method of char¬ 
acteristics. Ffvpcrsonic similarity states that the two sets of data should be iden¬ 
tical, which is clearly the case shown in Fig. 4.4a. 

A similar comparison is made in Fig. 4.46, except for a higher value of the 
hypersonic similarity parameter, namely K = 2.0. The conclusion is the same; 
the data for two different values of M^ and x, but with the same K, are identi¬ 
cal. An interesting sideline is also shown in Fig. 4.46. Two different methods of 
characteristics calculations are made —one assuming irrotational flow (the solid 
line), and the other treating rotational How (the dashed line). There are substan¬ 
tial differences in implementing the method of characteristics for these two cases 
(see, for example. Ref. 4 for more details). In reality, the (low over the ogive- 
cylinder is rotational because of the slightly curved shock wave over the nose. 
The effect of rotationality is to increase the value of C p , as shown in Fig. 4.46. 
This effect is noticeable for the high value of K = 2 in Fig. 4.46. However, Neice 
and Ehret state that no significant differences between the rotational and irrota¬ 
tional calculations resulted for the low value of K = 0.5 in Fig. 4.4a, which 
is why only one curve is shown. One can conclude from this comparison the 
almost intuitive fact that the effects of rotationality become more important as 
M„, i, or both are progressively increased. However, the main reason for bring¬ 
ing up the matter of rotationality is to ask the question: Would we expect hy¬ 
personic similarity to hold for rotational flows? The question is rhetorical, 
because the answer is obvious. Examining the governing flow equations upon 
which hypersonic similarity is based, namely Eqs. (4.41)-(4.45), we note that 
they contain no assumption of irrotational flow—they apply to both cases. 
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FIGURE 4.5 

Cone pressure at tingle of attack, correlated by hypersonic similarity. (From Ref. 26.) 


Hence, the principle of hypersonic similarity holds for both irrotational and 
rotational flows. This is clearly demonstrated in Fig. 4.4 h, where the data calcu¬ 
lated for irrotational flow for two different values of M, and t (but the same K) 
fall on the same curve, and the data calculated for rotational flow for the two 
different values of Al „ and r (but the same K) also fall on the same curve (but a 
different curve lhan the irrotational results). 

Figures 4.4c; and b contain results at zero angle of attack. For the case of 
bodies at angle of attack, our similarity analysis has indicated that a/r is an 
additional similarity parameter. This, as well as the general principle of hyper¬ 
sonic similarity, is experimentally verified by the wind-tunnel data shown in Fig. 
4.5. Neicc and Ehret (Ref. 26) reported some experimental pressure distributions 
over two sharp, right-circular cones at various angles of attack obtained in the 
NACA Ames 10- by 14-in supersonic wind tunnel. The Tree-stream Mach 
numbers were 4.46 and 2.75, and the cones had different slenderness ratios such 
that K = 0.91 for both cases. Since the flow was conical, the values of C p on the 
surface were constant along a given ray from the nose, but because of the angle 
of attack C p varied from one ray to another around the cone as a function of 
angular location. Note in Fig. 4.5 that the data along any given ray for the two 
different values of M and t (but both such that K = 0.91) fall on the same 
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li ve when plotted versus a/x. Hence, the data in Fig. 4.5 is a direct experimen- 
d verification of hypersonic similarity for bodies at angle of attack. (Note that 
t <j = 0, all the curves pass through the value of C p predicted from exact cone 
tcory, as tabulated by Kopal in Ref. 17.) 

It is interesting to note that hypersonic similarity appears to hold even at 
cry moderate hypersonic Mach numbers (the data in Fig. 4.5 even shows some 
orrclation at supersonic Mach numbers). Indeed, Van Dyke (Ref. 27) has 
ointed out a combined supersonic-hypersonic similarity rule that replaces M r z 
/ith i— 1, which closely approximates M^r at high values of ,V/_, . By 
cplacing M , x with t 1, a single similarity rule holds for the entire 

/Inch number regime starting just above the transonic range and going to an 
rfinite Mach number. Sec Ref. 27 for more details. 

Quest ion: Over what range of values of K = M ,,t does hypersonic simi- 
lrity hold? The answer cannot be made precise. However, many results show 
hat for very slender bodies (such as a 5° half-angle cone), hypersonic similarity 
lolds for values of K ranging from less than 0.5 to infinitely large. On the other 
land, for less slender bodies (say, a 20" half-angle cone), the data do not corre- 
ate well until K > 1.5. Homework problems 4.4 and 4.5 are very instructive in 
his regard. However, always keep in mind that hypersonic similarity is based on 
he hypersonic small-disturbance equations, and we would expect the results to 
iccome more tenuous as the thickness of the body is increased. 

An important historical note is in order here. The concept of hypersonic 
•imilarity was first developed by 11. S. Tsien in 1946, and published in Ref. 28. 
n this paper, Tsien treated a two-dimensional potential (hence irrotational) 
low. This work was further extended by Hayes (Ref. 29) who showed that 
Tsicn’s results applied to rotational flows as well. (As noted earlier, the develop- 
nent of hypersonic similarity in the present chapter started right from the begin- 
ling with the governing equations for rotational flow. There is no need to limit 
jiirselves to the special case treated by Tsien.) However, of equal (or more) 
historical significance, Tsien’s 1946 paper seems to be the source which coined 
the word hypersonic. After an extensive search of the literature, the present 
author could find no reference to the word “hypersonic” before 1946. Then, in 
his 1946 paper—indeed, in the title of the paper—Tsien makes liberal use of the 
word “hypersonic,” without specifically stating that he is coining a new word. In 
this sense, (he word “hypersonic” seems to have entered our vocabulary with 
little or no fanfare. 


4.6 HYPERSONIC SMALL-DISTURBANCE 
THEORY: SOME RESULTS 

Return to our roadmap in Fig. 1.23. We are presently working under the general 
heading of fiowfield considerations, and we have, so far, treated both the con¬ 
cepts of Mach number independence and hypersonic similarity under this head¬ 
ing. Recall that we have discussed the general partial differential equations for 
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an inviscid flow (Sec. 4.2), from which we have obtained the hypersonic small- 
disturbance equations (Sec. 4.4). It is important to note that, in our discussions 
of both Mach number independence and hypersonic similarity, we have only 
examined these equations — tve have not solved them. Specifically, our examina¬ 
tion of a nondimensional form of the Euler equations and the boundary condi¬ 
tions in Sec. 4.2 clearly demonstrated the mathematical justification for Mach 
number independence. Similarly, our examination of the hypersonic small-dis¬ 
turbance equations and the boundary conditions in Sec. 4.4 led to the important 
conclusions dealing with hypersonic similarity. But in both cases, we did not 
actually solve the governing equations. This is as far as we can proceed in such a 
fashion: for the remainder of the items listed under flowfield considerations in 
Fig. 1.23, we will deal with actual solutions of the governing equations for spe¬ 
cific cases. This will constitute the remainder of the present chapter (on approxi¬ 
mate methods) as well as all of Chap. 5 (on “exact" methods). 

Consider again the hypersonic small-disturbance equations given by Eqs. 
(4.41 )-(4.45). The purpose of the present section is to discuss how these equa¬ 
tions can be solved for the hypersonic flow over slender bodies. The material in 
this section is a representative sample of a bulk of solutions generated over the 
past 35 years, all originating with Eqs. (4.41) (4.45). Such solutions come under 
the general description of hypersonic small disturbance theory. This theory was 
first developed in some detail by Milton Van Dyke (Ref. 30), and we will partly 
follows his approach in this section. 

To begin with, consider the hypersonic small-disturbance equations written 
for two-dimensional flow, and recall that the x-moraentum equation is de¬ 
coupled from the remaining equations in the system. For this case, from Eqs. 
(4.41), (4.43), and (4.45), we have 


8 JL , = o 

dx dy 

(4.70) 

dv' dv' dp 

at + pv’ wp = - -yu 
dx dy oy 

(4.71) 

d f p\ 

+ 4 =° 

oy \p y J 

(4.72) 


which arc three equations to be solved for the three unknowns, v', p, and p. 
However, this system can be reduced to just one equation in terms of one un¬ 
known by introducing a stream function t p, defined as 


dip 

-xr-= P 
oy 


(4.73) 


and 


dx 


-pfi 


(4.74) 
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o be a valid stream function, i// must satisfy the continuity equation. Substitu- 
ion of Eqs. (4.73) and (4.47) into (4.70) yields 


a / f7t//\ 0 

Ox yf y ) + Oy 


Of 

fix 


= 0 


ir 


sv _ off ^ 

Ox dy Ox Oy 

hat is, i jj as defined in Eqs. (4.73) and (4.74) does indeed satisfy the continuity 
quation. Using the subscript notation for partial derivatives, Eqs. (4.73) and 
4.74) become 

P = '/u (4.75) 

ind 

(4.76) 

l> <l'y 

\lso, denote p/p y by co, where u> is a function of i p only. This is true because, for 
in isentropic flow, pjp y is constant along a streamline, and by definition of a 
stream function (see, for example, Ref. 5), i j/ is also constant along a streamline. 
Hence 


or 


From Eq. (4.76), 


and 


From Eq. (4.78) 


P . = ";(i//) 


p = o>p y = w(i// T ) y 


0v’ _ -i/'ji/'ri + 4 , x 'l / zy 

Ox (f ? ) 2 


Of _ -jjyfjy 
dy 0/y 5 ) 2 


Op _. Out 

fy O' (l // f ) 7 — 
Oy Oy 


14.77) 

(4.78) 

(4.79) 

(4.80) 

(4.81) 


0o> 

Oy 


Ooi 

Oij/ 



Since 
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then Eq. (4.81) becomes 

J- = yt’K'I'ry ~ ' >/' vv + (0 '(</'j9 r +1 (4.82) 

(.T 

Substitute Eqs. (4.75), (4.76), (4.79), (4.80) and (4.82) into the y-momenlum 
equation. Eq. (4.71). 


— 1/'yl/'s- + t/'ll/'jwl 

+ (-'/'j 

— l/Zv'/'xv + t/'j'/'vv 

Mn) 2 




= -yaKfay l hy - m '(hy 1 


(PX'PtI - + O/'jP'/'fr = ( ( /'y) 7+ l b^lply + o/(t/fj 0 2 ] 


(4.83) 


Equation (4.83) is a single equation for a single unknown, namely t p, based on 
the hypersonic small-disturbance assumptions. Note that in the development of 
this equation, no additional assumptions were made (other than that of two- 
dimensional flow); hence F.q. (4.83) is of the same order of accuracy as the 
original hypersonic small-disturbance equations. 

Equation (4.83) holds for two-dimensional planer flow, hence it can be 
applied to two-dimensional shapes such as airfoils. On the other hand, for 
axisymmetric bodies a cylindrical coordinate system (x, r, <j>) is more convenient, 
where x and r are the coordinates parallel and perpendicular respectively to the 
body centerline, and </> is the familiar azimuthal angle. For an axisymmetric 
body at zero angle of attack, the flowficld is independent of tjj, and depends on x 
and r only. For this case, the governing hypersonic small-perturbation equations 
become 


SJ d(pb') pv' 
dx dr r 


(4.84) 


dv' 

P ^ + pv 



dp 

dr 


(4.85) 


S (P 


ax \j>‘ 




(4.86) 


These are the same as Eqs. (4.70)-(4.72), except for the additional term in Eq. 
(4.84). In the above, x = x/l, f = rhl, {•' is the nondimensional perturbation 
velocity in the r direction, and all the other quantities are the same as before. 
For the axisymmetric Dow described by Eqs. (4.84)-(4.85), a stream function ip 
can be defined as 




= rp 


(4.87) 


dijj 

dx 


— rpv' 


(4.88) 
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A derivation similar to that for Eq. (4.83) leads to the following equation for 
axisymmelric flow (the derivation is left to the reader as homework Problem 
4.6). 


(4.89) 

Equation (4.89) is the axisymmetric analog to Eq. (4.83). As before, it is a single 
equation in terms of one unknown, namely t p. In principle, Eq. (4.89) is easier to 
solve than the original coupled system of three equations, namely Eqs. 
(4.84)-(4.86). 

We will illustrate a solution of Eq. (4.89) for the case of flow over a slender 
right-circular cone at zero angle of attack. For this case, we take advantage of 
the nature of conical flow, namely, that flow properties are constant along any 
ray emanating from the cone vertex. Consider the sketch shown in Fig. 4.6. 
Along any ray making a slope r/x with respect to the centerline, the flow prop¬ 
erties are constant. For this ray, we define a conical variable 0 such that 

r r 

0= - = - (4.90) 

X XX 

In addition, for conical flow the stream function if/(x,r) can be expressed as 
a function of x and 0 through Eq. (4.90), where F — x0. A proper form for 
■// = t//(x, 0) applicable to conical flow is 

' l' = x 2 m (4.91) 

An intuitive justification for Eq. (4.91) can be obtained from Fig. 4.6. Recall that 
for two-dimensional flow the difference in $ between two streamlines is equal to 
the mass flow between these streamlines; for an axisymmetric flow, the difference 
m i// between two stream surfaces (designated 1 and 2 in Fig. 4.6) is equal to the 
mass flow between these surfaces. This mass flow is proportional to the circular 
ring of area between stream surfaces 1 and 2, which in turn is proportional to r 2 
and thus to r 2 . Hence, it makes sense to define the stream function as t p = 
F 2 g(0), where f 2 is proportional to the area, and g(0) yields the flow properties 
necessary to complete the mass flow expression. However, since r = xO from Eq. 
(4.90), then i// = r 2 g(0) = x 2 0 2 g(0) = x 2 f(0), which is Eq. (4.91). We wish to sub¬ 
stitute this expression for i// into Eq. (4.89). To do so, we need expressions for 
the derivatives of i//, constructed below. In the process, keep in mind that i j/ = 
x 2 /(0), and that we are essentially transforming from one set of independent 
variables, x and E, into another set, x and (), where x = x and 0 = r/x. For 
example, from the chain rule: 



(4.92) 
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FIGURE 4.6 

Flow model for a cone. 


where the subscripts arc added to remind the reader what independent variable 
is being held constant for each of the partial differentiations. From Eq. (4.91) 


do 


■xT0) 


(4.93) 


where f'(0) = df/tlO. Also, from Eq. (4.90), 



Since x is being held constant in ( Bx/Cr )*, then 


(4.94) 


(4.95) 


Substituting Eqs. (4.93)- (4.95) into (4.92), and using the subscript notation for 
partial derivatives, we have 


«// F =.xf(0) 


( 4 . 96 ) 
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Similarly, from the chain rule applied to 



^=/"(o 

Also, from the chain rule 



From Eq. (4.90) 



Noting that (dx/dx) r = 1, and utilizing Eq. (4.99), Eq. (4.98) becomes 


or 


= - r -r0)+rm = 

X 

Similarly, from the chain rule, 



,//, = [x 2 Ad)]( - '_ 2 j + 2 xf(0) = -rf’(0) + 2 xf(0) 


or 

I//,- = -xdf'(O) + 2 xj\0) 


(4.97) 


(4.98) 


(4.99) 


(4.100) 


(4.101) 


Similarly, from the chain rule: 
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From Eq. (4.101) 


Tty* 

~7o 


and 


x0f"(0) - x/'(0) + 2xf'0) 
xt\f"(0) + xf'(0) 


_= - 0 /'( 0 ) + 2 /( 0 ) 

Substituting Eqs. (4.103) and (4.104) into (4.102), we have 




L-xdfxo) + arm 


r 

X ■ 


+ 2 /( 0 ) - OfXff) 


(4.103) 

(4.104) 


= r Jr(O)-"/'(O) + 2/(O)-O/'(0) 

.v x 

= 0 2 r(0) - end ) + 2/(0) - or'(O) 


or 


■hr = 0 2 /"(0) - 20/'(0) + 2/(0) (4.105) 


We have now completed all our derivative transformations. Substituting Eqs. 
(4.96), (4.97). (4.100), (4.101) and (4.105) into (4.89), and noting that uj'= 
dw/dO = 0 because the entropy, hence to, is constant between the shock wave 
and the body, we have 


)'<■>( f 


x\r)\0 2 f" - 2Of + 2f) - 2(-xOf + 2x/)(x/')( — Of" + /') 

W 7+ ’(/') >,+1 

+ (-x()/ + 2.x/) 2 / =-— 

Dividing by x 2 , and grouping coefficients of like powers of 0, this becomes 

0 2 [(/') 2 /" - 2 (fff" + Lf’fn + 0[-2(/') s + 2 iff + 4 Iff" - 4//'/'] 

(xV~ l ( f') r+I ~ 

+ 2(f) 2 / - 4A/') 2 + 4f 2 f" = -W7C-T-- - 

(r)- 

Recalling that f/x = 0, and noting that the terms within the square brackets 
cancel each other, the above equation becomes 


7<u( /" - / 


or, rearranging 


/" 


r 

0 


2 (oy- 1 / 

yco (f') r+1 


[2/r 


(f) 2 ] 


(4.106) 
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Equation (4.106) is the governing equation for hypersonic flow over a slender 
cone. It was obtained from the system of hypersonic small-disturbance equa¬ 
tions; indeed, it replaces that system with a single ordinary differential equation 
in terms of one unknown, namely f(0). When a system of partial differential 
equations is replaced by one or more ordinary differential equations in terms of 
one independent variable (in this case, 0), then the solution is said to be self- 
similar. Such is the case here. However, this should be no surprise; the Tavlor- 
Maccoll equation for the exact solution of conical flows (see, for example, Ref. 
4) is also an ordinary differential equation. Hence, Eq. (4.106) can be viewed as 
the approximate counterpart of the Taylor-Maccoll equation, applicable to 
hypersonic flow over slender cones. 

Question: Why have we gone to such length to obtain Eq. (4.106), when 
we could more easily use the exact Taylor-Maccoll results to obtain hypersonic 
(as well as supersonic) flow over cones, as tabulated, for example, in Refs. 17 
and 18? The answer lies in the fact that, in the present section, we are demon¬ 
strating an actual solution of the hypersonic small-disturbance equations, and 
we have chosen to treat the case of a cone specifically because an exact solution 
exists. In this fashion, by comparing the results, we can obtain some feeling for 
just how accurate this small-disturbance theory is. Moreover, we will also dem¬ 
onstrate how the hypersonic small-disturbance theory leads to a closed-form 
analytical solution for flows over cones—an advantage not to be enjoyed by the 
exact numerical Taylor-Maccoll results. Therefore let us proceed to solve Eq. 
(4.106). 

Our next step in treating Eq. (4.106) is to recall that oj = p/p'\ and to 
recognize that oj is a constant for the isentropic conical flow, equal to its value 
behind the oblique shock wave. An expression for w can be obtained directly 
from the hypersonic shock wave relations derived in Sec. 4.5. Examine Eqs. 
(4.52) and (4.53) for p and p respectively. For flow over a cone, the shock wave 
is a straight oblique surface, with a constant transformed slope, i.e., in Eqs. 
(4.52) and (4.53), (dy/dx) s is constant. Moreover, 


dy\ = > dy 
dx ). r dx 


(4.107) 


But for hypersonic flow over a slender body 
dy 


dx 


= tan (1 sa tan 0 C ~ t 


(4.108) 


where 0 C is the cone angle. Combining Eqs. (4.107) and (4.108), we see that 


'dy 

dx 


(4.109) 


Inserting the results of Eq. (4.109) into Eqs. (4.52) and (4.53), and returning to 
the definition of w, we obtain 


i’ = 2 (\+ 'cMA ’- 1 

IK y + 1 V 2 yM 2 _ 0 z 2 J\y + \ 


1 + 


2 


(y- DAO 2 
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Noting that M , x = K, the hypersonic similarity parameter, the above equation 
can be written as 


2 

(O = — 

2 + 1 


+ 


1 + 


1 - y 

2 yK 2 



(4.110) 


Clearly, c; = io(K): it is a constant for a given flow with a given value of K. 
Reflecting again on lie;. (4.106), the solution to the flowficld in the form of J'(0) 
will depend on K as a parameter because to in Eq. (4.106) is a function of K. 
This is yet another example of the close relationship between solutions of the 
hypersonic small disturbance equations, hypersonic similarity, and the hyper¬ 
sonic similarity parameter, K. 

The solution of Eq. (4.106) must satisfy boundary conditions at the body 
and behind the shock wave. Let us address these boundary conditions by first 
noting the values of 0 on the body and at the shock wave. At the body (the 
surface of the cone with semianglc 0 C ) 


‘ x xx 

However, from Fig. 4.6, rjx is precisely x. Thus, from the above equation, 

At the body 0 = (l c = 1 

At the shock wave, with wave angle ft, 

— r, I r, 

() = -■’ = -- (4.111) 

X X X 

From Fig. 4.6, and noting that, for hypersonic flow over a slender body, fl is 
small, 


-- = tan /?«/? (4.112) 

x 

Thus, combining Eqs. (4.111) and (4.112), 

0 = - tan fl = - (4.113) 

T T 

From Fig. 4.6, for a slender cone, we note that 


T = 


^ = tan 0 C xe 0 C 


Hence, Eq. (4.1 13) can be written as 


At the shock 


() = [) _ _ P_ = shock 

' x 0 C cone angle 


(4.113u) 


The boundary conditions for Eq. (4.106) are the known values of /(1) at the 
surface and /(/?/t) and ['([!/x) at the shock wave. These values are known as 
follows. First, at the surface we know (by definition of the stream function) that 



110 INV1SC1D HYPFRSONIC FLOW 


i// = 0. From Eq. (4.91) applied at the surface, we have rp = x 2 f(0) = x 2 f( 1) = 0. 
Thus, the body boundary condition is 


At the body _/'(1) = 0 


(4.114) 


At the shock wave, we can obtain values of both / and f by using Eqs. (4.96) 
and (4.101) as follows. From Eq. (4.96) 


r = *4 

X 

Substituting Eq. (4.115) into (4.101), we have 


(4.115) 


\p- x = — rf + 2 xf = — _ ij/ f + 2 xf 


(4.1 16) 


Substituting Eqs. (4.87) and (4.88) into (4.116), we obtain 


->W = - - 0T>) + 2 xf 

X 


Solving for j\ 


/ = . 




At the shock wave, Eq. (4.117) becomes 


■(P\ _ P 


x / \ .v- 


Ilowcver, as noted in Eq. (4.113n), 


x r 


Hence, Eq. (4.118) becomes 


At the shock / 


(P\ P 


i 2 


py fp' 


io obtain f at the shock, substitute Eq. (4.87) into (4.96) 

/., = I K = n> 


( 4 . 117 ) 


( 4 . 118 ) 


(4.119) 


At the shock, this becomes 
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Thus, 


At the shock 


/' 


A- 


(4.120) 


In both Eqs. (4.119) and (4.120), the values of p and v are those values imme¬ 
diately behind the shock wave, given by Eqs. (4.52) and (4.55), respectively. Re¬ 
calling from Eq. (4.109) that (r/v/r/.v), = 1 and noting that = K, then Eq. 
(4.52) becomes 


7+i|_ _ 

7 ~ 1 U + 2/[(7 - 1 )K 1 2 3 ] 


(4.121) 


and Eq. (4.55) becomes 


v' — 


2 

7 + 1 


1 ' 
K 2 


(4.122) 


In summary, the boundary conditions for Eq. (4.106) arc given by Eq. (4.1 14) at 
the body, and Eqs. (4.1 19) and (4.120) at the shock wave, wherein the values of 
p and r' in Eqs. (4.119) and (4.120) are given by Eqs. (4.121) and (4.122). 

We are now in a position to set up a straightforward numerical solution to 
Eq. (4.106) for the hypersonic flow over a slender cone. In most practical cases, 
we arc interested in the How over a cone of specified angle 6 C (or equivalently 
specified slenderness ratio, t) with a specified M a . However, keep in mind that, 
within the framework of hypersonic small-disturbance theory, M m or r individu¬ 
ally arc not germain; the solutions depend only on the product , M„t = K. Scan 
over the equations we arc dealing with, namely Eqs. (4.106), (4.110), (4.114), and 
(4.19)-(4.122); note that K is the parameter that appears, not M aj or r by them¬ 
selves. (t also appears in the ratio /i/r, which is one of the unknowns of the 
problem —to be obtained as part of the solution.) Therefore, let us specify the 
value of K, and set up a numerical solution for this value of K as follows: 


1. Assume a value of fl/r (a suggested value might be 1.1 for y = 1.4). Note that 
this establishes an assumed value for the shock wave angle (1. 

2 . Starting at 0 = [S!z, that is, starting at the shock wave, with boundary values 
of /(/?/t) and fiJS/r) given by Eqs. (4.119) and (4.120), respectively, numeri¬ 
cally integrate Eq. (4.106) in steps of (-A0), that is, in the direction of de¬ 
creasing 0, that is, starting at the shock wave, integrate Eq. (4.106) in the 
direction toward the body. This integration can be carried out by any stan¬ 
dard numerical technique for a nonlinear ordinary dilTcrcntial equation, such 
as the Rungc-Kulla method. 

3 . Continue this integration until (1 reaches the value 0=1. Then check to sec if 
the body boundary condition, Eq. (4.114), is satisfied; i.e., is the relation 
/(1) = 0 satisfied by the numerical integration? If not, assume a new value of 
jl/r, and repeat steps 2 and 3. Repeat this process until the proper value of 
fi/i is found such that /(1) = 0. 
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4. We have now arrived at the final result. For the specified value of K, we have 
found the ratio of wave angle to cone angle, ft/z, and we have obtained nu¬ 
merical values of f and f between the shock (where 0 = ft/z) and the body 
(where 0 = 1). 


After the above numerical procedure is completed, the conventional flow field 
variables can be obtained from / and /'. For example, from Eqs. (4.77), (4.78), 
and (4.96), wc can obtain the pressure as 


p = (0 p = a ,M = o>(* f 


.'■J V r 

In turn, the pressure coelficient can be obtained from 




(4.123) 
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Dividing by r 2 , and noting that K = Mz, the above equation becomes 

C„ 2 


yK 2 


(yK 2 p- 1 ) 


Substituting Fq. (4.123) into the above, we obtain 
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(4.124) 


The pressure coelficient on the cone surface can be obtained by inserting () = 1 
and the numerically obtained value of /’(l) into Eq. (4.124). 

A numerical solution to the above problem was first obtained by Van 
Dyke (Ref. 30). Van Dyke’s formulation differs from our derivation above in 
that he defines K as M a JS, and utilizes ft instead of r in the nondimensional 
variables. This has an advantage in the numerical solution of Eq. (4.106) be¬ 
cause his conical coordinate is defined as r/ftx [in contrast to our r/zx, from Eq. 
(4.90)]. In turn, r/ftx at the shock wave is unity, and hence/(l) and/'(l) denote 
values at the shock wave, in contrast to our formulation where j\ft/z) and 
f'(ft/z) denote values at the shock wave. Because ft/z is an unknown, we were led 
to an iterative numerical solution, assuming values of ft/z until we converged on 
the proper body boundary condition. In Van Dyke’s approach, no iteration is 
necessary; starting with /(1) and /'(l) at the shock, he simply integrates until 
7=0 (the body boundary condition). The value of his conical coordinate at 
/ = 0 yields the ratio of wave angle to cone angle. For pedagogical reasons, we 
have deliberately chosen not to follow Van Dyke in this regard; instead, we 
maintained a consistent usage of the body slenderness ratio z (instead of ft), and 
K = M tl i, throughout our development, because such usage was introduced 



UYI'FRSONIC INV1S0ID I i <UV [ 1 I L !>S Ai‘l'ROXIMAi F : . MI-THODS 113 


right from the beginning of this chapter having to do with hypersonic similarity, 
where K was initially defined as M., r (not M m p). Moreover, in practical appli¬ 
cations, involving a given body, we know i, while p is usually an unknown; 
hence the practical hypersonic similarity parameter is not M ai /1. Of 

course, in the final solution, the fiowlield results are the same, no matter which 
approach is taken. 

Figure 4.7 shows the final results for C p / t 1 on the surface of the cone, as 
reported in Ref. 30. Note from our numerical solution that a specific value of 
Cp/r 2 on the cone corresponds to the specified value of K. When another value 
of K is chosen, another value of CJx 2 is obfained from the solution, that is, 
C ( ,/ t : is a function of K , as known from our previous work. This function is 
given by the numerical results shown in Fig. 4.7, where C p / r 2 is plotted versus 
K = M , r. The upper line is the present numerical solution; the two lower lines 
are exact conical flow results from Kopal (Ref. 17) for cones of 10 and 15° half 
angles. (The solid circles in Fig. 4.7 correspond to a closed-form analytical ex¬ 
pression, to be discussed subsequently.) The value of Fig. 4.7 is that it illustrates 
the degree of accuracy of the hypersonic small-disturbance theory when com¬ 
pared with exact results; reasonable accuracy is indeed obtained over a wide 
range of values of K. The agreement is better for the more slender cone, as 
expected. Recall our earlier statement that the application of hypersonic small- 
disturbance theory to the flow over a cone is given here partly as an academic 
exercise—an exercise to demonstrate for a relatively simple flow what the hyper¬ 
sonic small-disturbance theory is all about. 

There is another reason for treating the case of a cone. For this case, the 
hypersonic small-disturbance theory leads to a closed-form analytical result for 
C p and p for a given x and This now becomes much more than just an 
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FIGURE 4.7 

Cone surface pressure: comparison between exact theory (Ref J7\ hypersonic smull-dislurbance 
hcory (Ref, 30), and analytical formula (Ref 31.) 
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lemic exercise, because a closed-form analytic result for C p for hypersonic 
over cones allows some very practical engineering calculations. For exam- 
the tangent-cone method discussed in Sec. 3.6 becomes even simpler and 
e useful if we have a formula for C on a cone, rather than constantly having 
ook up values in the Kopal tables (Ref. 17). Moreover, for certain optimiza- 
studics of hypersonic vehicles using the calculus of variations, a closed-form 
cession for C p is absolutely necessary. Therefore, wc will end this section by 
ussing such closed-form results, thus illustrating one of the most useful 
antages of hypersonic small-disturbance theory. 

Starting with Eq. (4.106), Rasmussen (Ref. 31) integrated twice from the 
ck wave, obtaining an integral equation for f(0). By successive approxima- 
l, this ledto closed-form analytical expressions for both f(0) and f'(0) as 
ctions of 0. The details are described in Ref. 31, which the reader is encour- 
d to examine; hence, no further elaboration will be given here. Utilizing the 
1 that f(0) = 0 at the body surface, Rasmussen obtained the following closed- 
m expression for the shock wave angle; 



(4.125) 


ere K ;J = Furthermore, by substituting his closed-form result for f'(0) 

o Eq. (4.124), Rasmussen obtained the following expression for the pressure 
dTicienl on a cone: 


If 


+ 1 )K 2 + 2 

l)K 2 + 


y + 1 

~ 2 ~ 



(4.126) 


his analysis, Rasmussen approximated r = tan 0 C by 0 C itself; hence, in Eq. 
.126), K = M t f) c . Results from Eq. (4.126) are plotted as the solid circles in 
g. 4.7. Note that Eq. (4.126) agrees well with the numerical results of Van 
yke when K > 1. Rasmussen observed that Eq. (4.126) agrees well with the 
.act cone results [say, from Kopal (Ref. 17)] when r is small and M 3r is large; 
iwcver, better agreement for larger values of i is obtained when r ss ([. is re- 
laccd by sin 0 C . These results are shown in Fig. 4.8, where C p / sin 2 0 C is plotted 
trsus M sin ([.. The open symbols are exact results from Kopal, and the solid 
ne is from Eq. (4.126), with 0 C replaced by sin ([.. Excellent agreement is ob- 
tined, even for a reasonably large cone semiangle of 30°. 

Doty and Rasmussen (Ref. 32) extended this work to include angle-of- 
tlack effects. Defining the normal force coefficient as 

N 
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HGliRK 4.8 

Cone surface pressure: Conipnrison of Rasmussen’s formula (Ref. 31) witll cxael results (Ref. 17). 


where A = base area, a closed-form expression for the slope of the moment co¬ 
efficient curve, tlC s /ib.. was obtained in the following form: 
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FIGURE 4.9 

Slope of the normal force coefficient for slender cones. Comparison between Rasmussen’s formula 
and exact results. 


The results for dC N /tlx are shown in Fig. 4.9, where Eq. (4.127) is compared with 
the results of Sims (Ref. 34). 

A further extension to elliptic cones at angle of attack is made in Ref. 33, 
which should be consulted for details. 


4.7 A COMMENT ON HYPERSONIC 
SMALL-DISTURBANCE THEORY 

Small-disturbance (small-perturbation) theories abound in aerodynamics. In the 
areas of subsonic and supersonic aerodynamics, the small-perturbation approach 
leads to linear theories, with correspondingly simple results. (See, for example, 
Refs. 4 and 5.) In contrast, hypersonic flow is inherently nonlinear—even the 
small-perturbation theory for hypersonic flow is nonlinear. As a consequence, 
the hypersonic small-disturbance theory is more elaborate, and leads to more 
complex results. For proof, just compare the lengthy discussions we have pre¬ 
sented in this chapter with the analogous simple-discussions for subsonic and 
supersonic flow that you can find in standard textbooks, such as Refs. 4 and 5. 
However, in spite of its nonlinearity, hypersonic small-disturbance theory does 
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provide useful results for the analysis of hypersonic (low over slender bodies — 
witness the principle hypersonic similarity (Sec. 4.5), the self-similar solutions 
obtained in Sec. 4.6, as well as the closed-form analytical expressions presented 
at the end of Sec. 4.6. For these reasons, hypersonic small-disturbance theory 
occupies a relatively high status within the general class of approximate flowlield 
solutions for hypersonic flow. 

Referring to our roadmap in Fig. 1.23, we now leave this subject, and for 
the remainder of this chapter we move on to two other approximate hypersonic 
flowficld methods, namely, blast wave theory and thin shock-layer theory. 


4.8 THE HYPERSONIC EQUIVALENCE 
PRINCIPLE AND BLAST WAVE THEORY 


Return to the Euler equations given in Sec. 4.2, namely, Eqs. (4. l)-(4.5) and 
(4.6). Let us write these equations for an unsteady , two-dimensional flow in the y- 
z plane (note that in our previous work, the x axis is in the free-stream direc¬ 
tion, hence the y-z plane is perpendicular to the free-stream direction). Since we 
are dealing with flow in the y-z plane only, u = 0 in Eqs. (4.1)—(4.4) and (4.6), 
yielding 


dp 
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Let us nondimensionalize these equations as follows. Let 
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P 

P x 


0/Vx) 
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y« 

y 



p = 


p 

Po K. 


In the above, p, and V r , can be treated as “reference” quantities. You might ask 
what physical meaning they have in terms of an unsteady two-dimensional flow 
in the y-z plane. Indeed, there is no “physical” meaning necessary here; both p X: 
and V m arc just reference quantities. However, we will use p m and K n as we 
have before, namely, p m is some free-stream density and V lXj is some 
free-stream velocity in the ,x direction, and their physical connection with the 
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instcady two-dimensional llow in the y-z plane will be made later. Then Eqs. 
4.128) (4.1 31) become: 


dp d(pv) d(pw) 
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(4.132) 


(4.133) 


(4.134) 

(4.135) 


Now, with Eqs. (4.132)-(4.135) in sight, turn back to Eqs. (4.41)—(4.45), and 
compare these two sets of equations: note that, other than slightly different sym¬ 
bols, they arc identical sets of partial differential equations. On one hand, Eqs. 
(4.41) (4.45) are the hypersonic small-disturbance equations, which govern the 
steady, three-dimensional flow• over a hypersonic slender body. On the other 
hand, Eqs. (4.132) (4.135) govern an unsteady, two-dimensional flow. However, 
since the sets of equations for these two cases are identical, there obviously-is an 
equivalence between these two types of (low. This is the mathematical justifica¬ 
tion for the hypersonic equivalence principle, which can be traced back to Hayes 
in Ref. 29. Simply stated, we have: 


The hypersonic equivalence principle: 

The steady hypersonic flow over a slender body is equivalent to 
an unsteady flow in one less space dimension. 


Furthermore, examining these two sets of equations further, note that the sym¬ 
bols ,v in Eqs. (4.41)-(4.45) and f in Eqs. (4.132)-(4.135) are equivalent, i.e.. 


x 




Thus, from Eqs. (4.136), we have 

x = If t 


(4.136) 


(4.137) 


Equation (4.137) is useful in the physical interpretation of the hypersonic equiv¬ 
alence principle, to be discussed next. 

The above equivalence was established mathematically. It can be estab¬ 
lished on a physical basis, as well. To see this, consider the sketch shown in 
Fig. 4.10. Visualize a fixed (y-e) plane perpendicular to the page, as illustrated by 
the heavy vertical lines at the left. A hypersonic body moving at velocity V t , 
penetrates this plane. (In Fig. 4.10, the body is shown as a body of revolution 



HM’FKSONK' INVISC'ID l-'I.OWriFLDS APPROXIMATf METHODS 119 





FIGURK 4.10 

Illustration of tire hypersonic equivalence principle; three-dimensional steady flow and an equivalent 
two-dimensional unsteady flow. 


but, in general, ihe body can have an arbitrary cross section.) The mice of the 
body and its shock wave on the y-z plane at three separate times is shown al the 
right of Fig. 4.10. In the y-z plane, the changing body shape looks like an ex¬ 
panding cylindrical piston moving at velocity w b , driving a cylindrical shock 
outward al velocity tv,. Due to the hypersonic equivalence principle, the un¬ 
steady Dow in the y-z plane at the right of Fig. 4.10 shown at various times 
t = l l , N, etc., gives the corresponding steady flow results in the y-e planes 
located at various corresponding values of x = x 1; x 2 , etc., shown at the left, 
where x = V 3 t. Therefore, we see how the steady hypersonic flow over a body 
(the left-hand side of Fig. 4.10) can be constructed from an unsteady flow in one 
less space dimension (the right-hand side of Fig. 4.10). 
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Question: What is the practical advantage of this equivalence? The 
answer lies in the fact that solutions of the unsteady one-dimensional flow 
driven by a moving flat-faced piston, and the unsteady two-dimensional How 
driven by a radially expanding circular piston (the case shown at the right in 
Fig. 4.10) exist in the classical literature. An excellent source for these classical 
solutions is the book by Sedov (Ref. 35). These solutions are carried out by self¬ 
similar methods, wherein Eqs. (4.132)-(4.135) arc reduced to a simpler set of 
ordinary differential equations. We will not go into the lengthy details here; see 
Ref. 35 for a discussion of these self-similar solutions. The important point here 
is that a solution to the unsteady flow shown at the right of Fig. 4.10 does 
indeed exist in the literature, and due to the hypersonic equivalence principle, 
this solution can be carried over directly to the hypersonic steady flow shown at 
the left of Fig. 4,10. Moreover, solutions to the classical unsteady flow problem 
existed before the advent of major interest in hypersonic aerodynamics in the 
1950s, and therefore were waiting there, in the literature, to be of help to hyper¬ 
sonic acrodynamicists when the time came. 

To further illustrate the hypersonic equivalence principle, consider a 
simpler case, e.g., the flow over a two-dimensional airfoil with chord length c, as 
shown at the left of Fig. 4.11 (obtained from Ref. 8). As the airfoil penetrates the 
fixed vertical plane (fixed vertical slit), the body motion acts like a one-dimen¬ 
sional piston moving in the z direction. This piston motion is shown in the z-t 
wave diagram at the right of Fig. 4.11. Note that, as the airfoil passes through 
the vertical plane, the equivalent piston motion is first toward increasing z, 
reaching a maximum z (corresponding to the maximum airfoil thickness), and 
then retreating toward decreasing z. The resulting unsteady shock and Mach 
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Illustration of the hypersonic equivalence principle; two-dimensional steady flow and an equivalent 
one-dimensional unsteady flow. {Ref. 8.) 
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waves are shown in the z-t wave diagram on the right of Fig. 4.11. These waves 
are directly equivalent to the steady shock and Mach waves over the airfoil, on 
the left side of Fig. 4.11, where again x = V m t. As before, the known, classical 
solution of the unsteady one-dimensional flow shown on the right can be carried 
over directly to construct the steady two-dimensional flow on the left. Note that, 
if the airfoil shape is given by 


then the equivalent piston motion is 


-max. 


f I 


where r is measured from the instant the leading edge of the airfoil contacts the 
vertical plane, and r 0 is the duration of piston motion, t 0 = c/V w . Also, in the 
steady flow picture shown at the left, let w b be the value of the vertical compo¬ 
nent of the flow velocity on the body surface where the slope of the body is 
dz/dx: 


iv 


b 



(4.138) 


Through the equivalence principle, this is exactly the same as the flow velocity 
in the e-direction adjacent to the face of the piston in the unsteady flow picture 
w p where 

% (4.139) 


Since x = V a t we have from Eqs. (4.138) and (4.139), 


dz 
dx ' 


K, dz 

V„, dt 


which is consistent with the equivalence principle, namely, the piston velocity is 
the same as the vertical velocity of the body surface as seen from the fixed 
vertical plane penetrated by the body. If we divide Eq. (4.138) by the free-stream 
speed of sound, a rjL , we obtain 


vv 
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a„. 


V„, (dz\ 

—'- — = M M tan 0 
a a , \dxJ 


(4.140) 


where 0 is the local inclination angle of the surface. For small 0, tan 0 = 0. 
Moreover, the order of 0 max is on the order of z mu Jc. From Eq. (4.140), we 
obtain 


= = 0 ( 

c 


(4.141) 
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l 

we consider z m .Jc as a measure of the slenderness ratio of the airfoil, that is 
Je = t then, from Eq. (4.141), 

'M = 0[K] (4.142) 

tore K = M„ y r is the familiar hypersonic similarity parameter. Equation 
142) indicates two points: 

The conditions for the hypersonic equivalence principle are the same as those 
for hypersonic similarity, which makes absolute sense considering that the 
hypersonic small-disturbance equations are the basis for both lines of 
thought. 

The hypersonic similarity parameter K can be given some physical signifi¬ 
cance on its own, namely, that it is on the same order as the maximum- 
disturbance Mach number in the shock layer. (This has already been demon¬ 
strated for all practical purposes in our previous discussions involving K\ the 
present development is simply a reinforcement.) 

An important variation on the hypersonic equivalence principle is the ap- 
ication of blast wave theory. Returning to the right side of Fig. 4.10, note that 
e unsteady shock-wave motion and ensuing flowfield are driven mechanically 
/ an expanding piston. A similar unsteady flow can also be driven by the 
stanlaneous release of energy at the origin, as sketched on the right of 
ig. 4.12. Here, at time t = 0, a large amount of energy is released at a point in 
ie y-z plane. A strong cylindrical shock wave propagates from the point of 
icrgy release. It can be argued that the unsteady two-dimensional flow shown 
the right of Fig. 4.12 is equivalent to the steady three-dimensional flow over a 
' uut-noseil slender body, where the blunt nose, in “blasting through" the fixed 
rrtica] plane, provides the equivalent “instantaneous" energy release shown on 
ie right. Results obtained from this equivalency are called blast wave results. 
uch results have been used to estimate the pressure distribution on axisymmet- 
c blunt-nosed cylinders at hypersonic speeds, with the cylindrical axis aligned 
t the direction of the How as sketched on the left in Fig. 4.12. Blast wave results 
ave also been used to estimate the pressure distribution on two-dimensional 
labs with blunt leading edges in hypersonic Dow; such a body is sketched on 
ne left of Fig. 4.13. Here, the blunt nose, in blasting through the vertical y-z 
■lane, represents a concentrated line of energy release, which drives planar 
hock waves in both the upward and downward directions, as sketched on the 
ight of Fig. 4.13. The shock waves shown on the right of both Figs. 4.12 and 
.13 are called blast waves since they are created in both cases by the instanta- 
icous release of large amounts of energy, as would be the case of a concentrated 
xplosion, or blast. In these applications, the blast wave results provide pressure 
listributions on the Hat surface downstream of the blunt nose as well as shock- 
vave shapes in the same region; the pressure distribution and flowfield in the 
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Blunt-nosed cylinder 


Cylindrical blast wave 




FIGURE 4.12 

Blast wave analogy for a blunt-nosed cylinder. 


nose region itself is qtiile another problem, and are not provided by blast wave 
theory. (The detailed blunt-body flowfield is discussed in Chap. 5.) 

.In the blast-wave analogy, the energy that is released (the right side of 
Figs. 4.12 and 4.13) is related to the wave drag of the nose, as follows. Consider 
the blunt-nosed flat plate shown in Fig. 4.14. Let D be the wave drag of the nose 
per unit span. The plate moves through a slab of air which has thickness dx in 
the direction of flight, and has unit length in the spanwise direction. Drag is the 
force exerted on the body by the air; in turn, due to Newton’s third law, the 
body exerts a force on the air in the equal and opposite direction, namely, D. 
Hence, the body does work on the air equal to D dx. Since work is energy, then 
the amount of energy per unit span deposited in the air is dE, where 

dli = Ddx (4.143) 

If we let the body move a unit distance in the x-direction, then from Eq. (4.143) 
the energy released to the air is 

E = D( 1) = D (4.143rt) 

From Eq. (4.143), we see that the nose drag is equal to E. In turn, from Fig. 4.14 
considering a unit span and a unit length in the x direction, wc sec that E is the 
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FIGURE 4.13 

Blast wave analogy for a blunt-nosed slab. 



D dx = dE where D = nose drag per 
unit span of 
body 


Energy per unit area: 


dE 

dx 


= D 


FIGURE 4.14 

Equivalence between nose drag and blast wave energy; blunt-nosed slab. 




HYPERSONIC INVISCiD TLOWFIELDS: APPROXIMATE METHODS 125 


energy released over a horizontal plane of unit area; that is, E is the energy 
release per unit area. In the one-dimensional unsteady blast wave problem 
sketched on the right of Fig. 4.13, we visualize that the line of energy release 
shown is in reality an infinite sheet of energy release, where the sheet is perpen¬ 
dicular to the page. In turn, the blast waves in this picture are planar waves 
perpendicular to the page, of infinite extent, and propagating both upward and 
downward. Hence, in this picture, from Eq. (4.143), E represents the energy re¬ 
leased per unit area of this sheet, and in turn E = D, where D is the nose drag of 
the body per unit span. For the case of the blunt-nosed cylinder shown in 
Fig. 4.12, the nose drag and the energy release are also related, as follows. Con¬ 
sider the axisymmetric cylinder moving in the x direction, as shown in Fig. 4.15. 
The body moves through a cylindrical slab of air of thickness dx. From the 
same argument as above, the nose drag D of the body adds energy to this cylin¬ 
drical slab, equal to 

dE = D dx 

Thus, when the body moves a unit length in the x direction, the energy released 
to the air is 


E = D{ \ ) ~ D (4.143/j) 

So once again we see that the energy release is equal to the nose drag; however, 
here E represents the energy release per unit length along the x axis (in contrast 
to the energy release per unit area in the case of the twb-dimensional slab). 
Returning to the blunt-nosed cylinder shown in Fig. 4.12, we visualize that the 
blast at the origin shown at the right is in reality a blast concentrated along an 
infinite line perpendicular to the page, and that E is the energy release per unit 
length along this line. The shock wave generated by this energy release is a 
cylindrical blast wave, propagating outward in the radial direction, and extend¬ 
ing to an infinite extent perpendicular to the page. From the above arguments, 



FIG UR Is 4.15 

Sketch for the blunt-nosed cylinder. 
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we have shown that the nose drag D is equal to the energy release per unit 
length E. 

Return to Figs. 4.12 and 4.13. The advantage of the blast wave analogy is 
that solutions to the unsteady blast wave problem (the right sides of Figs. 4.12 
and 4.13) can be found in the classical literature, and hence can be immediately 
transferred to the steady hypersonic Hows shown at the left of Figs. 4.12 and 
4.13. As in our previous discussion involving the unsteady piston problem, such 
blast wave solutions can be obtained from self-similar solutions involving ordin¬ 
ary differential equations. A detailed presentation of these solutions is given in 
Chap. 4 of Sedov (Ref. 35), which the reader is encouraged to examine. In 
Ref. 35, treatments arc given for spherical, cylindrical, and planer blast waves; 
only the latter two are germain to Figs. 4.12 and 4.13 respectively. It is beyond 
the scope of the present book to go into the lengthy details of these unsteady 
blast wave solutions. However, in the case of very intense explosions, where the 
pressure ahead of the blast wave can be neglected in comparison with the pres¬ 
sure behind the wave, analytic, asymptotic formulas for velocity, density, and 
pressure near the center of the explosion can be obtained. Of most interest to us 
is the pressure, given in Ref. 35 for the cylindrical blast wave (Fig. 4.12) as 



where 
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and for the planer blast wave (Fig. 4.13) as 
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liquations (4.144n) and (4.145cr) give the pressure near the center of the blast as 
a function of time f, with the energy release E as a parameter. In addition, let 
the coordinate of the shock wave be denoted by r; for the cylindrical blast wave. 
r is the radial coordinate of the wave, whereas for the planer blast wave, r is the 
vertical coordinate of the wave. From Ref. 35, we find that, for the cylindrical 
blast wave , 


1/4 




(4.146) 
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and for the planer blast wave 

( E \ 1/3 

/• = (-) f 2 ' 3 (4.147) 

Therefore, we can look upon Eqs. (4.144)- (4.147) as solutions to the llows 
shown at the right of Figs. 4.12 and 4.13. Let us now obtain the equivalent 
results for the steady hypersonic flows shown on the left of Figs. 4.12 and 4.13. 

First, consider the cylindrical case shown in Fig. 4.12. In Eq. (4.144ft), li is 
the energy release per unit length along the axis of the cylindrical shock wave; 
as shown by Eq. (4.143h), E = D. Since D is the nose drag, let us define a nose- 
drag coefficient C D as C D = D/q r/ S, where q a: = and S = to/ 2 /4. Here, 

p, x and V, arc the free-slream density and velocity, respectively, for the body 
shown at the left of Fig. 4.12, and d is the base diameter of the body. Thus, from 
Eq. (4.143/)). we have 

(4.148) 

Also, from the equivalence principle as embodied in Eq. (4.137), we have 


Substituting Eqs. (4.148) and (4.149) into (4.144ft), we obtain 


P = kPas 



(4.149) 


Recalling the perfect gas equation of state, namely, p, u — p x RT m , the above 
equation can be written as 


P 


k-^ 

yRT„ 



Recognizing yRT x = « 2 „ where u a , is the free-stream speed of sound, and noting 
that = M the above equation becomes, for y = 1.4 


P 

Px. 


= 0.8773 hM^y/Cp 


(4.150) 


From Eq. (4.144 h), for y = 1.4, k = 0.07768. Thus, Eq. (4.150) becomes: 


P - = 0.0681M 2 , 

P CO (x/tf) 


Blunt cylinder 


(4.151) 
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iscrting Eqs. (4.148) and (4.149) into (4.146), we have 


r = 


vie, 


Till 2 


1/4 


X 

K 


1/2 


r 

7l 


c,V 4 


r 


'htnt cylinder 


= 0.792 C|/ 4 


ix 

d 


(4.152) 


tgain examining the left side of log. (4.12), we note that the pressure distribu- 
ion downstream of the nose of the blunt-nosed cylinder is given by Eq. (4.151) 
.s a function of .v. Moreover, the shape of the shock wave is given by Eq. (4.152) 
s a function of x. Equations (4.151) and (4.152) are blast wave results , applied 
o the steady flow over the blunt-nosed cylinder via the hypersonic equivalence 
irineiplc. 

Next, consider the planer case shown in Fig. 4.13, In Eq. (4.145a), E is the 

(to4.he,^.agc‘j^^©wrt\^ 

iq" (4-.i43a ),' E = D. For the ^lunt-noscd slab shown on the left of Fig. 4.13, let 
is define a nose-drag coefficient as C D = D/q, S where, as before = \p^ V 2 , 
>ul now S = <l( 1) = d, namely, the base area per unit span. Thus, from 
iq. (4.143a), 

E = D = \p ,VydC „ (4.153) 

Jlili/ing Eqs. (4.153) and (4.149) along with Eqs. (4.145a), (4.145h) and (4.147) 
.vc obtain, for y = 1.4 (the details are left as a homework problem), 


Blunt slab 


P 

P« 


■■ ()MlMl,C 2 t p[ -- 

v d 


-W 


and 


(4.154) 


r 

d 


0.794c,y 


2/3 


Blunt slab 


(4.155) 
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Examining the above results further, we note that, for the blunt-nosed cylinder: 

1. From Eq. (4.151), the pressure distribution varies inversely with .v. 

2 . From Eq. (4.152), the shock wave shape varies as .v 1/2 , that is, it is a parabolic 
shape. 

Also, for the blunt-nosed slab, we note that: 

1. From Eq. (4.154), the pressure distribution varies inversely as .\ 2/3 . 

2 . From Eq. (4.155), the shock wave shape varies as ,x 2/3 . 

Also observe that p/p x for both cases varies with the square of the free-stream 
Mach number, and that all the results depend on C 0 to some power. Recall 
again that C 0 is the nose-drag coefficient. We can estimate the values of C D 
from newtonian theory as given in Sec. 3.2. Specifically, as noted in Sec. 3.2 for a 
hemicylindrical nose (the blunt slab case), C D = )}, and for a hemispherical nose 
(the blunt-nosed cylinder case), C D = 1. Also, recall again that the above blast 
wave results are to be applied downstream of the nose of the body, although ,\- 
in the above equations is measured from the tip of the body. Blast wave theory 
cannot be applied to obtain detailed results on the nose itself; this region must 
be analyzed by detailed numerical solutions, such as to be discussed in Chap. 5. 

Question: How accurate is blast wave theory as applied to hypersonic 
bodies? One of the most definitive answers to this is given by Lukasiewicz 
(Ref. 36). Utilizing the blast wave results of Sakuri (Refs. 37 and 38), Lukasie¬ 
wicz compared theo’ry with wind-tunnel, data .for blunt-nosed flat plates and 
E^SftfdersS^^^feiffR'ef. 37 and 1 38) wave results, identi-j 

fi^fipfj' tffip.Qnd apprd^jn^t^fiwPS^HSiBiRrpitiination, whicJiligno® 
tne free-stream pressure ahead ol the blast wave, gives the results described by 
Eqs. (4.151). (4.152), (4.154), and (4.155). The second approximation takes into 
account a finite pressure ahead of the blast wave. These results, as applied by 
Lukasiewicz (Ref. 36), are listed below; note that the first approximation results 
are the same as obtained earlier, with only negligible differences in the leading 
coefficients. From Ref. 36, wc have: 

Blunt-nosed flat plate (first approximation) 

~ = 0.121Mi^y /3 (4.156) 

r [ x\ 2/3 

- = 0.774C,Y 3 (--j (4.157) 

Blunt-nosed flat plate (second approximation) 

-- = 0.121 Ml (- C "'l ' + 0.56 (4.158) 

Pec 

fr\ 2 0.774 

W ( ” D ’ ~ M 2 M [C n /(.x/d)] 2/3 - 1.09 


(4.159) 
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Blunt-nosed cylinder (first approximation) 

p’..- ao67Mi w 


(4.160) 

(4.161) 


Blunt-nosed cylinder (second approximation) 

-■ = 0.067MJ d C » + o 44 
P co (x/rf) 


Rfd 


0.795 


(*A0 

MIC }, 12 


1 + 3.15 


(*AQ 

(M 2 x cy 2 )__ 


where x = distance measured from the nose, in the flow direction 
C„ = wave drag coefficient of the nose 
d = plate thickness or cylinder diameter 
r = value of z at the shock wave 


(4.162) 

(4.163) 


Lukasiewicz (Ref. 36) compared the above equations [Eqs. (4.156)-(4.163)] 
with experimental data obtained at the Arnold Engineering Development Center 
(ARDC), and with more exact theoretical results based on the method of charac¬ 
teristics. Some of his comparisons are shown in Figs. 4.16-4.23. In Fig. 4.16, 
results are given for the pressure distribution over a flat plate with a cylindrical 
leading edge. Note that the first approximation, Fq. (4.156), compares more 
favorably with the wind tunnel data than the second approximation, Eq. 
(4.158). However, as shown by the solid curve in Fig. 4.16, the second approxi¬ 
mation can be brought into close agreement with the data if the origin of the x 
axis, namely the point at which ,x = 0 , is taken not at the nose of the body, but 
rather at a location §d upstream of the nose. In Fig. 4.17, the data in Fig. 4.16 
are plotted versus the “blast analogy parameter” ( xfd) 2l3 fM x Cj / 3 , along with 
additional results obtained from the method of characteristics as described in 
Refs. 39 and 40. Also shown as the dashed line is a simple correlation of the 
method of characteristic results from Refs. 39 and 40, given as 

P =0.1 \!MlC 2 p(^j + 0.732 (4.164) 

For the theoretical results shown in Fig. 4.17, the origin is again shifted by the 
amount Ax = \d\ with this shift, the second approximation [Eq. (4.158)] is seen 
to give good agreement with both wind tunnel data and the method of charac¬ 
teristics. Moreover, the results in Fig. 4.17 clearly show that the trends which are 
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FIGURE 4.16 

Pressure distribution on a blunt-nosed flat plate. (From Lukasiewicz , Ref. 56.) 
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FIGURE 4.17 

Correlation of pressure distribution for a blunt-nosed flat plate, (From Ref. 36.) 
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Bertram and Baradell, Ref. 40, 



x/cl 


IGURK 4.18 

lock-wave .sliape calculated by the method of characteristics, and by blast wave theory; blunt- 
>sed flat plate. {From Ref. 36.) 

redicted by blast wave theory arc confirmed by experiment, namely that: 


For a blunt-nosed flat plate , the pressure distribution pfp : „, varies 

(1) directly as M 2 f 

(2) directly as Cjfl 

(3) inversely as (x/d) 2:i 


e.sulls lor shock-wave shapes arc shown in Fig. 4.18, where blast wave theory is 
ompared with the exact method of characteristics, from Ref. 40. Clearly, the 
rst approximation, ipq. (4.147).^ivcs poorer agreement than the second approx.i- 
tation. Ftp (4.159), and neither of the blast-wave results is particularly good, 
lowever, Eq. (4.159) appears to predict the proper shape, but it is simply shifted 
om the exact results. If the results for both the first and second approximations 
re shifted upward by the amount A r = d, much better agreement is obtained, as 
lown in Fig. 4.19. Here, comparison is also made with the shock tunnel data of 
'heng el al. (Ref. 41). The results of Fig. 4.19 tend to confirm that: 


For a blunt-nosed flat plate, the shock wave shape varies 

(1) directly as Cjj 3 

(2) directly as (.x/d) 2/3 
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(x/rf) 2 ' 3 

M\ 


FIGURE 4.19 

Correlation of shock-wave shtipes; blunt-nosed flat plate. (From Ref. 36.) 


Results for the pressure distribution over a hemisphere cylinder are shown 
in Fig. 4.20. The first and second approximation blast wave results are obtained 
from Eqs. (4.160) and (4.162) respectively. Note that the best agreement with 

wind tunnel data at Mach 8 is obtained with the second approximation, with 

the origin shifted upstream of the nose by Ax = Id. Other data for higher M, r , 

from Ref. 42 arc plotted in Fig. 4.21 versus the “blast analogy parameter” 

(x/d)/(Ml Cp 2 ). Here, the origin is shifted by Ax = d. Once again we see the 
general confirmation of the trends established in blast wave theory, namely that: 

T : " : : V- ~ 

For a blunt-nosed cylinder , the pressure distribution p/p a> varies 

(1) directly as Ml, 

(2) directly as C\j 2 

(3) inversely as (x/d) 


The shock wave shape for a hemisphere cylinder is given in Fig. 4.22; the blast 
wave results arc compared with experimental data from Lees and Kubota 
(Ref. 43). Once again we see that the shock-wave location predicted by blast 
wave theory is not accurate. However, if the predicted shock wave is shifted by 



0.44 


134 IN VISCID HYPFRSONIC FI OW 



FIGURE 4.20 

Pressure distributions on a hemisphere cylinder. (From Ref 36.) 


C„ xfd range 





FIGURE 4.2! 

Correlation of pressure distributions for a blunt-nosed cylinder. {From Ref. 36.) 
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3r- 


r/d 


^ x Lees and Kubota, Ref. 43, 
hemisphere cylinder, 

Re d = 0.13 x 10 6 , air l 

M, =7.7.y= 1.4, [ 

C D — 0.914. modified Newtonian J 

-.— 2d approximation, 0 "| 

Eq- (4.163) I c„ = 0.914 1 

-1st approximation, f M x = 8 f 

Eq. (4.161) 


_L 


_J 

10 


x/d 


experimental 

data 


theory 


FIGURE 4.22 

Shock-wave shape around a blunt-nosed cylinder. (From Ref 36.) 

an amount Ar, as indicated in Fig. 4.23, then good agreement is obtained. More¬ 
over, Fig, 4.23 demonstrates that blast wave theory predicts properly the follow¬ 
ing (noting that the slope of the curve on the logarithmic plot is 1/2): 


For the blunt-nosed cylinder , the shock wave shape varies 

(1) directly as C, 1 / 4 

(2) directly as (x/d)' 12 


A comment is in order here. The analogy between unsteady blast wave 
flowfields and the steady hypersonic flowfields over slender, blunt-nosed bodies 
is somewhat tenuous on physical grounds, mainly because of the assumption in 
the classical blast wave solutions of instantaneous energy release at a point or 
line in space. A hypersonic body does not add energy to the flow instanta¬ 
neously, nor is this energy addition precisely at a point or along a line. This is 
why better agreement is obtained in some of the previous plots by shifting the 
virtual origin of .v. However, there is good physical reasoning behind the anal¬ 
ogy between the steady How over a hypersonic slender body and the unsteady 
flow in one less space dimension (the hypersonic equivalence principle) because 
in the steady flowfield, the disturbance velocities t/ and iv' perpendicular to the 
body axis are truly much larger than the disturbance velocity in the flow direc¬ 
tion, i/'. [Review, for example, Eqs. (4.34) and (4.35).] In the final analysis, for 
whatever reason, blast wave theory does provide some relatively accurate pre¬ 
dictions of the pressure distributions and shock-wave shapes on blunt-nosed 
slender bodies where the Reynolds number is high enough such that viscous 
interaction effects arc negligible. Moreover, these blast wave results are in the 



136 INVJS'O!) HYI’rKSONK' MOW 


xld 




-Arid 

M r 

range 


A 

0.037 

0.05 

40 

4-25 " 


□ 

0.79 

0.2 

40 

1-10 


• 

1.37 

0.3 

40 

1-11 

Van Hise, 

■ 

0.225 

0.25 

20 

3-11 

^ Ref. 42, 

0 

0.47 

0.15 

20 

1-11 

f method of 

0 

1.37 

0.3 

20 

1-11 

characteristics 

V 

0.87 

0.2 

10 

0.5-10 , 

i 

▼ 

0.914 

0.25 

7.7 

0.5-5.3 

Lees and Kubota, Ref. 43, 



x/cl 

Ml7c„ 


I'KiURIi 4.23 

Correlation of shock-wave shapes for a blunt-nosed cylinder. (From Ref- 36.) 


form of analytic formulas which are extremely handy for quick , approximate esti¬ 
mates -an advantage not to be ignored. 

As a final note, the above results from blast wave theory can readily be 
expressed in terms of the pressure coefficient C p . 


C 


p 




(4.165) 


At very high values of .\l y . p'p_, » 1. hence F.q. (4.165) can be approximated by 


o 


•/Ml, 


(4.166) 


Combining Eq. (4.166) with Eqs. (4.156) and (4.160), we have, for y = 1.4. 


Blunt-nosed plate 


Bluttt-noseil cylinder 


0.173 cy 3 

( A ' A /) 2 ' 3 


0.096CJ/ 2 


(4.167) 

(4.168) 


C, 


(x/d) 
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Note that C p is independent of M blast wave theory is another example of 
Mach number independence at hypersonic speeds. 

In Ref. 3. a combination of blast wave theory and straight newtonian was 
used to predict the pressure distribution along the windward centerline of the 
space shuttle. Let / denote the length of the shuttle, and d the thickness of the 
fuselage near the canopy. For the shuttle, the fineness ratio is I/d = 7. Moreover, 
the drag coefficient of a hemisphere from straight newtonian theory is C„ = 1. 
Substituting these values into Eq. (4.168), written as 

c n .o.o % c;rf;r'Q" 


we obtain 


C 


P 


0.0137 

x/l 


(4.169) 


Equation (4.169) holds for zero degrees angle of attack. To take angle of attack, 
a into effect, let us simply add the newtonian contribution 2 sin 2 a to Eq. (4.169), 
obtaining 

0.0137 . , 

C = - - + 2 sin" a (4.170) 

x/l 

Let us choose a point on the shuttle trajectory corresponding to a = 40° and 
M x = 21.6. For y. = 40°, Eq. (4.170) becomes 

0.0137 

C =—- + 0.826 (4.171) 

x/l 

Results from Eq. (4.171) are plotted as the solid curve in Fig. 4.24, obtained 
from Ref. 3. These results are compared with actual flight data from the STS-3 
(open circles) and STS-5 (solid circles) shuttle missions; these flight data arc 
obtained from Ref. 44. The agreement between theory and flight data in Fig. 4.24 
is quite remarkable, especially when considering that the theoretical curve can 
be calculated in a few minutes by hand. This clearly demonstrates the value of 
both blast wave theory and newtonian results. 

This ends our discussion of blast wave theory, and the general idea of the 
hypersonic equivalence principle. Our purpose has been to describe these ideas, 
to make them plausible on a physical and mathematical basis, and to show 
some practical results. Keep in mind that all these results are limited to slender 
bodies at hypersonic speeds. In the next section, we will discuss a class of 
approximate inviscid flow theory which can be applied to blunt as'well as to 
slender bodies. 
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h'lCURK 4.24 

Comparison of pressure coeOicients obtained with combined blast wavc/newtonian theory 
| tup (4.1 7 i} ] with iliglit data for the space shuttle. Windward centerline, M = 21.6, a — 40°. 


4.9 THIN SHOCK-LAYER THEORY 

Wc have already discussed that shock layers over hypersonic bodies are thin 
(refer again to Fig. 1.13, and the related discussion in Chap. 1). In the limit as 
M ai -> co and y -> 1, we have shown that ft -> 0, and the shock layer becomes 
infinitely thin and infinitely dense. In such a limit, we can consider the shock 
shape, the body shape, and the streamline shapes in between, to be all the same. 
Such approximations, or variations of them, are the basis of thin shock-layer 
theory. An interesting discussion of thin shock-layer theory can be found in 
Ref. 45; additional discussion is given in Ref. 46. 

In this section, the analysis developed by Maslen (Ref. 47) will be outlined 
as an example of a theory based on the assumption of a thin shock layer. 
Maslcn's method is chosen here because of its simplicity, and because of its 
frequent application—even today —for the approximate analysis of hypersonic 
inviscid shock layers. Moreover, Maslen’s method gives results for the flowfield 
over blunt as well as slender bodies, and therefore it makes a nice intellectual as 
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well as chronological bridge between the previously discussed classical material 
in this chapter, and the more modern, computationally based blunt body solu¬ 
tions to be discussed in Chap. 5. 

Consider the curvilinear coordinate system shown in Fig. 4.25, where ,v 
and y, respectively, arc parallel and perpendicular lo the shock, and u and r are 
the corresponding components of velocity. For simplicity we will assume a two- 
dimensional How; however, Masien’s method also applies to axisymmetric How. 
(See Ref. 47 for details.) Now assume that the shock layer is thin, and hence the 
streamlines arc essentially parallel to the shock wave. In a streamline-based 
coordinate system, the momentum equation normal to a streamline is 


u~ up 
P R = On 


(4.172) 


where R is the local streamline radius of curvature. For the above assumptions. 
Eq. (4.172) becomes 


pit 2 Op 
R,' = Oy 


(4.173) 



FIGURE 4.25 

Shock layer model for lhin shock layer analysis by Masicn. 
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where R, is the shock radius of curvature. Define a stream function ip such that 


pu = 


dtp 

dy 


(4.174) 


and replace y in Eq. (4.173) with ip [i.e., introduce a von Mises transformation 
such that the independent variables are (x, i/y) rather than (x, y)]. 



dp 
dtp 


(pu) 


or 


dp u 
Jhjj ~ R s 


(4.175) 


Again, consistent with a thin shock layer where all the streamlines are essentially 
parallel to the shock, it ~ u„ the velocity just behind the shock. Thus, 
Eq. (4.175) becomes 


dp u s 
Php ~ R] 


(4.176) 


Integrating Eq. (4.176) between a point in the shock layer where the value of the 
stream function is i// and just behind the shock wave where ip = i p s , we have 


p(x. >/') = i\M + 


u s (x) 

Kjy) 




(4.177) 


Eq. (4.177) is the crux of Masien’s method. The flowfield solution progresses as 
follows. 

1. Assume a shock-wave shape, as shown in Fig. 4.26. In this sense, Masien’s 
method is an inverse method, where a shock wave is assumed, and the body 
which supports this shock is calculated. 

2. Hence, all flow quantities are known at point 1 (Fig. 4.26) just behind the 
shock, from the oblique shock relations. The value of t// = i/j t at point 1 is 
known from 


<P i = P rj VJii 

3. Choose a value of i p 2 , where 0 < ip 2 < i/y,. This identifies a point 2 inside 
the flowlield along the y axis, as shown in Fig. 4.26, where t/y = i ji 2 . (The 
precise value of the physical coordinate y 2 will be found in a subsequent 
step.) 



HYPERSONIC INVJSCIO FLOWFIELDS: APPROXIMATE METHODS 141 



FIGURE 4.26 

Details for the analysis by Maslcn. 


4 . Calculate the pressure at point 2 from Eq. (4.177) 
Pi = Pi + ^ Wo - </o) 


5. The entropy at point 2 . ,s' 2 , is known , because the streamline at point 2, 
corresponding to i j/ = t// 2 , has come through that point on the shock wave, 
point 2', where t// 2 . = t j/ 2 , and where 

! Pi' = <Pl= Pa> V«,h 2 


or 


h 2 = 


Ji_ 


(4.178) 


Therefore, /i 2 , is obtained from Eq. (4.178) which locates point 2' on the 
shock. In turn, is known from the oblique shock relations, and since the 
flow is isentropic along any given streamline, s 2 = s 2 .. 

6. Calculate the enthalpy h 2 and density p 2 from the thermodynamic equations 
of state 


h 2 = h(s 2 ,p 2 ) 
Pi = PW2. Pi) 
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7. Calculate the velocity at point 2 from the adiabatic energy equation (total 
enthalpy is constant). That is, 

V 2 

h 0 = h a> + -f 

where h 0 is the total enthalpy, which is constant throughout the adiabatic 
flowfield. In turn, 

h 0 = h 2 + (ignoring v 2 ) 


or 


u 2 = Jl(h 0 - h 2 ) 

8. AH the flow quantities are now known at point 2. Referring to Figs. 4.25 and 
4.26, repeat the above steps for all points along the y axis between the shock 
(point 1) and the body (point 3). The body surface is defined by tjj = 0. 

9. The physical coordinate y which corresponds to a particular value of i/y can 
now' be found by integrating the definition of the stream function (which is 
really the continuity equation). Since 

chji 


Then 


Jy l >u 


( 4 . 179 ) 


where p and u are known as a function of i// from the previous steps. This 
also locates the body coordinate, where 


<hl> 

o /'" 


10. This procedure is repeated for any desired number of points along the speci¬ 
fied shock wave, hence generating the flowfield and body shape which sup¬ 
ports that shock. 


Again, remember that the above steps assumed a two-dimensional flow. Extcn- 
sion to an axisymmetric body is straightforward (see Ref. 47). 

Some results calculated by Maslen, taken from Ref. 47, arc shown in Figs. 
4.27-4.29. In Fig. 4.27, a paraboloidal shock is assumed, and the calculated body 
shape is shown. (Note that Maslen’s method is an inverse method, where the 
shock wave shape is assumed, and the body shape that supports the assumed 
shock, as well as the flowfield between the shock and body, are calculated.) 
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Maslen (Ref. 47) 

A 




FIGURE 4.27 

Body associaled with paraboloidal shock wave: from Maslen (Ref. 47). M , =- y - (.4. 


Masien’s calculations of the body shape are shown as the triangles, and arc 
compared with more exact calculations. For example, the left side of Fig. 4.27 
shows results in the nose region, which are compared with the exact numerical 
calculations by Van Dyke (Ref. 13). Excellent agreement is achieved. On the 
right side of Fig. 4.27, results extending far downstream of the nose arc shown. 
Here, Maslcn’s results are compared with the theories of Yakura (Ref. 48) and 
Sychev (Ref. 49), based on hypersonic small-disturbance theory and blast wave 
analysis. The corresponding surface pressure distributions (in terms of p/p 0 , 
where p„ is the stagnation point pressure) are shown in Fig. 4.28. Note that only 
a few points representing Masien’s results are shown. There is good reason for 
this; all the results given by Maslen in Ref. 47 were calculated by him over the 
space of a few days using a hand calculator, which naturally limited the number 
of calculated points. (However, this illustrates the practicality of Masien’s meth¬ 
od, namely, that it is indeed simple enough to be carried out using a hand 
calculator.) 




FIGURE 4.28 

Surface pressure on bodv supporting a paraboloidal shock; from Maslen (Ref 47). M = oo, 
y=1.4. 
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KtGURt: 4.29 

Shock wave shape and surface pressure for a hemisphere cylinder; from Maslen { Ref. 47). M , = co, 
■ - 1.4. 


The inverse method can be used, in an iterative sense, to calculate the flow 
over a given body, i.e., the shock is assumed, and the supporting body shape is 
calculated. This body shape is compared with the given body, and a new shock 
is assumed that will produce results closer to the given body. This iteration is 
repeated until the calculated body matches the given body closely enough. Using 
this approach, Maslen calculated the pressure distribution and shock shape for a 
hemisphere cylinder, shown in Fig. 4.29. Good agreement is obtained with the 
experimental data of Kubota (Ref. 50). Also shown are the numerical results of 
lnouyc and Lomax (Ref. 51), based on an inverse blunt-body solution (iterated), 
and the method of characteristics. Again, Maslen’s method gives reasonable 
results. Therefore, in light of Figs. 4.27-4.29, Maslen’s method, which is relative¬ 
ly straightforward to apply, can be considered an excellent example of the gen¬ 
eral class of thin shock-layer methods. Also, note that Maslen’s method applies 
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to blunt as well as to slender bodies. Because of its accuracy and simplicity, 
Maslen’s method has found frequent applications in inviscid hypersonic (low 
analysis, including tip to the present day. 


4.10 SUMMARY AND COMMENTS 

Hypersonic aerodynamics is highly non-linear; even the assumption of small 
perturbations, which in subsonic and supersonic flows leads to simple linear 
theories, does not yield a system of linear equations for hypersonic flow. In spite 
of this, various approximate methods have been successfully developed for 
the analysis of inviscid hypersonic flows. We have discussed several of these 
methods in the present chapter, some of them predicated upon the hypersonic 
small-disturbance equations, given by Eqs. (4.41 )-(4.45). In particular: 


1. The mathematical basis of hypersonic similarity rests upon these equations; 
from them, we have shown that flows over affinely related bodies with the 
same values of y, M t, and x/r will have the same values of CJz 2 , cj t 2 , c, ; /t 3 
(where c, and c t , are referenced to planform area). Here, 

M , i = hypersonic similarity parameter. 


For a three dimensional body where base area is used as the reference for C L 
and C 0 , hypersonic similarity states that affinely related bodies with the same 
values of-/. and a/r will have the same values of CJr and C„/r 2 . Since 

hypersonic similarity stems from the hypersonic small-disturbance equations, 
this concept applies only to slender bodies at small angles of attack. 

2. The hypersonic small-disturbance equations themselves can be directly solved 
for the flowlield between the shock wave and body; a particular application 
to cones was used here to illustrate such a solution based on hypersonic 
small-disturbance theory. Although such solutions usually require a numeri¬ 
cal treatment at some stage, the results can sometimes lead to closed-form 
analytical formulas, such as are repeated below for the pressure coefficient on 
a slender cone at hypersonic speeds, 


0 2 


( y + \)K 2 + 2 

— 1 -4"- n — "In 

(r - m 1 + 2 


y + 1 1 

+ K 2 


(4.126) 


as well as for the cone shock wave angle /?, 


K lt = K 


L±I + 

2 K 2 


(4.125) 


where, in the above. K = M X ,0 C and K e = M m /J. The hypersonic small-distur¬ 
bance equations also lead to the hypersonic equivalence principle, which states 
that the steady hypersonic flow over a slender body is equivalent to an un¬ 
steady How in one less space dimension. A corollary to this principle is blast 
wave theory, which allows the self-similar solutions to the unsteady flowfield 
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generated by an instantaneous release of energy along a line or plane to be 
carried over to the steady flow downstream of the nose of hypersonic blunt- 
nosed slender bodies. The results, as documented in Ref. 36, are: 

Blunt-nosed flat plate (first approximation) 

--- = 0M\M 2 ( Cd \' (4.156) 

Poo \x/dj 

,r °™c:."Of < 4I57 > 


Blunt-nosed flat plate (second approximation) 

-- = 0.\2\M 2 J— +0.56 
Pa, \XfllJ 

f r\ 2 _ 0.774 _ 

\d) Mj ' d) ~ M 2 {Cnl(x/d)] iJ ^-U» 

Blunt-nosed cylinder (first approximation) 


(4.158) 

(4.159) 


P — 0.061 Ml - - n (4.160) 

P a ' x/d 

r (x \ 1 ^ 

j = 0.795C,V 4 f - j (4.161) 

Blunt-nosed cylinder (second approximation) 


- P = 0.061 M 2 , + 0.44 

Pa, Xfll 


- r - ld = 0 795 / 


+ 3.15 


(x/d) 

(M 2 a cy 2 ) 


(4.162) 


(4.163) 


Note that, for a blunt-nosed fiat plate, the pressure distribution /)//>,„ down¬ 
stream of the nose varies directly as M 2 , and C 2 / 3 , and inversely as (x/d) 213 -, 
the shock wave shape varies directly as C\j 3 and (x/d) 213 . For a blunt-nosed 
cylinder, the pressure distribution p/p a downstream of the nose varies 
directly as M\ and C)j 2 , and inversely as x/d\ the shock wave shape varies 
directly as C)/ 4 and (x/d) 1 ' 2 , that is, it is parabolic. 


Methods discussed in this chapter which arc not predicated on the hyper¬ 
sonic small disturbance equations, and which therefore are not restricted to slen¬ 
der bodies at small angle of attack are: 


I. The concept of Mach number independence. Here, we observe both experi¬ 
mentally and from the governing Euler equations [Eqs. (4.1)—(4.5)] with the 
appropriate boundary conditions that certain nondimensionai aerodynamic 
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quantities such as C,. C H . and C become reiativeiy independent of Mach 
number above a sufficiently higher value of which for blunt bodies can 
be as low as M , = 5. 

2. Thin shock-layer methods. These methods make use of approximations based 
on the thinness of hypersonic shock layers. As an example, Maslcn’s method 
is a straightforward application of the thin-shock-layer assumption, leading to 
a closed-form equation for the variation of pressure across the shock layer as 

p(.Y, i/z) = /\(.v) + [i/v - ) p s (x)] (4.177) 

R s (x) 

which in turn allows the solution for all other flow variables within the shock 
layer. 

PROBLEMS 

4.1. Referring to Sec. 4.3. prorc that the Mach number independence principle applies to 
the pressure coefficient C f) . the lift coefficient C,, and the wave drag coefficient C />w . 

4.2. Derive lZqs. (4.48) for the transformed direction cosines. 

4.3. The condition that two or more different Hows over different affinely related bodies 
satisfy hypersonic similarity is that y, M„, t, and a/r be the same between these Hows. 
Show how the derivation of the principle of hypersonic similarity, carried out in Sec. 
4.5 for zero angle of attack, is modified to include small angle of attack. 

4.4. The purpose of this problem is to demonstrate the degree of validity of hypersonic 
similarity by plotting data for wedges. Proceed as follows: (1) From exact oblique 
shock theory, tabulate C p versus M x , for wedges of 0 = 5, 10, 15, 20, and 30" half 
angles. (2) Plot these data for all live wedges on the same piece of graph paper in the 
form of C r . tan* 0 versus M , tan 0. (Note that, within the framework of hypersonic 
small-disturbance theory, C p /tan 2 0 = CJx 2 zz CJO 2 and M„, tan 0 = M, t ,i = K ^ 
A/ , 0.) (3) On the same graph, plot F.q. (2.29). Finally, after observing the results 
shown on the graph, make some statements about the accuracy and range of validity 
of lnpersonic similarity. 

4.5. The purpose of this problem is to demonstrate the degree of validity of hypersonic 
similarity by plotting data for cones. Proceed as follows: (1) From exact cone results 
(such as from Refs. 17 or IS), tabulate C, versus M f for cones of 0 t . = 5, 10. 15, 20, 
and 30 half angle. (2) Plot these data for all live cones on the same piece of graph 
paper in the form of C/tan 2 0 C = C r /x 2 and M„, tan 0 C — A/ iyi i. (3) On the same 
graph, plot Eq. (4.126). After observing the results, make some statements about the 
accuracy and range of validity of hypersonic similarity. Are these conclusions any 
different than those made in Prob. 4.4 for wedges? 

4.6. Derive Eq. (4.89). 

4.7. For the solution of hypersonic Row over a slender cone, this problem demonstrates 
how the flowfickl variables can be obtained after a solution of Eq. (4.106) is carried 
out. For example. Eq. (4.123) gives an equation from which p can be obtained in 
terms of / '. Derive the analogous equations for v' and J> as function of / and 
Finally, show how iT can be obtained. 

4.8. Derive Eqs. (4.154) and (4.155). 
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lenge, while practitioners often ignore its accuracy and overrate its 
validity. 
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5.1 GENERAL THOL'GHTS 

Chapter 4 covered material which is in the realm of “classical” hypersonic aero¬ 
dynamics. i.c.. theoretical analyses developed in the 1950s and 1960s before the 
widespread use of high-speed digital computers. Indeed, before the age of the 
computer, there was no other recourse; for the analysis of inviscid hypersonic 
flows, the exact nonlinear Euler equations [Eqs. (4.l)-(4.5)] do not yield closed- 
form theoretical results of a general nature, hence various physical approxima¬ 
tions had to be applied to these exact equations in order to obtain a system of 
approximate equations more tractable to theoretical analyses. For hypersonic 
flows, even these approximate governing equations are still nonlinear but, as we 
have seen in Chap. 4, various approximate methods have been successfully de¬ 
veloped to obtain useful solutions. The point here is that such solutions are 
indeed approximate, either because the governing equations themselves are re¬ 
duced to simpler form due to approximations about the physics of the flow (c.g., 
small perturbations), or during the course of solution of the exact equations, 
various limiting cases are taken (for example, go). This is why Chap. 4 

was subtitled “approximate methods.” However, even though such methods are 
“classical,” keep in mind that the results are frequently very practical and useful, 
and indeed many of these classical methods are used extensively today in the 
engineering analysis of hypersonic flows. 

In contrast, the present chapter is subtitled “exact methods.” This requires 
some definition. Here, wc will deal with the exact, governing Euler equations for 
inviscid flow without any subsequent reduction of these equations based on 
physical approximations. Since we are using the full equations [Eqs. (4.1)—(4.5)] 
without any approximations, and since these are the exact equations for inviscid 
flow (over all parts of the flight spectrum, from subsonic to hypersonic), we will 
label the subsequent solutions of these equations as “exact.” This is a slight 
misnomer, however, because all the “exact” solutions are numerical, and any 
numerical solution is subject to numerical error. For example, we will see that 
the exact, governing partial differential equations can be replaced by finite-differ¬ 
ence equations; these difference equations are numerically and theoretically dif¬ 
ferent than the original partial differential equations because of the truncation 
error that is always present in the finite-difference formulation. Moreover, dur¬ 
ing the course of the numerical solution of these difference equations, computer 
round-off errors arc incurred. Finally, there is sometimes a lack of preciseness 
brought about by the numerical treatment of boundary conditions. So, strictly 
speaking, even numerical solutions are not truly “exact” solutions of the govern¬ 
ing equations. However, with this slight proviso in mind, wc will proceed to 
label such numerical solutions as “exact” solutions because they begin with the 
exact governing equations. Stated slightly differently, once we choose to work 
with the full Euler equations, then the only type of solution with any generality 
must be numerical ; hence, the terms “exact” solutions and “numerical” solutions 
are used here synonymously. 
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In more modern terms, this chapter deals with the application of computa- 
lonai lluid dynamics (CFD) to iuviscid hypersonic Hows. This chapter could not 
lave been written 25 years ago; indeed, CFD is a newly emerging dimension in 
luid dynamics which now complements the more classical dimensions of pure 
ixperimenl and pure theory. Applications of CFD are impacting aerodynamic 
•escarch and development across the entire flight spectrum, from subsonic to 
typersonic speeds. The impact of CFD is particularly strong on hypersonic 
icrodynamics, because the availability of hypersonic wind tunnels and other hy¬ 
personic ground-test facilities is severely limited, both in regard to number of 
acilities as well as the practical High! range of Mach number, Reynolds number, 
md temperature levels attainable in such facilities. Thus, in the modern world 
if hypersonics, CFD serves as a powerful tool for research, development, and 
lesign. 

In this chapter, there is no intent to give a detailed presentation of the 
'undnmentats of CFD; such an endeavor justifies a book on that subject alone. 
Flic interested reader is encouraged to study Ref. 52, which is an excellent mod¬ 
uli classroom text on CFD. On the other hand, in order to understand and 
ippreciate some of the inviscid-llow calculations discussed here, some of the 
general ideas and methodology of CFD must be understood. The assumption is 
made here that the reader has not had formal education or experience in CFD, 
md therefore, as the case demands, we will present various details of the compu¬ 
tational techniques in a fashion that will be reasonably self-contained. 

As a final introductory note, advances in CFD now make possible the 
inviscid, three-dimensional, unsteady flowfield solution over complete flight vehi¬ 
cle configurations. Moreover, there are a variety of different computational tech¬ 
niques, ranging from the method of characteristics (which is in reality an older 
‘classical” technique now made very practical by high-speed digital computers), 
to linite-dilTcrenee, finite-volume, and finite-element methods. In the present 
chapter, only a representative selection of solutions and solution procedures will 
be given. The choice is based on the author’s experience and bias —ten different 
authors would most likely make ten different choices, all justified in their own 
way. The result, however, would be the same, i.e., the absolute appreciation dial 
the Huler equations are now made solvable by a seemingly endless variety of 
numerical techniques. The purpose of this chapter is to give the reader the flavor 
of such solutions as applied to hypersonic inviscid flows. 

5.2 METHOD OF CHARACTERISTICS 

In 1929 in Germany, Ludwig Prandll and Adolf Busemann were the first to 
apply (lie method of characteristics to a problem in supersonic How; they uti¬ 
lized a graphical approach to construct the contour of a supersonic nozzle. Since 
then, the method of characteristics has become a classical technique for the solu¬ 
tion of inviscid supersonic and hypersonic Hows, both internal and external. 
Because it is classical and widely known, and because it is usually part of a basic 
course in compressible flow, the assumption is made that the reader has some 
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familiarity with the method of characteristics; hence, the method will not be 
developed in detail here. Rather, some of the general considerations will he 
reviewed, and some applications to hypersonic Hows will be shown. For the 
interested reader, an excellent and detailed presentation of the method of char¬ 
acteristics applied to various aerodynamic problems is given in Ref. 53. See also 
Ref. 4 for an introductory presentation. 

The method of characteristics is useful when the system of governing par¬ 
tial differential equations is hyperbolic. For this case, the problem is mathemati¬ 
cally well-posed by starting from an initial data surface, and calculating the flow 
along the characteristic directions. Steady, inviscid, supersonic (and hypersonic) 
How is one such case; the governing Euler equations are hyperbolic, and hence 
starting with an initial data surface situated downstream of the limiting charac¬ 
teristics. the supersonic How can be calculated by marching downstream along 
the characteristic lines (if the (low is two-dimensional) or characteristic surface 
(if the How is three-dimensional). The governing Euler equations for two- or 
three-dimensional steady How [Eqs. (4.1 )-(4.5) with d/dt = 0] exactly reduce to 
simpler differential equations in one less space dimension, called the compatibil¬ 
ity equations, along the characteristics. For two-dimensional flow, these compat¬ 
ibility equations become ordinary differential equations which are more readily 
solved than the original partial differential equations. The solution of the com¬ 
patibility equations and the evolution of the characteristic directions are in gen¬ 
eral computed simultaneously as the solution procedure marches downstream 
from the initial data surface. In this manner, the entire supersonic and hyper¬ 
sonic inviscid flow field can be calculated in an “exact” fashion. 

There is a hierarchy of solutions involving the method of characteristics. 
The simplest application of the method involves a steady, two-dimensional, irro- 
tational flow. This is frequently the first application encountered by the student 
when first studying the method. For this application, there are two characteris¬ 
tics at each point in the flow—the left- and right-running Mach waves. More¬ 
over, the compatibility equations which hold along these characteristics are 
algebraic relations; this leads to a particularly straightforward solution of the 
How. For a steady, axisymmctric, irrotational flow, the characteristics at each 
point are still the left- and right-running Mach waves, but the compatibility 
equations are now ordinary differential equations, which are readily solved nu¬ 
merical!) along the characteristics. On the other hand, for a steady two-dimen¬ 
sional or axisymmctric rotational flow, there are three characteristics lines 
through each point —the left- and right-running Mach waves and the streamline. 
The compatibility equations are appropriate ordinary differential equations 
which hold along these characteristics. Finally, the most complex application of 
the method of characteristics is to three-dimensional flows, where the character¬ 
istics are Mach surfaces and stream surfaces, and the compatibility equations 
are, in general, partial differential equations in two space dimensions. 

For the application of the method of characteristics to external hypersonic 
How. the aspect of rotationality is of primary concern. To understand this better, 
recall that, for a given shaped body, as the supersonic or hypersonic free-stream 
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Much number increases, the strength of the shock wave increases. If these strong 
shock waves have curvature, as sketched in Fig. 5.1 for both slender and blunt 
bodies, then the entropy increase across the shock wave will be different from 
one streamline to the next. For example, in both Figs. 5.In, and 5.1ft, streamline 
1 has a higher entropy than streamline 2 because it has come through a stronger 
portion of the shock wave. This is particularly acute for the blunt body in 
Fig. 5.1 ft, where the bow shock wave is highly curved, and an intense region of 
large entropy gradients is produced in the nose region. This is the source of the 
entropy layer discussed in Sec. 1.3B, and sketched in Fig. 1.4, which should be 
reviewed at this stage. Such entropy gradients occur behind curved shock waves 
at any supersonic Mach number, but because the shocks are stronger and 
usually more highly curved at hypersonic Mach numbers, then the entropy gra¬ 
dients become more severe. In turn, this introduces a large amount of rotational- 
ity into inviscid flows over hypersonic bodies, as can be quantitatively obtained 
from Crocco's theorem (see Ref. 4), written as follows: 

TVs = V/i 0 - V x (V x V) (5.1) 




FIGURE 5.1 

Bodies vviih curved shock waves. 
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Hero, V/i„ is the gradient in total enthalpy at a point in the flow; for the steady, 
adiabatic Hows considered here, /i 0 is constant and hence V/t 0 = 0. Also in 
Eq. (5.1), V x V is the vorticity; if the vorticity is finite, then by definition the 
flow is rotational. From Eq. (5.1), with V/i 0 = 0, we see that an entropy gradient, 
V.y, directly produces vorticity in the flow, hence making such flows rotational. 
For hypersonic applications, these flows can be highly rotational. This is illus¬ 
trated in Fig. 5.2 (obtained from Ref. 15), which gives the variation of vorticity 
behind a parabolic bow shock wave as a function of the local wave angle ft. The 
different curves correspond to different values of M„. Note that: (1) the vortic¬ 
ity peaks at a large value in the vicinity of the sonic point on the shock, and (2), 
the magnitude of the vorticity increases with Mach number. The point here is 
that any application of the method of characteristics to calculate the inviscid 
flow' over ;t hypersonic body should definitely utilize the rotational method of 
characteristics. 

Historically, the first major application of the rotational method of charac¬ 
teristics was made by Antonio Ferri in 1946, as described in Ref. 54. (Ferri was 
an ebullient Italian aerodynamicist who developed a pioneering supersonic aero¬ 
dynamic laboratory in Guidonia near Rome during the 1930s, and who was 
brought to the United States toward the end of World War II to help foster 
research in supersonic liows at the NACA Langley Memorial Laboratory in 
Virginia.) For example, Ferri’s work was the basis of the characteristic calcula¬ 
tions shown in Figs. 3.12, 3.13, 3.18, 3.20, 3.21, and 4.4. For technical details in a 



FIGURE 5.2 

Vorticity behind a parabolic shock wave; y/d = (x/d)' 12 , y = 1.4. (From Ref. IS.) 
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more modern setting, make certain to read the sections on the rotational meth¬ 
od of characteristics in Zucrow and Hoffman (Ref. 53). 

To this point in the present section, we have been reviewing some general 
considerations about the method of characteristics, relying somewhat upon prior 
familiarity with the method on the part of the reader. In the interest of being 
slightly more precise, the following is a brief outline of the application of the 
rotational method of characteristics to a two-dimensional or axisymmetric exter¬ 
nal How. 

1. The method must be started from an initial data line which lies totally within 
the supersonic portion of the flow, and in particular should be downstream of 
the limiting characteristics (sec, for example, Ref. 4). The How properties on 
this initial data line must be obtained from another, independent calculation. 
The usual methods of obtaining such initial data are as follows: 

a. If the body has a pointed nose with an attached shock wave, such as 
shown in Fig. 5.1a, then the flow in the immediate vicinity of the nose is 
totally supersonic, and it can be closely approximated by wedge flow (in 
the two-dimensional case) or conical flow (in the axisymmetric case. Then, 
as indicated in Fig. 5.3a, all flow properties are known along the initial 
data line from the exact oblique shock solution, or from the Taylor- 
Maccoll conical solution. 

h. If the body has a blunt nose with a detached bow shock wave, an appro¬ 
priate blunt-body solution must be carried out (blunt-body solutions are 
discussed in Sec. 5.3). The initial data line must be taken along or down¬ 
stream of the limiting characteristic, as shown in Fig. 5.3 b. 

In both the above cases, the flow must be totally supersonic along the initial 
data line; moreover, care should be taken not to use a eharacteristie line as 
the initial data line. 

2. Starting from the initial data line, the solution progresses by marching down¬ 
stream along the characteristic lines. A single element of this process, called a 
unit process, is illustrated in Fig. 5.4. Here, points 1 and 2 are two points on 
the initial data line; all flow properties, including the streamline angles 0, and 
0 2 , are known at these points. From the known Mach numbers, hence the 
known Mach angles q, and /i 2 at these points, construct the left- and right- 
running Mach waves (designated by C + and C_, respectively) at both points, 
as shown in Fig. 5.4. (Since the unit process involves only small distances in 
the How, all constructed Mach lines and streamlines are drawn as straight 
lines between adjacent points.) The Mach waves are characteristic lines, hence 
C + and C are appropriate designations for these lines. Note that the C_ 
eharacteristie from point 1 and the C + characteristic from point 2 intersect at 
point 3, thus locating point 3 in space. We wish to calculate the flow proper¬ 
ties at point 3. 
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FIGURE 5.3 

Initial data tines for slender and blunt-body flows. 


3. Assume that the streamline through point 3 is at an angle 0 3 , where 0 3 is an 
average between the known () { and 0 2 . (This assumption is made more accur¬ 
ate by iterating the unit process, as will be noted later.) Trace the streamline 
at point 3 backward until it intersects the initial data line at point 4, as 
shown in Fig. 5.3. Recall that, for rotational flow, this streamline is also a 
characteristic line. 

4. Calculate the How properties at point 3 by solving the compatibility equa¬ 
tions along the characteristic lines. These equations are obtained from the 
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FIGURE 5.4 

Unit process. 


governing Euler equations [Eqs. (4.1)-(4.5)] after considerable manipulation 
(see Refs. 4 and 53), and are: 


Along Much lines 


dp 

pV 2 tan p 


± dO +' 


/ sin 0 sin p dy 
sin (() ± p) y 


= 0 


(5.2) 


Along streamlines 


ds = 0 


(5.3) 


In Hq. (5.2), the plus and minus signs correspond to the C + and C_ charac¬ 
teristics, respectively, and j = 0 or I for two-dimensional and axisymmelric 
flow, respectively. Equation (5.3) is simply a statement that the entropy is 
constant along a streamline in an inviscid, adiabatic flow—a statement al¬ 
ready contained in Eq. (4.5). Equation (5.3) can be replaced by two relations 
that depend on constant entropy along a streamline, namely. 


Along streamlines dp = —pVdV (5.4) 

Along streamlines dp = a 1 dp (5.5) 


Equation (5.4) is the familiar Euler equation which holds along a streamline 
in a rotational llow; it can be readily obtained by a suitable manipulation of 
Eqs. (4.2) (4.4) along with the definition of a streamline, as shown in Ref. 5. 
Equation (5.5) is simply based on the definition of the speed of sound, cr = 
(fp/f/>),,; since ,v is constant along the streamline, then any change in pressure 
along the streamline dp is related to a corresponding change in density along 
the streamline dp , through the relation a 2 = (dp/dp). Please note that whereas 
dp in Eqs. (5.4) and (5.5) denotes a change in pressure along a streamline, dp 
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in Eq. (5.2) denotes a change in pressure along the Mach lines. Returning to 
Fig. 5.4. we now have a system of compatibility equations, namely Eqs. (5.2), 

(5.4) . and (5.5), which hold along the characteristic lines. The integration of 
these equations along the characteristics can be carried out in a variety of 
ways. For simplicity, let us replace the differentials in Eqs. (5.2), (5.4), and 

(5.5) with forward differences. For example, Eq. (5.2) written along the C_ 
characteristic through point 1 in Fig. 5.4 is 


Pi - P i _ () _ () j sin 0, sin ft, (y 3 -y,) 
PiFjtanq, 3 1 sin (0, — g, ) y. 


(5.6) 


Equation (5.2) written along the C + characteristic through point 2 is 

p \~ p >- + ((h o 2 ) + J™ 0 ^ Cjw 2 ) = 0 

/> 2 Fjtanp 2 ’ sin(0 2 + /r 2 ) y 2 

Equation (5.4) written along the streamline is 

Pi ~ Pa. = -PaK t(V 3 - V 4 ) 


(5.7) 


(5.8) 


Equation (5.5) written along the streamline is 

Pi - Pa = al(Pz - Pa) (5-9) 

In Eqs. (5.6)-(5.9), all conditions at points 1, 2, and 4 are known (conditions 
at point 4 are interpolated between points 1 and 2). The locations of points 
3 and 4 arc known, from steps 2 and 3 above, hence y 3 is known. Thus, 
Eqs. (5.6) (5.9) are four algebraic equations which can be solved for the four 
unknowns, p 3 . 0 3 , V 3 and p 3 . 


5. Repeat steps 2 through 4, where now the slopes of the C _ and C + character¬ 
istics are based on an average of 0,, ft,, 0 3 and p 3 , and the streamline at 
point 3 is traced back using the value of 0 3 obtained in step 4. Iterate until 
convergence is obtained. At the completion of this iteration, point 3 is now 
accurately located in space, and the flow properties at point 3 are accurately 
obtained. 


The above unit process is carried out from point to point in a sequential 
fashion, marching downstream from the initial data line. Slight modifications to 
the unit process are made to satisfy the boundary conditions at the shock wave 
and the body; sec Ref. 53 for details. In this fashion, the complete inviscid flow- 
field between the body and the shock wave can be numerically constructed. 
Again, emphasis is made that this is an “exact” solution; the compatibility equa¬ 
tions [Eqs. (5.2)-(5.3)] are obtained directly from the exact Euler equations 
without any mathematical approximations or further physical simplifications, 
and any errors introduced in the solution are numerical errors involved with the 
finite-difference representation of the compatibility equations. In this vein, the 
method of characteristics becomes truly exact in the limit of an infinitely fine 
characteristics mesh. 
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0 1 2 3 4 5 6 7 8 9 10 

Axial location, x/\' e 


FK.'IJRK 5.5 

A typical characteristics mesh. (I'rom Zarrow and Hoffman , Ref. 53.) 


An example of a characteristics mesh for the calculation of the rotational 
How over a two-dimensional body is shown in Fig. 5.5, obtained from Ref. 53. 
For clarity, only the Mach lines are shown here, although keep in mind that the 
streamlines arc also characteristics. This calculation is made for a supersonic free 
stream with M J} = 3; at hypersonic Mach numbers, the shock wave would be 
much closer to the surface, and because the Mach angles would be smaller, the 
characteristics mesh would be more highly skewed. The pressure distributions 
behind the shock wave and along the body corresponding to the case in Fig. 5.5 
are shown in Fig. 5.6. (Note that the pressure behind the shock is higher than 
that along the body. This is another example of the normal pressure gradient 
necessary to balance the centrifugal force along curved streamlines; for the con¬ 
vex streamlines over the body in Figs. 5.5 and 5.6, the pressure quite naturally is 
going to decrease from the shock to the body, as originally discussed in conjunc¬ 
tion with Fig. 3.9). The results shown in Figs. 5.5 and 5.6 are included here only 
to illustrate the use of the rotational method of characteristics for a two-dimen¬ 
sional body, and to emphasize again that the method is a reasonable approach 
for the calculation of two-dimensional and axisymmetric in viscid hypersonic 
(lotv.v. 

The vast majority of practical aerodynamic problems involve three-dimen¬ 
sional Hows. The method of characteristics can also be applied to such flows (see 
for example. Ref's. 55-59); however, the three-dimensional method of characteris- 
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FIGURK 5.6 

Pressure distributions belund the shock and on the body for the case shown in Fig. 5.5. (From 
Ref. 55.) 


tics requires considerably more effort than its two-dimensional counterpart. In 
steady, three-dimensional rotational flow, the characteristics are surfaces, namely 
Mach cones and stream surfaces. In general, the compatibility equations which 
hold along these characteristic surfaces arc partial differential equations in two 
space dimensions. To examine this in more detail, consider Fig. 5.7, which illus¬ 
trates a general supersonic or hypersonic three-dimensional flowlicld. Point b is 
an arbitrary point in the flow. Through this point, the characteristic directions 
generate two sets of three-dimensional surfaces—a Mach cone with its vertex at 
point b and with a half-angle equal to the local Mach angle p, and a stream 
surface through point b. The intersections of these surfaces establish a complex 
three-dimensional network of grid points. Moreover, as if this were not compli¬ 
cated enough, the compatibility equations along arbitrary rays of the Mach cone 
(called bicharacteristics) are partial differential equations which contain cross 
derivatives that have to be evaluated in directions not along the characteristics. 
Nevertheless, such solutions can be obtained; see Ref. 53 for a detailed discus¬ 
sion of these matters. 

Although a detailed presentation of the three-dimensional method of char¬ 
acteristics is beyond the scope of this book, it is important to note some results 
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FIGURE 5.7 

Three-dimensional ehm aclerisiic surfaces. 


obtained with this method. In particular, we will examine the calculations of 
Rakich (Refs. 58 and 59); in this work, Rakich utilized a modification to the 
general philosophy of the three-dimensional method of characteristics, which 
somewhat simplifies the calculations. In this approach, which is sometimes 
labeled “semicharactcristics,” or the “reference plane method,” the three-dimen¬ 
sional flowfiekl is divided into an arbitrary number of reference planes contain¬ 
ing the centerline of the body. This is sketched in Fig. 5.8 for the case of an 
axisymmetric body at angle of attack; Fig. 5.8 shows a front view of the body 


Reference planes 



FI CU lilt 5.8 

Grid network in a cross-sectional plane for an axisymmetric body at angle of attack; three-dimen¬ 
sional method of characteristics. 
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FIGURE 5.9 

Grid network in the meridional plane for an axisymmetric body at angle of attack; three-dimen¬ 
sional method of characteristics. 


and shock wave. Each reference plane is identified by its angular location, 0,, 
<t> 2 , etc. One of these planes, say <J> = <J> 2 , is projected on Fig. 5.9. In this par¬ 
ticular reference plane, a series of grid points are established along arbitrarily 
spaced straight lines locally perpendicular to the body surface. These grid points 
are not the intersections in a systematic characteristic mesh (such as shown in 
Fig. 5.5 for the two-dimensional case); rather, they are placed along arbitrary 
straight lines in much the same way that a finite-difference grid is established (to 
be discussed in subsequent sections). This represents a major simplification over 
the general three-dimensional method of characteristics. In Fig. 5.9, assume that 
the flowfield properties are known at the grid points denoted by solid circles 
along the straight line ab. Furthermore, arbitrarily choose point 1 on the next 
downstream line, cd. Let C t , C_, and S denote the projection in the reference 
plane of the Mach cone and streamline through point 1. Extend these character¬ 
istics upstream until they intersect the data line ab at the cross marks. Data at 
these cross marks are obtained by interpolating between the known data at the 
solid circles. Then, the flowfield properties at point 1 are obtained by solving the 
following compatibility equations along C + , C_, and S (see Ref. 58 for a deriva¬ 
tion of these equations): 

-~r + cos <j> = (/, + ff 2 ) sin p* (5.10) 

pV~oC+ oC + 

B Bt) 00 

-, 7 , 37 ,— - cos <j> —- = (/, - Pf 2 ) sin n* (5.11) 

pV~ sc„ 

d_l_ 

dS h 


(5.12) 
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FIGURE 5.10 

Variation of shock-wave shape; comparison between theory and experiment. 0 C = 15°, x = 10°, 
A/, - 10, y - 1.4. (From Rakieh ami Cleary , Ref. 59.) 

where f! = M 2 — I, /i* is the angle between S and C + or C_ (i.e„ the projec¬ 
tion of the Mach angle fi onto the reference plane), 0 is the flow angle from the 
x axis in the meridional plane (that is, 0 = tan -1 v/u, where u and v are the 
velocity components in the v and r directions respectively), </> is the crossflow 
angle (that is, </> = sin -1 w/u, where vv is the velocity component in the (P 
direction), and /', and f 2 are expressions containing the cross derivatives (see 
Ref. 58). 

The above limited description is intended only to give the flavor of 
Rakich's method, and to set the stage for the presentation of some results illus¬ 
trating the use of the three-dimensional method of characteristics. Such results 
are given in lugs. 5.10 to 5.14, obtained from Ref. 59. In these figures, results are 
given for the hypersonic flow over a blunt-nosed, 15-degrec cone at angle of 
attack; theoretical results for the inviscid flow obtained by Rakich using the 
three-dimensional method of characteristics are directly compared with experi¬ 
mental wind tunnel results. For example. Fig. 5.10 shows the calculated and 
measured shock wave shape in air (y = 1.4) at three meridional planes, <I> = 0, 
90, and 180 , for an angle of attack of 10 degrees at Mach !0. For the wind 
tunnel data, the Reynolds number referenced to the cone base radius was 
0.6 x 10''. Agreement between the three-dimensional method of characteristics 
and experiment is excellent for this case. This figure also illustrates the effect of 
nose blindness on the shock shape. The shock location for a sharp-nosed cone 
at 15 angle of attack is shown as the dashed lines at the right of Fig. 5.10; note 
that nose bluntness displaces the leeward portion of the shock (d> = 0") outward, 
whereas the windward portion of the shock (<-!> = 180") is not noticeably dis¬ 
placed. The calculated variation of the shock wave angle fi with axial distance x 
is shown in Fig. 5.1 1. It is well known that shock waves around blunted cones 
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Axial distance, x/R„ 


FIGURE 5.11 

Variation of shock-wave angle; calculations from the 3-dimensional method of characteristics. 0 ( = 
15". a = 10 . M , = 10. 7 = 1.4. (From Ref. 59.) 


at zero angle of attack exhibit a local minimum in the wave angle, i.e., as the 
strong bow shock wave progresses from the normal shock at the nose to the 
weaker shock downstream, [1 first decreases, reaches a local minimum, and then 
increases, finally approaching the sharp cone result far downstream. For the 
conditions shown in Fig. 5.11, this zero-anglc-of-attack case results in the local 
minimum />’ occurring at about x/R„ = 10, as shown in Fig. 5.11 by the dashed 
line labeled a = 0. For the anglc-of-nttack case, the method-of-charactcristics re¬ 
sults indicate a similar trend, except with the minimum /? occurring at different 
axial locations, as shown by the solid lines in Fig. 5.11. Note that the wave 
angles for the blunted cone eventually approach the sharp-cone results at large 
distances downstream of the nose, as seen at the right of Fig. 5.11. Surface pres¬ 
sure distributions are shown in Fig. 5.12. Again, excellent agreement is obtained 
between the three-dimensional method of characteristics and experiment. In 
analogy with the shock angle, note that the pressure goes through a local mini¬ 
mum as illustrated in Fig. 5.12. In expanding over the blunt nose, the pressure 
overexpands downstream of the shoulder, falling below the sharp cone result, 
and then recompresses to the sharp cone result far downstream. (Wc note here a 
weakness of the blast wave theory discussed in Section 4.8; blast wave theory is 
incapable of predicting the type of overexpansion and rccompression shown in 
Fig. 5.12.) Figure 5.13 shows the variation of Pitot pressure in the flowfield, 
namely along lines locally perpendicular to the body, and extending from the 
body to the shock wave. A comparison with experiment of detailed flowfield 
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FIGURE 5.12 

Pressure distribution over a blunt-nosed cone; comparison belween theory and experiment. 0 C = 15 
a - HP, Re ^ 0.6 x 10 fi , M - 10, y = 1.4. (From Ref. 59.) 



FIGURE 5.13 

Pitot pressure variations from the body to the shock. = 15°, a = 10°, M w = 10, y = 1.4, Re 
0.6 x H)'\ (From Ref. 59.) 
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information throughout the shock layer (as opposed to just along the body sur¬ 
face) is always a good test of any flowfield theory; in Fig. 5.13, the comparison 
between the wind tunnel data and the method-of-characteristics calculation is 
quite good. For the leeward section of the flowfield (<I> = 0°), some lack of agree¬ 
ment between theory and experiment occurs near the body surface; this is due to 
the thick viscous boundary layer on the leeward side, which is not taken into 
account by the inviscid theory. On the windward section (<1> = 180' ), the strong 
variation of Pitot pressure within the entropy layer (see Sec. 1.3) is very appar¬ 
ent. Pitot pressure reaches a peak just outside the entropy layer, and then 
decreases towards the shock wave. This is because, outside the entropy layer and 
boundary layer on the surface, the local supersonic Mach number increases to¬ 
ward the shock wave, hence resulting in a progressively lower Pitot pressure. 
Finally, to emphasize the three-dimensional nature of this flowfield. Fig. 5.14 
illustrates the circumferential surface-pressure distribution around the blunt 
cone at angle of attack. Unlike the previous data. Fig. 5.14 pertains to hyper¬ 
sonic flow of helium (y = 1.67) at M = 14.9. Once again, excellent agreement 
between experiment and the three-dimensional method of charactcrstics is 
obtained. 

On this note, we end this discussion on the method-of-characteristics, and 
its application to hypersonic inviscid flows. We have seen that the method of 
characteristics is a viable approach toward “exact” solutions of such flows, and 
indeed has been used extensively for such cases, especially in the time period 
before 1970. However, the method of characteristics is sometimes tedious to set 
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FIGURE 5.14 

Circumferential surface-pressure distribution at x/R„ = 8; comparison between theory and experi¬ 
ment in helium. (>,, ^ 15’, a = 20", = 14.9, y = 1.667, Re = 0.86 x I0 6 . (From Ref. 59.) 
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jp and program (in the days before high-speed digital computers, the method of 
characteristics was carried out by hand calculations—the ultimate in tedious¬ 
ness), with particular complexity in three-dimensional case. For this reason, in 
more recent times, simpler [inite-dilTercnce solutions have supplanted the meth¬ 
od of characteristics in many applications. Modern finile-dilTerence methods are 
treated in the remainder of this chapter. 

5.3 THE HYPERSONIC 
BLUNT-BODY PROBLEM 

Let us return to the roadmap in Fig. 1.23, and scan over the items discussed so 
far in this book. Starting with the basic hypersonic shock relations in Chap. 2. 
we have covered all of the left branch of Fig. 1.23, and most of the second 
branch, down to and including the method of characteristics. These sections of 
the roadmap, and hence all the preceding discussion in this book, pertain to the 
slate of the art in hypersonic aerodynamics prior to 1966. In fact, if this book 
were being written in 1966, our discussion of inviscid hypersonic flow would be 
essentially finished at this point, except for some mention of the calculation of 
the How over a blunt hypersonic body. However, this discussion would have 
been inhibited by the then-existing severe difficulties in obtaining blunt-body 
solutions. This is emphasized in a statement made in 1966 by Hayes and Prob- 
stein (Ref. 60), to the effect that “in spite of the amount of effort that has gone 
into this problem in recent years, at present no single method has been agreed 
on as being the best for calculating the hypersonic flow past general blunt 
shapes. - ’ This situation changed rapidly in 1966 when the first practical blunt- 
body solution was published by Moretti and Abbett (Ref. 61). This solution was 
obtained by means of a time-marching finite-difference technique which greatly 
simplified the calculation of Hows over blunt hypersonic bodies. Indeed, the gen¬ 
eral idea of using time-marching methods to calculate steady flowlickls for a 
whole host of different problems is now a major endeavor in computational 
lluid dynamics. The situation has changed so rapidly that the hypersonic blunt- 
body problem, which in the 1950s and early 1960s was one of the major re¬ 
search problems of the day —with millions of dollars and the efforts of scores of 
researchers spent on its solution—is today an extended homework problem in 
several university courses in computational fluid dynamics. Because of the im¬ 
portance of the blunt body in hypersonic aerodynamic applications, and because 
of the efficiency and power of the time-marching technique used to solve such 
blunt-body Hows, both will be discussed at length in this section. 

On a practical basis, the blunt body is a particularly important shape in 
hypersonic aerodynamics because all hypersonic vehicles have blunt noses to 
reduce aerodynamic heating. Such heating is a driving design factor for most 
types of hypersonic vehicles (as we will soon see in Part 11 of this book). Indeed, 
in Chap. 6 we will demonstrate that stagnation-point aerodynamic heating var¬ 
ies inversely as the square root of nose radius; hence, the larger the nose radius, 
the lower the aerodynamic heating. This fact was not always recognized. In the 
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1940s and early 1950s. hypersonic aerodynamic practice was viewed as a high¬ 
speed extension of supersonic aerodynamic practice, where slender bodies with 
sharp leading edges were employed to produce the weakest possible shock waves 
with an attendee! low wave drag. However, as M aj increases, aerodynamic heat¬ 
ing becomes a major factor, and the heat transfer to a sharp-nosed vehicle be¬ 
comes severe. (If a hypersonic vehicle in flight does employ a sharp leading edge, 
nature will soon blunt it by melting away the surface via intense aerodynamic 
heating.) The desirability of a blunt nose to reduce aerodynamic heating was 
first advanced by H. Julian Allen in the mid-1950s. Some simple reasons for this, 
and some of the historical background, tire given in Chap. 1 of Ref. 5 and Chap. 
8 of Ref, 1. which should be consulted for more details. However, on a heuristic 
basis, we can demonstrate the viability of a blunt body in reducing aerodynamic 
healing as follows. Consider a hypersonic vehicle at high altitude and high 
velocity, hence with large values of potential and kinetic energy. Imagine the 
vehicle returns to the ground at zero velocity, hence the potential and kinetic 
energies arc now both zero. Where has all the energy gone? Answer: into the air. 
and into the body. The mechanism for heating the air is in part the temperature 
increase across the shock wave. On one hand, if the body were slender with a 
sharp nose, the shock wave would be weak; hence less energy would go into 
heating the air. and more into heating the body. On the other hand, if the body 
had a blunt nose, then the bow shock wave would be strong; hence more energy 
would go into heating the air. and less would be available to heat the body. On 
this physical argument alone, we can see why a blunt nose reduces the aerody¬ 
namic heating to a body. The point here is that blunt-body flowfields are an 
important part of the study of hypersonic aerodynamics. Clearly, a detailed 
knowledge of the How in the blunt-nose region is essential to the accurate pre¬ 
diction of the heat transfer distribution around the nose, as well as to the de¬ 
tailed structure of the entropy layer created in the nose region. In turn, the 
properties of the blunt-body shock layer, as well as the shape of the shock wave 
in the nose region, can have a strong impact on the body surface conditions far 
downstream of the nose: recall, for example, the blunt-nosed cone results dis¬ 
cussed in Sec. 5.2. Furthermore, recall that the method-of-characteristics solu¬ 
tions over the blunt cone as seen in Sec. 5.2 must be started from an initial data 
line obtained from a blunt-body solution; thus, the accuracy of such blunt-body 
solutions is critical to the accuracy of the method-of-characteristics solutions 
downstream. For all of these reasons, and more, the blunt-body problem dis¬ 
cussed in the present section is an essential aspect of hypersonic flow. Here, we 
will treat the inriscid blunt-body How, which is particularly important for the 
prediction of surface pressure distribution, shock wave shape, entropy layer 
structure, and for the calculation of properties at the edge of the boundary layer. 
Finally riotous blunt-body flows will be treated in Part II of this book. 

What made the hypersonic blunt-body problem originally so hard to solve, 
and why is it an almost routine calculation today? To answer this question, let 
us examine some physical aspects of the blunt-body shock layer. Consider the 
steady flow over a blunt body moving at supersonic or hypersonic speeds, as 
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shown in Fig. 5,15. The shock wave in front of this body is detached and curved, 
ranging from a normal shock wave right at the nose, and becoming a weak 
Mach wave at large distances from the body. Hence, this single shock wave 
represents all possible oblique shock solutions for the given upstream Mach 
number A-/, with the wave angle ranging from fi = njl to fi = /i, where // is the 
Mach angle. Behind the normal, and nearly normal, portions of the shock wave, 
the How is subsonic, whereas behind the more oblique portion of the shock wave 
the How is supersonic. (Sec Ref. 4 for a general description of shock wave phe¬ 
nomena.) Hence, the blunt-body shock layer is a mixed subsonic supersonic 
flow, where the subsonic and supersonic regions arc divided by sonic lines, 
shown as the dashed lines in Fig. 5.15. In the steady, subsonic regions the gov¬ 
erning F.uler equations [Eqs. (4. l)-(4.5) with d/dt = 0] are mathematically ellip¬ 
tic-, whereas in the supersonic regions these same equations are mathematically 
hyperbolic. (For a description of these mathematical classifications, and their 
impact on the fluid dynamic equations, see Ref. 4.) The same Euler equations 
obviously apply in all regions of the flowfield. However, their elliptic nature in 
the subsonic region means that the flow at any given point depends simulta¬ 
neously on the properties at all other points in the subsonic region, and in 
particular on the conditions along the total boundary of the subsonic region. In 
contrast, their hyperbolic nature in the supersonic region means that the flow at 
any given point depends only on the properties at other points which are con¬ 
tained within the domain of dependence, bounded by Mach lines reaching up¬ 
stream from the given point. This situation is a partial answer to the question 
posed at the beginning of this paragraph. Any theoretical or numerical tech¬ 
nique suitable for the exact solution of the subsonic region is improperly posed 
and hence falls apart in the supersonic region, and vice versa. As described 



FIGURE 5.15 
Blunt-body shock layer. 
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above, in the early days of hypcrsonics, this mixed nature of the blunt-body 
flowfield made a consistent exact analysis, valid for both the subsonic and super¬ 
sonic regions exceptionally difficult to obtain. This state of affairs was nicely 
reviewed by Van Dyke in 1958 (see Ref. 62). Indeed, it can be said that until 
1966, no practical blunt-body solution existed for routine operation which car¬ 
ried the How far enough downstream of the sonic line (at least downstream of 
the limiting characteristics) to provide valid initial conditions for a method of 
characteristics solution in the supersonic region. 

This situation changed dramatically in 1966 when Morclli and Abbctt 
(Ref. 61) published the first truly practical supersonic blunt-body solution. This 
approach utilizes a tiine-marchinci (sometimes called time-dependent) Jinite-differ- 
ence solution of the governing unsteady Euler equations, starting from arbitrarily 
assumed initial conditions, and calculating the steady flowfield as an asymptotic 
limit at large times. The unsteady Euler equations [Eqs. (4,l)-(4.5)] are hyper¬ 
bolic with respect to lime, no matter whether the flow is locally subsonic or 
supersonic. Mence, a timc-marching approach starting from assumed initial con¬ 
ditions is a properly posed mathematical problem in all regions of the flow, and 
allows the solution of both the subsonic and supersonic regions simultaneously 
with the same numerical technique. Today, the lime-marching approach is al¬ 
ways used for the exact solution of blunt-body flowfields; the calculations are 
considered "routine,” and every major aeronautical company and laboratory 
has one or more versions of their “standard” blunt-body computer program for 
this purpose. Because of the importance of these time-marching solutions to 
modern hypersonic aerodynamics, the general procedure is outlined below. 

Here, we will follow the philosophy as originally set forth by Morclli and 
Abbctt (Ref. 61). However, in Ref. 61 the Lax-Wendroff finite-difference tech¬ 
nique was employed, which in modern limes has been superseded by a simpler 
version developed by MacCormack (Ref. 63). MacCormack’s explicit, predictor- 
corrector finite-difference method has been widely used throughout the 1970s 
and 1980s, and hence it will be utilized here for our solution to the blunt-body 
problem. 

For simplicity, assume a two-dimensional flow. The governing unsteady 
Euler equations arc, from Eqs. (4.1)-(4.3) and (4.6), 
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To solve these equations for the biunt-body flowfieid, the following steps can be 
followed. 

1. We arc considering a given body shape. Hence, this is a direct solution, i.e., 
wc are calculating the flowfield and shock-wave shape for a given body. 

2. Assume the shock-wave shape and shock-detachment distance. Cover the 
flowlicld between the shock and body with a series of discrete grid points, as 
shown in Fig. 5.16u. In this figure, the body shape is specified as b = 6(_v), 
independent of time. The shock-wave shape, which is initially assumed at 



(a) Finite-difference grid in physical space for the blunt-body problem 
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(u) Physical space, and (h) computational space for the blunl-body problem. 
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time t = 0, will change with time, and is given by s = s(y, (). Here, 6 and s 
are the ,v coordinates of the body and shock respectively. 

3. Assume the flowfield variables, />, u, r, p at each of the grid points shown in 
Fig. 5.16o. This assumed flowfield will be considered as initial conditions at 
lime t = 0. 

4. Calculate the flowfield at the next step in time by means of an appropriate 
finite-difference solution of Fqs. (5.13)-(5.16). As mentioned earlier over the 
past 15 years, the most popular finite-difference technique for this purpose 
has been the explicit predictor-corrector approach of MacCormack, first de¬ 
scribed in Ref. 63, and discussed in an introductory sense in Refs. 4 and 5. 
This technique will be followed here. Since the finite-difference quotients 
should be formed in a rectangular grid, the curvilinear physical space 
shown in Fig. 5.16a can be transformed into a rectangular space shown in 
Fig. 5.16 h via 


where 6 is the local shock-detachment distance, 5 = s — b. In this trans¬ 
formed space, the body (x = b) is obtained from Eq. (5.17) as £ — 0. The 
shock (,y = .v) is also obtained from Eq. (5.17) as f = 1. Hence, in Fig. 5.166, 
the left side of the rectangular space, £ = 0, represents all the grid points 
along the body, and the right side, £ = 1, represents all the grid points along 
the shock. Since the r coordinate remains the same in both the physical and 
the transformed space, then the top and bottom of the rectangular space 
represent the downstream boundary and centerline respectively. In this 
fashion, the curvilinear grid in the physical space (Fig. 5.16a) is transformed 
to the rectangular grid in the transformed space (Fig. 5.166). Since the finite- 
difference calculations are performed on this rectangular grid. Fig. 5.166 is 
also called the computational space. 

5. For convenience, Morelti and Abbott also transformed the dependent vari¬ 
ables as 


P = In p 
R = In p 

ip = In p — y In p = P — yR 

Also define: 


<lb 

C = (£ - 1) - - £ col 0 

ay 

ds 

W = - = x component of the shock-wave velocity 
at 
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hi terms of the above transformed dependent and independent variables, 
Hqs. (5.13)-(5.16) become: 
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(The derivation of these transformed equations is left as a homework prob¬ 
lem.) Note that these equations have been written with the time derivatives 
on the left side, and all the spatial derivatives on the right side, for reasons 
that will be clear shortly. Also note that the transformed equations, Eqs. 
(5.18) (5.21), are to be evaluated in the computational space. Fig. 5.16ft. 
Once the flowfield variables are obtained at the grid points in this computa¬ 
tional space, then the results can be directly carried to the corresponding 
grid points in the physical space. Fig. 5.16«. Note that, whereas the compu¬ 
tational space is fixed, independent of lime [by virtue of the transformation, 
F.q. (5.17)], the shock-layer thickness in the physical space is varying with 
time because the shock wave is moving, constantly changing the local 
shock-detachment distance, S. This means that the grid points in the physi¬ 
cal space are moving. Only in the steady-state, obtained at large times, do 
the shock wave and grid network in the physical space become stationary. 
The movement of the shock wave, i.e., the varying shock-layer thickness 
with lime, is accounted for in Fqs. (5.18) (5.21) via the term B. which con¬ 
tains the local shock-wave velocity IT, In the steady stale, IT becomes zero. 

6. For illustration of the calculation of the flowfield, let us pick the .\ compo¬ 
nent of velocity it. All the other How variables are calculated in an analo¬ 
gous fashion. Consider a given grid point in the computational space, 
denoted by (i, /), where i is the point index in the if direction, and j is the 

point index in the y direction; i = I, 2 ,..., Aft and j = 1, 2,_M, where N 

and M are the number of grid points along a given £ and y coordinate line 
respectively. In Fig. 5.16fe, N = 4 and M = 5, for purposes of illustration. At 
this grid point, u(t) is the known velocity from the previous time step; we 
wish to calculate u(t + At) at the next step in time, where At is the time 
interval between steps. Calculate u(t + At) at grid point (i, j) denoted by 
i£f A ft from it(t). denoted by u'j, using 


u', + /' = u‘ ;j + 


dll 

Ot 


ave 


At 


(5.22) 
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where (oi</c!).„ c is an average time-derivative of u between t and i + At. 
This average lime derivative is evaluated by means of a predictor-corrector 
philosophy as follows. 

7. Calculate a value of (du/ct)'ij from Eq. (5.19), using forward differences for 
the spatial derivatives. These spatial derivatives are known at time t. (Re¬ 
member that we are trying to calculate the value of u at time t + At from a 
known flow at time l.) So, from Eq. (5.19), 


= — b' . u ±kd-L_ u jJ) + , Accc_."h 

'A Af ) ’A Ay 


p Y A! + ,. J -A 


8. Calculate a predicted value of velocity from the first two terms in a Taylor’s 




where the bar denotes predicted values. Carry out the same process itemized 
in steps 6 8 to obtain predicted values of the other d£pendenl-flow vari¬ 
ables, namely AA- AA’ anc * AA’ ^ ut now using Eqs. (5.20), (5.18) and 
(5.21) respectively. 

9. As a corrector step, calculate a value of the time derivative by inserting the 
predicted quantities obtained in step 8 into Eqs. (5.18)--(5.21), but using 
rearward spatial derivatives. For example, from Eq. (5.19), 


V wvAAA-AA, 
Ac ‘ i + V Ay - 


+ pY + VP'A-AAA (5.25) 


10. Calculate the average time derivative which appears in Eq. (5.22) by 


5tA _ir/3i/V kduff + l 

3fAA2AAj,A( v p f ^ j 


F.q. (5.23) Eq. (5.25) 

11. Calculate the final corrected value of n\j' A ‘ from Eq. (5.22) repeated here 


«:.?' = A+ h 7 
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12. Repeal steps 7 ! I for a large number of time steps. The variation of u (and 
the other flow variables) from one lime step to the next will initially be 
large. However, after a sullicienl number of steps are taken, u' + A ' si a', i.e., a 
steady state will be approached hi the limit of large times. This steady state is 
the desired result; the lime-dependent approach is simply a means to that 
end. 

Before proceeding further, examine steps 6 12 once again; these steps are the 
essence of MucCormack's predictor-corrector method. In this manner you will 
begin to appreciate how straightforward and strikingly simple the method is. 
Furthermore, we will have use for this method in subsequent applications in this 
book, so make certain that you feel comfortable with the approach. In regard to 
the numerical accuracy of this method (something that workers in computa¬ 
tional fluid dynamics are always sensitive to—see for example. Ref. 52), although 
first-order forward and rearward differences arc used on the predictor and cor¬ 
rector steps respectively, the combination of the two steps via Eq. (5.25) results 
in a second-order accurate technique. Second-order accuracy is usually sufficient 
for most applications in computational fluid dynamics, and is certainly sufficient 
for the inviscid blunt-body problem being discussed here. 

In terms of the blunt body problem, steps 1 -12 above outline a solution 
procedure for the interior points in the flow, i.e., for the points in Fig. 5.16 which 
tire not on any of the four boundaries. The calculation of the flowiield variables 
at the boundary points is especially important, and requires some special atten¬ 
tion. Indeed, in the general theoretical context of the solution of the Euler equa¬ 
tions, the only way that the governing equations can recognize one type of 
application from another is through the different boundary conditions imposed 
by each application. Hence, the boundary conditions are a powerful influence in 
determining the solution for a given problem, and any numerical solution must 
have an appropriate method for properly treating these boundary conditions. 
Thus, in the following paragraphs, we will sequentially examine the shock, body, 
and downstream and centerline boundary conditions. 

In the present discussion, we are treating the shock wave as a discontin¬ 
uity, across which the usual shock-wave relations (sometimes called the 
Rankine-Hugoniol relations) hold. Since the shock wave is moving, the flow 
velocities in front of and behind the shock which appear in the shock relations 
must be interpreted as velocities relative to the shock wave itself. (For a discus¬ 
sion of the governing relations for a moving shock wave, see Chap. 7 of Ref. 4.) 
For example, in the basic normal shock case, Eq. (2.1) holds for a moving shock 
wave as long as M, is interpreted as the Mach number of the flow ahead of the 
wave relative lo the wave. Also, in the present hypersonic blunt-body solution, 
the exact oblique shock relations arc used, such as Eqs. (2.1), (2.3), and (2.16); 
since we arc working with an “exact” solution of the blunt-body problem, it 
is neither necessary nor appropriate to utilize the limiting, approximate, hyper¬ 
sonic shock expressions developed in Chap. 2. In Ref. 61, the flow properties at 
each of the grid points along the shock (along £ = 1 in Fig. 5.166) are obtained 
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as follows. Consider a given grid point on the shock wave. The flow properties 
and wa\e velocity I Iff/) at this point are known at time / from the previous time 
step. In order to obtain the ilow properties and wave velocity at this grid point 
at time l + At. first assume a value for W(t + At). Also, set up a localized, one- 
dimensional. unsteady method of characteristics calculation written in a direc¬ 
tion loeallv perpendicular to the shock wave at the given grid point, reaching 
back into the internal part of the shock layer (sec Ref. 61 for details). For the 
assumed H'(t + At), the Rankine-Hugoniot shock relations predict the How 
properties immediately behind the shock at the given grid point. Alternatively, 
the localized one-dimensional method of characteristics method, via the solution 
of the appropriate compatibility equation along the normal direction, propa¬ 
gates information from the neighboring internal flow at time / to the shock grid 
point at time t + At, Do these two sets of flowfield results at the given shock 
grid point agree? If not, assume another value of W(t + At), and try again. In 
this manner, an iterative process results which, after a number of iterations, will 
finally match the Rankine-Hugoniot shock properties with the properties pre¬ 
dicted from the unsteady, one-dimensional method of characteristics from the 
internal llowfield. When the iteration is complete, then W(l 4- At) is known, as 
well as the flow properties at the given shock grid point at time t + At. To 
better understand this approach, sec Ref. 61 for an extended discussion of the 
idea, as well as for a presentation of the appropriate compatibility equation. 
We will not elaborate any further here, because there is a simpler method of 
handling the shock points which, in the author’s experience, works just as well 
as the above approach. This simpler method is as follows. Return to Fig. 5.166, 
and again consider a given point on the shock boundary. Calculate the flow 
properties at this grid point at lime t + Al by employing the internal How algo¬ 
rithm outlined earlier in steps 6 11, with one modification. We cannot employ a 
forward difference as called for in the predictor step (step 7), because there arc 
no points to the right of the shock in Fig. 5.166. Hence, al the shock grid points 
a rearward difference must be used on both the predictor and corrector steps, 
i.c.. the forward differences in equations such as Eq. (5.23) must be replaced with 
rearward differences. This is called a "one-sided” difference approach. When 
step 11 is finished, the Ilow properties at the shock grid point are now obtained 
at time t 4 At. In particular, the pressure at time t 4 At, p(t 4 At), is now ob¬ 
tained. In turn, from this pressure (the pressure immediately behind the shock), 
and the known free-stream conditions, the value of W(t 4 At) is immediately 
fixed by the exact oblique shock relations (the Rankine-Hugoniot relations), as 
long as, for this part of the calculation only, we assume the wave angle at the 
grid point at time t + At to be the same as the known value at time t. To 
understand this more clearly, recall that, from exact oblique shock theory, only 
two quantities are needed to fix the strength of a shock wave. Here, we arc using 
the calculated static pressure ratio, p 2 /p, [where p 2 = p(t 4 At) and p l = p w ~], 
and the wave angle [! to define the specific shock wave; from this, the Mach 
number of the flow upstream of the shock relative to the shock, Atf,, is directly 
obtained from the shock relations. Since the shock wave is moving, M, is not 
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1 he same as the frcc-sircam Mach number M u . in Fig, 5.16n. However, knowing 
M , and M ,, as well as the speed of sound in the free-stream, W is immediately 
obtained as W = a a (M — M,). [Here, keep in mind that W is the shock veloc¬ 
ity relative to the laboratory, treated positive when the shock is moving to the 
right in Fig. 5.16«, and hence the velocity of the flow ahead of the wave relative 
to wave is V, — IT, as sketched in Fig. 5.17. Thus, the Mach number of the flow 
ahead of the wave relative to the wave is M, = (K„ — W)ja , J , which in turn 
yields the wave velocity IT = a — Ad,).] From the value of lT(r + At) ob¬ 
tained above, the shock wave at the given grid point is moved a distance As in 
the .* direction, where As is based on an average velocity between times t and 
t + At, that is, As = [[1T(f + At) + IT(t)] At. This can be taken as the new loca¬ 
tion in physical space (Fig. 5.l6u) of the shock wave at time t + At at the given 
grid point, and the value calculated above for W(t + At) is the appropriate 
shock velocity at lime t + At. Finally, given this value of W(t + At), the other 
How properties at the shock grid point, such as p(t + At), T(t + At), etc., are 
obtained from the Rankine-1 lugoniol shock relations. In short, what we have 
done here is to use the internal how algorithm (the MacCormack predictor- 
corrector method) with one-sided differences to obtain the pressure behind the 
shock, and then using this calculated pressure in conjunction with the free- 
stream properties to uniquely define W(t + At) from the shock relations. Once 
W(t + At) is known, the other (low variables at the shock grid point are ob¬ 
tained from the exact oblique shock relations. Since, in applying these shock 
relations, wc assumed that the wave angle /? was the value at time t, the accur¬ 
acy of this approach can be improved slightly by repeating the shock calcula¬ 
tion, now using an improved fl based on the predicted new location of the shock 
at time t + At. This now concludes our discussion of the numerical treatment of 
the shock boundary condition. 

The boundary condition along the body (£ = 0 in Fig. 5.16 b) is the usual 
inviscid (low condition that the velocity must be tangent to the surface, that is, 
V n — 0, where n is a unit vector normal to the surface. In order to implement 



FIGURE 5.17 

Schematic of a moving shock wave. 
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this boundary condition within the context of the blunt-body problem, Moretti 
and Abbett (Ref. 61) used a local, unsteady, one-dimensional mcthod-of-charac- 
teristics approach written in the local normal direction at the body much along 
the lines of their treatment of the shock boundary condition as described earlier 
(except now the boundary is stationary— the body is fixed). See Ref. 61 for more 
details. Here, we will describe an alternate and simpler treatment at the body 
surface which, in the author’s experience, works just as well. Consider a given 
grid point on the body. Calculate the velocity at this point using the internal 
flow algorithm, i.c„ using MacCormack’s technique as outlined in steps 6-11. 
Once again, we will have to use one-sided differences, in this case forward differ¬ 
ences on both the predictor and corrector steps. For example, in Eq. (5.25), the 
rearward dilTcrences have to be replaced with forward differences. At the end of 
step 11. both the x and y components of velocity u and v will be obtained at 
time r + At at the given grid point on the body (labeled as point I in Fig. 5.18). 
These components add vectorally to yield the vector velocity V at point 1 on the 
surface, as sketched in Fig. 5.18. In general, V will not be tangent to the surface, 
i.e., the boundary condition will be violated, and we have to modify the bound¬ 
ary calculation to force V to be tangent to the surface. Another way to stale this 
is to consider the component of V normal to the surface, namely, V„ in Fig. 5.18; 
in general, V n will be some finite value obtained by the process in steps 6 11, 
and we need to make V n = 0 in order to satisfy the body boundary conditions. 
To accomplish this. let us send a local, finite, one-dimensional, isentropic expan¬ 
sion or compression wave away from the surface at point 1 of sufficient strength 
to “cancel” V„. (See Chap. 7 of Ref. 4 for a discussion of general, unsteady, finite 
wave motion.) Note that at the end of step 11, in addition to the velocity, values 




FIGURE 5.18 

Illustration of boundary condition at the wall. 



178 INVISfTO HVPFRSONIC FLOW 


of pressure, density, etc. at point 1 will also be obtained at time t + At. For 
example, let us designate the resulting pressure at grid point 1 at time t + At by 
/>„ ld , as obtained from steps 6-11. However, by sending a traveling, finite wave 
along n to cancel V„, all the other flow properties at point 1 will be slightly 
changed by the traveling wave, i.e., the pressure at point 1 after the wave inter¬ 
action will be denoted by p„ e „. Similar definitions hold for T old , T ne „, p olll , p new , 
etc., at point 1. Return now to our imaginary finite wave traveling away from 
the surface in Fig. 5.18. In the case shown in Fig. 5.18a where V„ is directed 
away from the surface, the finite wave should be an expansion wave because the 
mass motion induced by an unsteady expansion wave is in the opposite direc¬ 
tion to the propagation of the wave, hence canceling V„. After the expansion 
wave docs its job, the new pressure at point 1, denoted by p„ cw , is less than p old 
because the pressure decreases through an expansion wave. Examining Fig. 
5.186, if V were directed into the surface as shown, and hence V„ were into the 
surface, the finite wave should be a compression wave because the mass motion 
induced by an unsteady compression wave is in the same direction as the propa¬ 
gation of the wave, thus canceling V„. After the compression wave does its job, 
the new pressure at point 1, p„ cw , is greater than p old because the pressure 
increases through a compression wave. To quantify these arguments, recall the 
relations for pressure ratio and temperature ratio through an unsteady, iscn- 
tropic, one-dimensional, finite wave (see for example, Chap. 7 of Ref. 4). Written 
in terms of the standard nomenclature for unsteady waves, we have 


and 


P 

Pi 



(5.27) 



(5.28) 


where p 4 , a 4 , and T 4 are the pressure, speed of sound, and temperature in front 
of the propagating wave, u' is the induced mass motion at an arbitrary point 
inside the wave, and p and T are the corresponding pressure and temperature at 
that point. The plus and minus signs correspond to a compression wave and an 
expansion wave, respectively; with the plus and minus nomenclature, the veloci¬ 
ty a' is taken as positive in both cases. Applied to our discussion here, Eqs. 
(5.27) and (5.28) are written as 


Pncw 

hold 


y - 1 

1 ± V 


K 


T„, 

T, d , 



(5.29) 

(5.30) 


where V„ is taken as a positive number in both the cases shown in Fig. 5.18, 
the plus sign corresponds to Fig. 5.186, and the minus sign corresponds to Fig. 
5.18c/. In summary, the flow properties at the body can be calculated from the 



HYPERSONIC INVISCID ELOWEIELnS' FXACT METHODS 179 


internal How algorithm using one-sided differences, giving p M . T old , etc.; then 
the precise fiow-tangency condition at the body is enforced by expanding or 
compressing the How through a finite unsteady wave of strength just sufficient to 
cancel any finite component of velocity perpendicular to the wall. This yields 
slightly modified flow values at the wall, namely p„ cw , T Ilca , etc. In turn, these 
are the final values of the liowfield variables at the wall at time t 4- A;, that is. 
p(t + At) = T(l + At) = T new , etc. This approach to the wall boundary 

condition is an unsteady analog to the familiar “Abbett’s" boundary treatment 
(see Ref. 64) used for steady flows, to be discussed in Sec. 5.5. This completes 
our discussion of the numerical treatment of the wall boundary condition. 

Returning to Fig. 5.16b. the downstream and centerline grid points (the 
top and bottom of the rectangle in Fig. 5A 6b) arc easily treated, as follows. At 
the downstream boundary, the flow properties at the boundary grid points arc 
simply obtained from linear extrapolation from the values at the adjacent inter¬ 
nal grid points. This is sufficient as long as the downstream boundary is taken 
far enough downstream to be supersonic all along the boundary; this is an im¬ 
portant consideration, because extrapolation (of any order) is a properly posed 
supersonic boundary condition but an improperly-posed subsonic boundary 
condition. Hence, if any of the grid points along the downstream boundary are 
subsonic, and extrapolation is used to obtain the flow properties at these points, 
numerical instabilities arc usually encountered. In regard to the centerline 
boundary condition, for a two-dimensional or axisymmetric flow at zero angle 
of attack, the centerline is a line of symmetry. In such a case, the usual sym¬ 
metry conditions are employed, namely, dp/dy = dT/dy = du/dy = 0. In terms of 
our numerical calculations, these conditions are written as (referring to the no¬ 
menclature in Fig. 5.19) 

Pi m = Pi -1 ; ^j+ i = 7/- 11 11 j + i = u j- i 

Since the y-component of velocity v changes sign as the centerline is crossed, the 
symmetry boundary condition on v is 

'h-n = -Vj-i 
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1 


FIGURE 5.19 

Grid points above and below a centerline. 
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These symmetry conditions are sufficient to form the forward and rearward dif¬ 
ferences at grid points along the centerline, thus allowing the use of the usual 
internal flow algorithm to calculate properties along the centerline, i.e., to allow 
the calculation of pj, 7}, Uj, etc. 

A final aspect of the time-marching approach is the value of At which 
appears in Eqs. (5.22) and (5.24). The finite-difference technique discussed in this 
section is an explicit method, and therefore At is subject to a stability criterion. 
(Sec Ref. 52 for an in-depth discussion of both explicit and implicit finite-differ¬ 
ence methods, and the governing stability considerations; an introductory dis¬ 
cussion of such matters is given in Chaps. 11 and 12 of Ref. 4.) In the present 
method. At cannot exceed a certain value in order to maintain a numerically 
stable solution. The stability criterion on At is 

At < min (Ac, At y ) (5.31) 

where 


At., 

A.x 

u + a 

(5.32) 

At,. 

Ay 

a + a 

(5.33) 


liquations (5.31) (5.33) constitute a version of the Courant-Friedrichs-Lcwy (or 
CI-'L) criterion which governs the stability of explicit methods dealing with hy¬ 
perbolic equations (Ref. 65). On a physical basis, At A is the time it takes a sound 
waive to (ravel between two adjacent grid points in the ,v direction, and At,, is the 
similar lime in the y direction. Equation (5.31) states that the allowable time 
step in the explicit method is less than, or at best equal to, the minimum of these 
two times. The CE'L criterion was first derived on the basis of linear partial 
differential equations; therefore, for the nonlinear Euler equations, Eqs. 
(5.31) (5.33) arc to be interpreted as a guideline only, and not as a precise con¬ 
dition. Hence, in practice, At is chosen such that 

At = K[min (At x , At y )] (5.34) 

where K is less than unity, typically on the order of 0.5 to 0.8. A particular value 
of K suited to a particular application is usually determined by trial and error. 

Let us examine some typical results for hypersonic blunt-body flows ob¬ 
tained by means of the time-marching procedure. Such results are given in Figs. 
5.20 5.24 for the flow over a parabolic cylinder at zero angle of attack from Ref. 
4 (with the exception of Fig. 5.23, which is for an axisymmetric paraboloid). In 
particular, Figs. 5.20 and 5.21 illustrate the time-marching mechanism. In Fig. 
5.20, the unsteady bow shock-wave motion is shown for the case where ,Vf,, = 
4.0; the fixed, parabolic cylinder is shown at the right, and four different shock 
shapes and locations arc shown, corresponding with four different times during 
the calculation. The shock labeled OAr is the assumed shock-wave shape and 
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FIGURE 5.20 

Time-marching shock-wave motion, parabolic cylinder. M, - 4. 


location at lime t = 0 (part of the assumed initial conditions). The shock labeled 
!00Af is the shock shape and location after executing the above time-marching 
technique for 100 time steps. The shock waves for 200, 300, and 5000Af arc also 
shown. Note that, at early limes, the shock wave moves rapidly, but after 300 
time steps, the wave motion has decreased considerably, and the shock is essen¬ 
tially steady: the shock waves for 300, 400, and 500 time steps are virtually the 
same, as shown in Fig. 5.20. The result shown at 500A t is essentially the final, 
steady state shock wave shape and location —i.c., the desired result. The lime- 
marching behavior is further illustrated in Fig. 5.21, which gives the time varia¬ 
tion of the pressure at the stagnation point. Note that the pressure changes very 
rapidly at early limes during the time-marching procedure, but at large times it 
asymptotically approaches the steady state value. Again, emphasis is made that 



FIGURE 5.21 

Time-variation of stagnation point pressure, parabolic cylinder. M rJi = 4. 
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K1GURK 5.22 

Surface pressure distribuI ion, parabolic cylinder. 


we desire a solution to the steady state flowfield, and the time-marching proce¬ 
dure is simply a means to that end. (In carrying out such time-marching sol¬ 
utions, my students frequently generate large amounts of computer printout for 
a given case; I sometimes jokingly tell them to tear off the last sheet, keep it, 
and throw out the rest, because the last sheet contains the solution to the prob¬ 
lem.) Some steady state results are shown in Figs. 5.22 to 5.24. In Fig. 5.22, the 
steady state surface pressure distributions are shown for M a = 4 and = 8. 
The “exact" time-marching finite-difference results arc shown as the solid 
curves; also, for the sake of comparison, the symbols give the modified 
newlonian prediction [from Eq. (3.14)]. Note that, as already discussed in Chap. 
3, the newtonian results are not very accurate for a blunt, two-dimensional 
body; we see in Fig. 5.22 that newtonian results underpredict the exact numeri¬ 
cal results downstream of the immediate nose region. This is not the case for an 
axisymmetric body, as shown in Fig. 5.23. Here, the surface pressure distribution 
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K1GURK 5.23 

Surface pressure distribution, paraboloid. = 4, 
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FIGURK 5.24 

Shock shapes and sonic lines, parabolic cylinder. 


is given for an axisymmetric paraboloid (with the same meridional shape as the 
parabolic cylinder shown in Fig. 5.20). The solid curve gives the exact numerical 
results, and the open squares arc from modified newtonian. Here, agreement 
between the exact results and newtonian is quite good, again emphasizing that 
newtonian theory appears to be more applicable to three-dimensional rather 
than two-dimensional bodies. Figure 5.23 is similar to Fig. 3.8, used in Chap. 3 
to demonstrate the viability of newtonian theory. However, in Fig. 5.23, some 
additional data is shown, namely the results of Lomax and Inouye (Ref. 66), 
which were obtained from a numerical, steady-flow inverse blunt-body solution. 
These data arc shown here to emphasize a particular advantage of the time¬ 
marching method. To see this, recall that for y = 1.4 sonic flow on the surface 
occurs when />,'/>„ = 0.528; examining Fig. 5.23, wc note that the inverse blunl- 
body solution is discontinued in the vicinity of the sonic point—a problem en¬ 
countered by all stcadv-flow blunt-body techniques prior to 1966. In contrast, 
the time-marching procedure gives results far downstream of the body sonic 
point —indeed, as far as one wants to go downstream. As a final example of the 
present technique. Fig. 5.24 shows the steady state shock shapes and sonic lines 
for a parabolic cylinder at Mach 4 and 8, obtained by means of the time-march¬ 
ing procedure. Note that, as M :r , increases, the shock wave moves closer to the 
body and the sonic points on both the shock and the body move closer to the 
centerline—all standard physical behavior for blunt-body flows. Furthermore, 
observe that, as M t increases, the sonic point on the shock moves down faster 
than the sonic point on the body, and thus the sonic line actually rotates in a 
counterclockwise fashion as the Mach number increases. 

Some interesting details on the physical aspects of the sonic line behavior 
are given by Hayes and Probstein (Refs. 46 and 60), and are summarized in 
Fig. 5.25, taken from those references. In Fig. 5.25, qualitative results are 
sketched for two cases, namely the flow over a two-dimensional circular cyl¬ 
inder, and the flow over an axisymmetric sphere; although the shapes are the 
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same, (he behavior of (he sonic lines are not. For example, in Fig. 5.25a, the 
sonic line is shown for both the cylinder and the sphere at low supersonic Mach 
number. The sonic point on the shock is much higher than on the body, and the 
angle made by the sonic line at the body (co b in Fig. 5.25) is acute. For the 
cylinder, as the Mach number increases, the sonic points on both the shock and 
the body move closer to the centerline, and the sonic line becomes more curved, 
as shown in Fig. 5.25/). The sketch shown in Fig. 5.25 b pertains to a Mach 
number of approximately 2, and greater. For the cylinder, the angle <v,, always 
remains acute, no matter how high the Mach number. (Note that the sonic lines 
at the body in Fig. 5.24 for a two-dimensional parabolic cylinder are consistent 
with this fact.) Figure 5.25 h also pertains to the case of a sphere, but only for the 
limited Mach number range approximately between 2 and 3. At higher Mach 
numbers, as shown in Fig. 5.25c for the sphere, <o h becomes obtuse. Note that 
Fig. 5.25 also illustrates the limiting characteristics, and how they change with 
Mach number. By definition, the limiting characteristic is the locus of points 
each of which has only one point of the sonic line in its zone of action. For 
example, in Fig. 5.25, the How is locally supersonic at each point downstream of 
the sonic line. However, in Fig. 5.25 a, imagine a left-running characteristic line 
(Mach wave) initiated at some point on the body that lies between the sonic line 
and the limiting characteristic. This left-running characteristic will propagate up¬ 
ward and to the left, and will intersect that sonic line somewhere between the 
body and the shock. When we move downstream to the limiting characteristic 
itself, the left-running characteristic will only intersect the sonic line at the shock 
point; only when wc move downstream of the limiting characteristic will the left- 
running characteristics no longer intersect the sonic line. The physical implica¬ 
tion of this is that, although the flow region between the sonic line and the 


(«) (5) A) 



Two-dimensional flow 


FIGURK 5.25 

General sonic line and limiting characteristic behavior as Mach number increases. (From Refs. 46 
and 60.) 
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limiting characteristic is totally supersonic, disturbances produced in this region 
will propagate to the sonic line, and can allcct the entire subsonic portion of the 
flow. Similar arguments hold for the eases shown in Figs. 5.25 b and c. This is 
why, in Sec. 5.2, repeated warnings were given that the initial data line for a 
method of characteristics solution over a blunt-nosed body must be taken 
downstream of the limiting characteristic, not just downstream of the sonic line. 
An extended, but introductory discussion of limiting characteristics can be found 
in Chap. 12 of Ref. 4. 

Another interesting physical aspect of hypersonic blunt-body flows is the 
location of the stagnation point, and the point of maximum entropy. For a 
symmetric body at zero angle of attack, the stagnation streamline and the stag¬ 
nation point tire along the centerline, as sketched in Fig. 5.26 a. This streamline 
crosses the bow shock at precisely the point where ft = n/2, that is, it crosses a 
normal shock, and hence the entropy of the stagnation streamline in the shock 
layer is the maximum value. In contrast, consider the asymmetric cases shown in 
Figs. 5.26 h and r; an asymmetric flow can be produced by a nonsymmclric 
body, an angle of attack, or both. In these cases, the shape and location of the 




FIGURM 5.26 

Stagnation anti maximum entropy streamlines. 
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stagnation streamline, and hence of the stagnation point, are not known in ad¬ 
vance; they must be obtained as part of the solution. Moreover, the stagnation 
streamline docs not pass through the normal portion of the shock wave, and 
hence it is not the maximum entropy streamline. The relative locations of the 
stagnation streamline and the maximum entropy streamline for two nose-shapes 
is shown in Figs. 5.266 and c. Note that the stagnation streamline is always 
attracted to that portion of the body with maximum curvature, whereas the 
maximum entropy streamline will turn in the direction of decreasing body cur¬ 
vature. More details on this matter can be found in Ref. 60. 

A further interesting point concerning entropy, and one with particular 
consequence to the lime-marching procedure, is as follows. Consider the entropy 
equation, Eq. (4.5), repeated below 

Os Os Os Os 

- + u - + v — + vv — = 0 (4.5) 

Ot Ox Oy vz 

When applied at a stagnation point, where u — v = w = 0, Eq. (4.5) yields 

Os 

„ =0 (5.35) 

ot 

i.e., at a stagnation point in an unsteady, inviscid flow, the entropy remains 
constant, independent of lime. Return to Fig. 5.16a, which shows the physical 
plane for a symmetric blunt body at zero angle of attack. Consider the stagna¬ 
tion point, which occurs on the centerline. Equation (5.35) dictates that, at the 
stagnation point, the initial conditions at time t = 0 for a time-marching solu¬ 
tion cannot be chosen arbitrarily. Indeed, the proper steady state value of en¬ 
tropy must be used, since it will remain constant at the stagnation point 
throughout the lime-marching procedure. However, this is no problem for the 
symmetric case; wc know in advance that the steady-state conditions at the 
stagnation point arc identical to the stagnation conditions behind a normal 
shock wave, which arc easily calculated from the normal shock relations. There¬ 
fore, the proper initial conditions at time ( = 0 at the stagnation point on the 
blunt body in Fig. 5.16« arc simply the stagnation conditions behind a normal 
shock wave. This is demonstrated in Fig. 5.21, where the initial value of p 0 at 
time t = 0 was indeed chosen as the proper steady state value. After going 
through the massive variations shown in Fig. 5.21, p 0 finally approaches, in the 
limit of large times, the value it started with at t = 0. For the asymmetric case, 
where the location of the stagnation point is not known in advance, chances arc 
that none of the chosen grid points will correspond to the stagnation point, and 
thus the problem is not encountered. 

The example chosen in this section to describe and illustrate the time¬ 
marching solution of hypersonic blunt-body How was a two-dimensional body 
at zero angle of attack. This was done for simplicity, as well as to underscore the 
basic ideas and philosophy of the method without cluttering our discussion with 
tedious details. The extension to three-dimensional flows is straightforward, 
although the amount of detail and tedious computation increases by almost an 
order of magnitude. Among the first extension of the time-marching idea to 
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FIGURE 5.27 

Coordinate s\stem for space-shuttle calculations. (From Ref. 68.) 



FIGURE 5.28 

Calculated 3-dimensional shock-wave shape on a shuttle-like configuration. (From Weilmuenster, 
Ref. 68.) 
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blunt bodies at angle of attack was the work of Moretti and Bleich (Ref. 67). 
Perhaps the best modern example of a three-dimensional, inviscid, blunt-body 
calculation is the work of Wcilmuenstcr (Ref. 68), who solved the flowfield over 
a space-shullle-like vehicle at large angle of attack. Wcilmuenster utilized the 
explicit MacCormack predictor-corrector scheme, just as we have described 
here, except extended to three-dimensional flow. The governing three-dimen¬ 
sional Huler equations [Bqs. (4.1) (4.5)] were solved in a time-marching fashion, 
just as outlined earlier in this section. The three-dimensional shock wave was 
treated as a discontinuity, and moved in space during the time-marching pro¬ 
cedure. In the physical space, a spherical coordinate system was used in the 
blunt-nose region of the body, matched to a cylindrical coordinate system for 
the remainder of the flowfield. The physical grid is presented in Fig. 5.27, w'hich 
shows both the symmetry plane and the cross-flow plane. This physical plane 
was transformed to a three-dimensional rectangular box, analagous to the trans¬ 
formation shown in Fig. 5.16, for the finite-difference calculations, along with the 
appropriate transformed equations. A total of 84,825 grid points were used in 
the calculation, which was carried out on a CDC Cyber 203 supercomputer. As 
a sample of the results, Fig. 5.28 illustrates the final, steady state shock wave 
at M, = 16.25 til an angle of attack of 39.8°. Figure 5.29 gives the centerline 



FIGURli 5.29 

Calculated pressure distribution on (he space-shultle windward centerline; — 16.25, a = 39.8°; 
comparison with flight data. (From Ref. 68.) 
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pressure distribution over the bottom surface for the same flight conditions. In 
Fig. 5.29, the solid and dashed lines are calculations for 7 = 1.4 and 1.2 respec¬ 
tively: the symbols are flight test data from the space shuttle itself. Iixccllcnt 
agreement is obtained. (Note that the pressure distribution is relatively insensi¬ 
tive to changes in 7 .) These results arc presented here as the epitome of time¬ 
marching solutions to inviscid, hypersonic blunt body flows, and they represent 
the current state of the art at the time of writing this book. 

On this note, wc conclude our discussion of “exact" solutions to hyper¬ 
sonic blunt body flows. The time-marching solutions discussed here represent a 
substantial milestone in the progress of aerodynamic theory, not only for hyper- 
sonics. but for the whole spectrum of aerodynamics. 


5.4 CORRELATIONS FOR HYPERSONIC 
SHOCK-WAVE SHAPES 


As a corollary to our discussion on exact solutions of the hypersonic blunt-body 
problem in Sec. 5.3, in the present section we provide some simple engineering 
correlations for blunt-body shock-wave shapes. Such correlations arc quite use¬ 
ful for rapid engineering analysis of blunt-body aerodynamic properties. Here, 
we present the results of Billig (Ref. 69), which are based on experimental data. 
The correlations hold for sphere-cone and circular cylinder-wedge bodies, and 
assume a hyperbolic shock shape given by the equation: 


x = R + 5 — R c cot- fi\ 


, v 2 tan 2 /A 1,2 

l+ '~W j 


(5.36) 


The nomenclature in F.q. (5.36) is illustrated in Fig. 5.30; R is the radius of the 
nose, R l is the radius of curvature of the shock wave at the vertex of the hyper¬ 
bola, S is the shock detachment distance, x and y are cartesian coordinates, and 
/? is the angle of the shock wave in the limit of an infinite distance away from 
the nose. If the body downstream of the blunt nose is a cone of angle 0 C , then /( 
is the wave angle for an attached shock wave on a sharp cone of angle 0 C . 
Similarly, if the body downstream of the nose is a wedge of angle 0, then /( is the 
wave angle for an attached shock wave on a sharp wedge of angle 9. If, in the 
axisymmetric case, the downstream body is a cylinder (aligned with the flow) or 
if, in the two-dimensional case, the downstream body is a fiat slab (where in 
both cases the downstream body surface is parallel to the free stream), then /( is 
a Mach wave. In F.q. (5.36), the values of 5 and R e are correlated from experi¬ 
mental data as: 


_ |0.I43 exp [3.24/M 2 ,]: 

sphere-cone 

(5.37) 

(0.386 exp [4.67/My,]: 

cylinder-wedge 

1.143 exp [0.54/(M„ - l) 1 - 2 ]: 

: sphere-cone 

(5.38) 

1.386 exp [1.8/(M„ - l ) 0 75 ] 

: cylinder-wedge 


In Eqs. (5.37) and (5.38), is the frec-stream Mach number. 
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FIGURE 5.30 

Nomenclature for shock-wave shape correlations. 


In Ref. 70, Billig’s correlations are compared with numerical results ob- 
.ained by means of the exact, time-marching method described in Sec. 5.3. The 
comparison is shown in Figs. 5.31 and 5.32, obtained from Ref. 70. (The details 
of the numerical calculations are given in Ref. 71.) Figure 5.31 gives steady stale 
>hock-wave shapes at Mach 4 and 8 for a sphere cone. The solid lines are the 
exact time-marching results, and the open symbols are from Billig’s correlation; 
excellent agreement is obtained. Figure 5.32 gives the shock-wave shape for a 
eylinder-wedge at Mach 8; the solid curves are shock shapes obtained at various 
time steps by means of the time-marching method, with the steady state shock 
wave identified by 300 500Ar. Billig’s correlation is given by the open circles; 
again, excellent agreement is obtained for the steady-state shock shape. From 
the comparisons shown in Figs. 5.31 and 5.32, we conclude that the shock corre¬ 
lations given by Eqs. (5.36)-(5.38) arc quite accurate. 

As a parenthetical comment, Eqs. (5.36)—(5.38) are very useful for con¬ 
structing initial conditions for a time-marching numerical blunt-body solution. 
Suggestions for constructing the initial conditions are as follows: 

1. Assume a shock-wave shape and location as given by Eqs. (5.36)-(5.38), and 
assume that the wave velocity W= 0 at all grid points is initially zero. 

2. The initial How conditions at the shock grid points (sec Fig. 5.16) arc then 
obtained from the exact oblique shock equations. 
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FIGURE 5.31 

Sleiiti\ state shock-wave shapes lor u sphere-cone. 


3. Assume a newtonian pressure distribution along the body. 

4. Interpolate between the body and the shock wave to obtain pressures at the 
interna! grid points. 

5. Assume a linear velocity variation along the body surface, starting with zero 
at the stagnation point, and assigning a sharp cone value, wedge value, or 
frec-stream value (whichever makes the most sense for the given body) at the 
last downstream body point. 

6. Interpolate between the body and the shock wave to obtain velocities at the 
internal grid points. 

7. Obtain the temperature at each point from the adiabatic relation 

V 2 V 2 

C r T+--=C,T a . (5.39) 

where 7] and V, arc known free-stream values. [Note that Eq. (5.39), which 
states th;it the total enthalpy is constant throughout the flowfield, is only 
valid for a steady flow. It cannot be used as part of the unsteady, time-march¬ 
ing procedure. However, here we are discussing the construction of initial 
conditions, which are somewhat arbitrary in the first place.] 

8. Obtain the density at each grid point from the equation of state, p = pRT. 

Although in theory the initial conditions can be purely arbitrary, in practice it is 
helpful that they be somewhat near the proper steady state solution, because in 
such a case: (1) the number of time steps required to obtain the steady state is 
less, hence reducing the required computer time, and (2) the stability behavior of 
the numerical solution will be enhanced. 
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FIGURE 532 

Transient and steady slate shock-wave shapes for a cylinder-wedge. (From Ref. 70.) 


5.5 MODERN COMPUTATIONAL HYPERSONICS: 
ADDITIONAL SOLUTIONS OF THE EULER EQUATIONS 

In the present chapter, we arc dealing with exact solutions of hypersonic inviscid 
Hows. Although not intentional, the presentation in this chapter has been chro¬ 
nological, starting with the classical method of characteristics (dating from 1928 
in terms of its application to supersonic flow), and then discussing the time- 
marching technique, applied with much success to the hypersonic blunt-body 
problem in 1966. In the present section, we continue this chronological develop¬ 
ment by presenting a space-marching finite-difference procedure for the solution 
of steady hypersonic flows—a procedure that has been widely applied since the 
early 1970s. This space-marching finite-difference method applies only to flow- 
fields which are totally supersonic or hypersonic (for example, it cannot be used 
for the mixed subsonic-supersonic flow in the blunt-nose region); in this fashion, 
it is analogous to the method of characteristics. But the analogy ends there, 
because the finite-difference method is usually easier to set up and apply than 
the characteristics method (this is especially true for three-dimensional flows), 
and is just as accurate. For this reason, downstream-marching finite-difference 
solutions today have all but supplanted the method of characteristics for solu¬ 
tions of purely supersonic and hypersonic inviscid fiowfields. However, please 
keep in mind that all the approaches discussed in this chapter arc used today, to 
some degree or more, for the solution of hypersonic inviscid flows, and therefore 
represent the modern world of hypersonics. 
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To introduce the general idea of the downstream-marching procedure, con¬ 
sider the two-dimensional or axisymmetric steady flow over a sharp-nosed body, 
as sketched in Fig. 5.33a. The general governing Euler equations are given by 
Eqs. (4. l)-(4.5). Writing these equations in a form suitable for two-dimensional 
or axisymmetric steady flow, we have: 


Continuity 

x momentum 

y momentum 


<Xpit) S(pv) jpv 

dx dy y 


du 

du 

dp 

dx 

+ Pt’ - = 

dx 

dv 

dv 

dp 

dx 

+ pv — = 
oy 

dy 


(5.40) 

(5.41) 

(5.42) 




FIGURE 5.33 

Physical and computational planes. 
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vhere j ~ 0 or 1 for two-dimensional or axisymmetric flow, respectively. Since 
he llowlield is steady and adiabatic, the total enthalpy is constant; therefore, the 
wrtial differential energy equation [in the form of Eq. (4.5) or (4.6)] can be 
eplaccd by the algebraic relation 

v 2 Vi 

h + 2 ~ ^ = ^ ,0 5.43) 


/here h a is the known total enthalpy. For a calorically perfect gas, 

y RT y f pP 

h = CT= - 

' >’ - 1 y - l \p. 

lence. Fq. (5.43) can be written as 

v (r\ , <‘ 2 + 1,2 , 

r-.U + ^ = *° 


(5.44) 


iquations (5.40) (5.42) and (5.44) constitute four equations with four unknowns, 
amcly p, p, u, and r. Let us write these equations in a slightly different form as 
illows. Multiplying Eq. (5.40) by u, and adding the result to Eq. (5.41), wc have 


v{pu) Pu P(pv) du jpuv 

u „- V pu-- + u -- +pv--- + - — 

ox P.x Py Py y 


dp 

Px 


>r 


P{pu 2 ) P(puv) jpuv Op 

Py + Py + y Px 


>r 


, •>, t ^(puv) , jpuv 

(p + pu ) + + = 0 

Px Py y 


(5.45) 


iimilarly, multiplying Eq. (5.40) by r, and adding the result to Eq. (5.42), we 
ibtain 


P(piw) 

Px 


0 , , ipir 

(p + /«’■) + - 

ay y 


= 0 


(5.46) 


ixamine Eqs. (5.40), (5.45) and (5.46) closely; they can be written in the general 
arm 


PE PE 

i + i , + 1 

Px 17 


rhere E, /•', and II are the column vectors 


E = ip + pic f 
l puv j 



(5.47) 
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Equation (5.47) with the quantities for E, F, and H as given above, is a form of 
the Euler equation called the “strong-conservation form.” Various classifications 
of the governing equations have grown out of the computational fluid dynamics 
literature in recent years. Depending on the manner in which the equations are 
written, they can be classified as nonconservation form, weak-conservation form, 
or strong conservation form. The distinction between these forms is described in 
Ref. 52. and is discussed in detail in Ref. 72. Since the emphasis in the present 
chapter is hypersonic aerodynamics and not the details of computational fluid 
dynamics, no further elaboration will be given here. Let us simply state that for 
the application discussed here, involving the hypersonic flow over a body with a 
distinct shock wave treated as a discontinuity, the particular form of the Euler 
equations used is not important. We have just chosen to express the governing 
equations in strong conservation form [Eq. 5.47)] to illustrate that such a form 
is used in some analyses. For the purposes of this section, we could just as well 
use the form of the equations expressed by Eqs. (5.40)-(5.42), where Eq. (5.40) is 
in conservation form, but Eqs. (5.41) and (5.42) are in nonconservation form. 
There are instances, however, where the form of the equations used for a partic¬ 
ular computation is important; this will be discussed at the end of the present 
section. 

Continuing with the Euler equations in the form of Eq. (5.47), we wish to 
calculate the hypersonic flow between the body and the shock wave, as sketched 
in Fig. 5.33(7, where the shape and location of the shock wave are also obtained 
as part of the solution. Since the grid in Fig. 5.33 is curvilinear, a transformation 
to a rectangular grid in the computational plane is necessary. This can be 
accomplished by the following transformation; 

£ = x (5.48«) 

y — ft 

V = y — (5.48ft) 

where ft is the local shock-layer thickness ft = s — ft, s is the local ordinate of the 
shock s = s(x). ft is the local ordinate of the body ft = ft(.x). Equations (5.48o) 
and (5.48ft) transform the curvilinear grid in the physical plane (Fig. 5.33«) to 
the rectangular grid in the computational plane (Fig. 5.33ft). Here, >j = 0 is the 
body, and i] = 1 is the shock wave. The derivative transformation can be ob¬ 
tained from the chain rule of differentiation as follows: 
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where, from Eqs. (5.48a) and (5.48b) 


<K 


Gx 


1 


Gv 


■■ 0 


<3( - clb/clx) + (>’ 
fr 


b) d5/dx 


dS 
dx ' 


db 

dx 


fii 1 

Gy 5 


Substituting the above results into Eqs. (5.49a) and (5.49b), we have the follow¬ 
ing derivative transformation: 


f f If d5 c/b\ / 0 

dx Gf S y dx dxJ ( ft] 


(5.50 a) 


f _ 1 / f ' 
Gy b\G:>i 


(5.50 b) 


Using Eqs. (5.50a) and (5.50b), the transformed version of Eq. (5.47) is 


GE 1 / dS 
Gc + S (/' dx 


dh\ GE 1 GF 

I ) 0 + L + 11 — 0 

dx J Gi] o Gif 


Writing the above equation with the f derivative on the left, and the ;/ deriva¬ 
tives on the right, we have 


GE If dS db\ GE 1 GF 

Gf (3 y dx dx J Gr] 5 G >; 


(5.51) 


Equation (5.51) is reminiscent of Eqs. (5.18)—(5.21) used for the time- 
marching solution of the blunt-body problem; in Eqs. (5.18)—(5.21) the time de¬ 
rivatives tire on the left sides of the equations, and all the spatial derivatives are 
on the right sides. However, in the case of Eq. (5.51), the c derivative is on the 
left, and the i; derivatives are on the right. This suggests a marching procedure 
in steps of c, that is, a spatial marching procedure in the downstream direction. 
Indeed, MacCormack’s predictor-corrector method, used for the time-marching 
solutions in Sec. 5.3. can also be used here for the spatial marching. Such a 
downstream-marching approach is mathematically valid, because, for a super¬ 
sonic or hypersonic inviscid flow, Eq. (5.47) and, hence, the transformed version 
Eq. (5.51), is a hyperbolic partial differential equation. Hence, starting with an 
initial data line at some f station, the downstream marching procedure is math¬ 
ematically well posed. 
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In light of the above, the following is an outline of the application of Mac- 
Cormack's method to the solution of the flowfield at the internal grid points as 
shown in Fig. 5.33: 

1. Begin with an initial data line at some value of c, say Cj. For a pointed body, 
the properties along this initial data line can be obtained from exact wedge 
How (for a two-dimensional body) or from exact cone How (for an axisym- 
metric body). For a blunt-nosed body, the initial data line is obtained from a 
blunt-body solution, such as described in Sec. 5.3. The above comments 
about the generation of data for an initial data line are exactly the same as 
made in conjunction with the method of characteristics, which also required 
an initial data line (recall Sec. 5.2). In short, referring to Fig. 5.33ft, all proper¬ 
ties are considered known along the initial data line, £ = 

2. Knowing properties along £ = £, (or any other line of constant q), the flow 
properties at the next downstream location £ + A£, can be found from 

where E ;+1 is the column vector of properties, pa, p + pir, and puv at grid 
point (i + l,j). and the value of (cE/d ij) 3VC is obtained from MacCormack’s 
predictor-corrector method, as described below. In other words, the notation 
in Eq. (5.52) represents three individual equations, one each for the flow 
quantities, pit. p + pir, and pur. Note here that the unknowns are not 
directly p. p, u. and r (called the “primitive variables”), but rather the “flux” 
quantities pit. p + pu 2 , and pup. The process described here will produce 
numerical values for pu, p + pir, and puv at the given grid point; in turn, the 
primitive variables (p, p, u, and v) at the grid point can be extracted from 
these numbers and from Eq. (5.44) by simultaneous solution of the algebraic 
equations 


pu = Cl 
p + pu 2 = c 2 
puv = c 3 


y P 
y - 1 \p 


— = h 


and c 3 are the known values from the computation at the grid 
o is the known total enthalpy. 


where c,, c 2 
point, and ft 

3. The first step in obtaining (dE/0c) avc which appears in Eq. (5.52) is the pre¬ 
dictor step of MacCormack. Therefore, calculate a predicted value of E at 
grid point (i + l,y) denoted by E l+1J 


E,e 


, = E, 


from 
SdE 


(5.53) 
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where j is the known value at the given g, and £ j+ , . is the predicted value 
at 5 + Ac. In Eq. (5.53), (dE/dt;)ij comes from Eq. (5.51), where the right- 
hand side contains only known values at 5, and where the derivatives are 
obtained from forward differences, i.e.. 


= , - 


<15 

dx 


db 

dx 


A// 


F: 


At] 


(5.54) 


Knowing E :l , ; from Eq. (5.53), predicted values of the primitive flow vari¬ 
ables, ft , p, ft, and v can be obtained (as described in step 2), which in turn 
yields predicted values for F and H, namely F /+li and H i+1 y 

1. On the corrector step, insert the predicted quantities into Eq. (5.51), using 
rearward differences 


PE\ 1 / <15 db ' 

+ U,+ '’’ 5 i+IJ y dx dxj i + ,j 


^t+ui 

At] 


i a 


j t+ u 




At, 


(5.55) 


5. Obtain the average derivative which appears in Eq. (5.52) by 



obtained from obtained from 
Eq. (5.54) Eq. (5.55) 


(5.56) 


6. Calculate the final, corrected value of F [+l j from Eq. (5.52), repeated'below. 


■ E:,+ 


(5.52) 


Evaluation of Eq. (5.52) via steps 3-6 at each of the i + I grid points for the 
jth column results in the complete determination of the internal part of the 
flowfield at 2; + Ac,. The entire procedure (steps 2-6) is then repeated in order 
to progressively march downstream from the initial data line. 

The boundary condition at the shock wave is handled in an analogous 
fashion as described in Sec. 5.3, except now the flow is steady, i.e., there is no 
moving shock wave. In this respect, the application of the shock boundary con¬ 
dition is simpler. For the present downstream-marching procedure, the How 
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properties at the shock grid points (the upper boundary in Fig. 5.33 b) as well as 

the shock wave angle can be obtained as follows: 

1. Consider the shock grid points labeled 1 and 2 in Fig. 5.34. We wish to 
calculate the flow properties and wave angle p at point 2. The flow conditions 
and wave angle at point 1 have already been obtained from the previous 
downstream-marching step. Initially calculate the flow properties at point 2 
using the internal flow algorithm as outlined in the previous steps 2-6, except 
using one-sided differences, i.e., use rearward differences in both Eqs. (5.54) 
and (5.55). 

2. Among the flow properties obtained in the previous step is the pressure at 
point 2, /) ; . This pressure, along with the free-stream pressure and Mach 
number, provide two known quantities about the shock at point 2, namely 
P 2 ,'Pj and ARecall that the strength of an oblique shock wave (for a 
calorically perfect gas) is uniquely defined by two quantities, such as the two 
above. Hence, the oblique shock wave, including the wave angle /J 2 , is now 
determined at point 2. 

3. Although all the flow properties at point 2 were originally calculated from the 
internal flow algorithm as stated in step 1, our main interest was in the pres¬ 
sure in order to establish the strength of the shock wave, as described in step 
2. Now reset the values of p 2 , 7), u,, and V 2 at point 2 to be equal to the 
proper values behind the calculated oblique shock wave, as determined by the 
exact oblique shock relations. This now finalizes the flowfield properties at 
the shock grid point. 

4. Construct the shock-wave shape and location at point 2 by drawing a 
straight line from point 1 with the angle \(§j + /i 2 ). 



FIGURE 534 

Shock boundary for Lhc downstream-marching procedure. 
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The boundary condition on the body is also handled in an analogous fash¬ 
ion as treated in Sec. 5.3, except now, because the flow is steady, an ordinary 
steady Prandtl-Meyer expansion or compression is used at the surface. For (lie 
present downstream-marching procedure, the flow properties at the body grid 
points (the lower boundary in Fig. 5.33 b) can be obtained as follows: 

1. Consider the body grid points labeled 1 and 2 in Fig. 5.35. All properties at 
point 1 are known from the previous calculation, and in the downstream¬ 
marching sequence we wish to calculate the properties at point 2. Initially 
calculate these properties using the internal flow algorithm at point 2, except 
using one-sided dilTerences, i.e., use forward differences in both Eqs. (5.54) 
and (5.55). 

2. The values of n and v at point 2 obtained from the above step will, in general, 
result in a velocity which is not tangent to the surface. This velocity is de¬ 
noted by V l)ld , shown in Fig. 5.35 making an angle 0 with the tangent to the 
surface at point 2. In order to satisfy the flow tangency condition, this ve¬ 
locity vector must be “rotated” through the angle 0, such that the resulting 
velocity, denoted by K„ c „, in Fig. 5.35, is tangent to the surface. This “rota¬ 
tion” is accomplished by a Prandtl-Meyer expansion through the angle 0. 
The flowlield values at point 2 obtained from step 1 above arc denoted as 
“old" values, p l)ld . u old , r, )ld , etc. These are assumed to represent the 
flowfield upstream of the local Prandtl-Meyer expansion. After expansion 
through the angle 0, the flowfield calculated downstream of the Prandtl- 
Meyer expansion (using the Prandtl-Meyer function and the iscntropic flow 
relations-- see, for example, Refs. 4 and 5) are denoted as p nclv , p„„ v . 
u ncw , etc. These “new” values are now assigned as the final flowfield values at 
point 2, satisfying the flow tangency condition. The treatment of the wall 
boundary condition described here was first suggested by Abbott (Ref. 64), 
and therefore is frequently called “Abbett’s method” (see also Chap. 11 of 
Ref. 4). 



FIClJIiK 5.35 

Body boundary for Lhe downstream-marching procedure. 
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FIGURK 5.36 

Shock-cave anti Imile-differcnce a: id for a ilownsireani-marching solulion. (Courtesy of Stephen 
Cordct , 1'mier.ityof Maryland.) 

Since the downstream marching technique described here is an explicit, 
finite-difference method, it must satisfy the Courant-Friedrichs-Lewy stability 
criterion applied to steady How. This criterion is applied in the physical plane 
shown in Fig. 5.33<i. In essence, it states the following. Consider grid points (/, /), 
( i.j + 1), and (/, / — 1), located at a given x station. The next neighboring point 
downstream is point (/ -t- l.j) as shown in Fig. 5.33c;. The spacing between 
points, (i. j) and (i + l.j) is denoted by Ax. The CFL criterion states that Ax 
must be small enough such that point (t + l.j) falls upstream of the left-running 
characteristic (left-running Mach line) through point (i.j — 1), and upstream of 
the right-running characteristic through point (i. j + 1). On a quantitative basis, 
this criterion is given by 

. Ay 

Ax <-- 

| tan (0 ± ft)L„ 

where 0 and /( are the streamline direction and Mach angle respectively at either 
point (i.j — 1) or (i,j + 1). See Ref. 4 for more details. 

This completes our description of the downstream-marching finite-differ¬ 
ence method. Some results of this method, applied to an axisymmetric three- 
quarters power-law body, are shown in Figs. 5.36 and 5.37. In Fig. 5.36, the 
given body shape, the calculated shock-wave shape, and the grid in the physical 
plane are shown for a case at Mach 5. Pressure coefficient distributions as a 
function of the downstream distance x are shown in Fig. 5.37 for M Xi = 5, 10, 
and 15. Note that little difference exists between these results —another demon¬ 
stration of the Mach number independence principle. 

The above description and results are for a two-dimensional or axisymmet¬ 
ric body. For such applications, the method of characteristics (Sec. 5.2) and the 
downstream-marching (mite-difference method (decribed in the present section) 
are competing techniques. The choice is up to the user as to which technique is 
employed. However, the choice most often made today is the finite-difference 
approach, due primarily to its relative simplicity. This is particularly true in the 



!02 INVISC’ID HYPERSONIC FLOW 


Three-quarters power-law body (r/L = 0.2) 



Axial distance, x/L 


ICUKF 5.37 

hessurc distributions obtained for the body shown in Fig. 5.36. (Calculations made by Stephen 
'on!a. Uniiersily <>l Maryland.) 


;ase of three-dimensional flow, where the method of characteristics becomes 
.■ery tedious, and where the finite-difference method is still, relatively speaking, 
itraightforward. 

One of the first three-dimensional, downstream-marching, inviscid hyper- 
,onic Mow calculations was carried out by Kutler et al. (Ref. 73). Here, the flow 
rver a space-shuttle-like vehicle is calculated at Mach 7.4. This work used the 
.-ylindrical coordinate system illustrated in Fig. 5.38, where r, tf>, and z are the 
isual cylindrical coordinates. The axis of the body is taken along the z axis, 
which is at an angle of attack a to the free-stream. The fiowfield in the, initial 
lata plane is obtained from an independent blunt-body calculation, which today 
s almost always a time-marching calculation such as described in Sec. 5.3. Start- 
,ng from the initial data plane, the finite-difference calculations are marched 
downstream in the z direction, using the same type of philosophy described 
earlier in the present section. Consult Ref. 73 for details. 

In Fig, 5.38, a transformed coordinate s is also displayed, which is defined 
in such a manner that s — 0 is the body surface and .s = 1 is the outer flow' 
boundary of the computation. Note that the outer flow boundary is taken out¬ 
side the shock wave (the outer flow boundary is in the free-stream) and hence 
the shock wave itself is handled differently than described earlier, (elaboration 
on this will be made in the next paragraph.) For the iinite-ditlerence calcula¬ 
tions, the physical space shown in Fig. 5.38 is transformed to a rectangular box, 
much in the same spirit as described earlier for the two-dimensional and axisym- 
metrie cases. 
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FIGURE 5.38 

Coordinate systems for a three-dimensional body. (From Kuller el nl.. Ref. 73.) 


In Ref. 73, the shock wave is calculated differently than described in Sec. 
5.3, or to this point in the present section. In these sections, the shock was 
treated as a discontinuity, and only the flowfield between the shock and body 
was calculated, using the oblique shock equations to determine properties 
behind the shock. 


Such a philosophy is called shock-fitting 

In contrast, in Fig. 5.38, the outer boundary of the coordinate system is outside 
the bow shock wave. Here, the shock comes naturally out of the finite-difference 
calculations, showing up as a rapid change of flow properties across several grid 
points. It is not treated explicitly as a discontinuity, and the oblique shock 
relations are not used. 

Such a philosophy is called shock-capturing. 

The relative merits of using a shock-fitting or a shock-capturing approach is a 
matter of continued discussion within the computational fluid dynamics com¬ 
munity, and is beyond the scope of the present book. For further information on 
these matters sec Refs. 4 and 72. 

Results from the calculations of Kutlcr et al. are shown in Figs. 5.39 -5.43. 
In Fig. 5.39, the shock locations arc shown in both the planform and side views. 
The solid lines are experimental results obtained from Ref. 74. The squares 
and circles pertain to the downstream-marching calculation; the squares are a 
second order accurate calculation using the MacCormack technique described 
earlier, and the circles are a related finite-difference formulation, but of third- 
order accuracy. (Again, see Ref. 73 for details.) Note the excellent accuracy 
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IK.'URi; 5.39 

Shock locations for shutllc-Iike configuration obtained from second- and third-order downstream¬ 
marching finite-difference techniques. M, — 7.4, a —0°. (From Ref. 73.) 


between calculation and experiment shown in Fig. 5.39. Also, on a physical 
basis, note that a shock wave is generated at the nose of the vehicle, and that 
this bow shock interacts with a second shock wave generated by the canopy, as 
seen in the side view. A slip surface is generated by the interaction of the bow 
and canopy shocks, and flows downstream. The computed and experimentally 
measured slip surfaces agree very well. Also, note from the planview that anoth¬ 
er shock wave is generated by the wing leading edge, and interacts with the bow 
shock wave. Observe that the calculations are not carried further downstream of 
the interaction of the bow and wing shocks. This is because a pocket of locally 
subsonic flow was encountered in the interaction region. In a steady flow, such a 
subsonic region is mathematically elliptic, and hence the downstream-marching 
solution (which applies to hyperbolic and parabolic regions only) becomes inval¬ 
id (it will usually “blow up” in the subsonic region). The only way to overcome 
this problem is to calculate such subsonic regions by a time-marching proce¬ 
dure, and resume the downstream-marching technique in the region where the 
How becomes supersonic again. In most modern downstream-marching com¬ 
puter solutions, a provision is made to switch to a time-marching solution for 
those local pockets of subsonic flow. (Such a provision was not available for the 
calculations of Ref. 73). To further illustrate the three-dimensional nature of 
these calculations. Fig. 5.40 shows the calculated development of the shock 
shapes and slip surface in the cross-flow plane at various axial locations along 
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FIGURE 5.40 

Cross-sectional shock-wave shapes at various streamwise stations of the shuttle-like configuration 
shown in Fig, 5.3 C > M , — 7.4, a = 0 . {From Ref. 73.) 

the bod)’. In Fig. 5.4!, pressure coefficient distributions tire shown as ti function 
axial distance, r. for various azimuthal angles around the body, starting with 
the bottom of the vehicle (<•/> = 0) and concluding with the top of the vehicle 
((/> = 180 ). Note that, for this case, the pressures are higher on the top than on 
the bottom of the vehicle; this is because the angle of attack is zero and, noting 
the shape of the vehicle as shown in the side view in Fig. 5.39, the top surface at 


□ - SCT (3d order) 



FIGURE 5.41 

Longitudinal surface-pressure distributions for the (), 90, and 180" meridians of the shuttle-like con¬ 
figuration. VI, — 7.4. a = O’. (From Ref. 73.) 



INVfSCID HYPERSONIC FLOW 



;URE 5.42 

f;tce streamline distribution on bottom of shuttle-like configuration. = 7.4. a ~ 0°. (From Ref. 


- 0 is more of a compression surface than the bottom of the vehicle. Also note 
c sharp spike in pressure for c/> = 180°; this is due to the canopy shock wave 
i the top surface. Calculated streamline shapes on the bottom surface are 
own in Fig. 5.42; these are given here just to emphasize the many different 
pes of data that can be obtained in such flowfield calculations. Finally, 
e calculated and measured shock wave shapes for an angle-of-attack case 
= 15.3°) are given in Fig. 5.43. Again, excellent agreement is obtained. Also, 
this stage the reader is cautioned that downstream-marching calculations 
ust be limited to low enough angle-of-attack applications so as not to have 
rge regions of subsonic flow over the bottom surface. For cases at high angle 
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FIGURE 5.43 

Shock locution for a sliultle-like configuration. At, - 7.4, a - t5.30°. (From Ref. 73.) 
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FIGURE 5.44 

Pressure cocH'iciem distribution along the windward centerline on the bottom of the space shuttle; 
illustration of Mach number independence. Downstream-marching finite-difference calculations by 
Maus et al. ; KcC 75.) 


of attack with large regions of subsonic flow, a time-marching three-dimensional 
solution must be employed, such as described in Ref. 68 and illustrated 
previously in Figs. 5.28 and 5.29. 

A more recent example of downstream-marching, three-dimensional, 
hypersonic How solutions is the work of Maus et al. (Ref 75) wherein inviscid 
flowficlds over the space shuttle are calculated for both a calorically perfect gas 
and an equilibrium chemically reacting gas. (Chemically reacting flows are the 
subject of Part 111 of this book.) Results from Ref. 75 are given in Fig. 5.44, 
which shows calculated pressure distributions on the windward centerline of the 
space shuttle for angles of attack of 20 and 30 degrees. The calculations are 
made al two Mach numbers, M = 8 and 23. Note that, at a given angle of 
attack, the C' p results for both Mach 8 and 23 are almost identical—yet another 
demonstration of the Mach number independence principle. 

5.6 SUMMARY, AND COMMENTS 
ON THE STATE OF THE ART 

There are no general, closed-form, analytical solutions to hypersonic inviscid 
flows. There are, however, approximate theoretical solutions based on simplified 
forms of the exact governing equations, as discussed in Chap. 4. On the other 
hand, the exact governing equations (the Euler equations) can be solved numeri¬ 
cally, as demonstrated in the present chapter. Indeed, the power of modern 
computational fluid dynamics gives us the ability to obtain “exact” solutions 
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of hypersonic inviscid flows for virtually any arbitrary geometry, including 
complex, three-dimensional configurations. 

However, do not be lulled into a false sense of security by these statements. 
F.ven though computational fluid dynamics gives us the ability to make such 
“exact” calculations, the actual carrying out of such calculations is frequently 
tedious, sometimes dillicult, and laced with details which have to be handled 
properly in order to obtain accurate and stable solutions. It is not within the 
scope of the present book to elaborate on computational fluid dynamics. Indeed, 
the purpose of the present book is to provide an educational experience for the 
reader in the areas of hypersonic and high temperature gas dynamics, and only 
enough computational fluid dynamics is discussed to give the reader a flavor 
of its application to these areas. Before embarking on serious work on multi¬ 
dimensional hypersonic llow calculations, the reader is encouraged to stitdy the 
introductory discussions on computational fluid dynamics in Refs. 4 and 72, and 
in particular the thorough treatment in Ref. 52. 

The reader is also encouraged to examine, and keep current with, the con¬ 
temporary literature in computational fluid dynamics (CFD), and its applica¬ 
tions to hypersonic flows. The CFD state-of-the-art is dynamically changing, 
particularly at the present time of writing. One example is the current work on 
upwind differencing. In the present chapter we have utilized MacCormack’s 
finite-different method, which is basically a central difference method. In the 
presence of strong shock waves, this method can produce spatial oscillations 
both upstream and downstream of the shock. Since hypersonic shock waves are 
usually strong, these oscillations can become a very undesirable aspect of some 
hypersonic llow calculations. Therefore, much current work is being devoted to 
the development of “upwind” schemes, i.e., numerical schemes that pay atten¬ 
tion to the domain of dependence of a given grid point in supersonic and hyper¬ 
sonic llow, and which utilize data only from the upstream locations within the 
domain of dependence. Such upwind schemes have captured shock waves which 
are crisply defined over only one (or at most two) grid points, and with little or 
no oscillations. See, for example, Refs. 76-78 for more details. And to become 
even more general, we have to mention that finite-difference schemes do not 
have a monopoly on hypersonic flowtield calculations; finite-volume and finite- 
element techniques are beginning to find applications in hypersonics as well. It is 
not feasible for us to elaborate on such matters here. 

In final perspective, the present chapter makes one important statement: 
“Fxacl” solutions of the governing equations of hypersonic inviscid flow for 
general problems can be obtained if one is willing to accept the methods of 
computational fluid dynamics as supplying such solutions. This is an aspect of 
the modern hypersonics; indeed, the bulk of this chapter could not have been 
written before 1966. We have given examples of “exact” solutions for hypersonic 
inviscid flows from: 

1. The method of characteristics (a “classical” method). 

2. A time-marching finite difference method. 

3. A space-marching finite difference method. 
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The methods and results presented here are intended to provide only the flavor 
of such work. 

5.7 A FINAL COMMENT 

This brings to an end our discussion of inviscid hypersonic flows, wherein the 
purely fluid mechanical effect of high Mach number was illustrated. Part 1 of 
this book has concentrated on such flows, both from classical and modern 
points of view. In the modern hypersonic aerodynamics of today, it is still useful 
to be aware of the classical theory and engineering approaches described in the 
earlier sections of Part I. Also, we must recognize that computational fluid dy¬ 
namics will dominate the analysis of modern hypersonic problems. Before pro- 
ceding to Part II, return again to the roadmap in Fig. 1.23, and scan over the 
items listed under the general heading of inviscid flows, namely the two left- 
hand branches. Make certain that you feel comfortable with the material con¬ 
tained within each of the items, and that you appreciate how each item is related 
to the general scheme of hypersonic inviscid flows. 

PROBLEMS 

5.1. Starting with Eqs. (5.13)—(5.16), and using the transformation of both the indepen¬ 
dent and dependent variables as given in Sec. 5.3, derive Eqs. (5.18)—(5.21). 

5.2. («) Consider the bow shock wave over a cylinder-wedge in air, where the wedge 
half-angle is 20“. Draw this body on a piece of graph paper. Using the shock wave 
shape correlations given in Sec. 5.4, plot on the same graph the shock shapes on the 
cylinder-wedge for M r = 2, 4, 6, 10, 15, 20, and 25. Comment on these results as an 
illustration of the Mach number independence principle, (h) On anoiher piece of 
graph paper, repeat part (a), except for a 20-degree sphere-cone, (c) Comment on the 
Mach number range at which Mach number independence for the shock wave shape 
is reasonably obtained for the two-dimensional shape in part (a) as compared to the 
axisymmetric shape in part (/>). 




PART 

II 


VISCOUS 

HYPERSONIC 

FLOW 


I n Part II, we emphasize the effects of viscosity and thermal conduction in 
combination with high Mach numbers, and we will label such flows as 
hypersonic viscous flow. The effects of high temperature and diffusion will be 
covered in Part III. In dealing with inviscid hypersonic flow in Part I, we ex¬ 
amined the question: What happens to the fluid dynamics of an inviscid flow 
when the Mach number is made very large? In Part II we take the next logical 
step, and address the question: What happens in a high Mach number flow 
when the transport phenomena of viscosity and thermal conduction are includ¬ 
ed? The answer to this question leads to many practical results regarding the 
prediction of skin friction and aerodynamic heating in hypersonic flow. 
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Two major problems encountered today in aeronautics are the de¬ 
termination of skin friction and skin temperatures of high-speed 
aircraft. 

E. R. Van Driest, 1950 
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6.1 INTRODUCTION 

As noted in the above quote by the well-known American aerodynamicist, E. R. 
Van Driest, the practical impact of viscous flow on hypersonic vehicles was rec¬ 
ognized as early as 1950, The matter of aerodynamic heating (hence skin tem¬ 
perature) and shear stress (hence skin-friction drag) are extremely important 
aspects of hypersonic vehicle design. This has never been more true than in the 
modern hypersonic applications of today. For example, consider the concept of 
an aerospace plane, designed to take olT horizontally from an existing runway, 
and then literally blast its way into orbit on the strength of air-breathing pro¬ 
pulsion only. An artist’s sketch of such a concept is shown in Figs. 1.9 and 1,10. 
It will be necessary for such a vehicle to acquire enough kinetic energy within 
the sensible atmosphere to “coast” into low-earth orbit. At such speeds (approxi¬ 
mately Mach 25) within the atmosphere, aerodynamic heating will be extremely 
severe. For example, Tauber and Menees (Ref. 80) have made engineering esti¬ 
mates of the aerodynamic heating to an aerospace plane for both ascent and 
reentry, and compared these results with the space shuttle reentry. These results 
are summarized in the bar chart shown in Fig. 6.1, which gives both the maxi¬ 
mum heat transfer rate (in W/cm 2 ) and the total heat transfer (in kJ/cm 2 ) at the 
stagnation point. Here we see the striking result that the aerospace plane reentry 
stagnation-point heating is three times larger than the reentry heating of the 
space shuttle, and even more striking, the aseent heating of the aerospace plane 
is an order of magnitude larger than reentry heating of the space shuttle. Hence, 
due to the requirement of the aerospace plane to achieve essentially orbital ve¬ 
locity within the atmosphere, the aerodynamic heating during ascent dominates 
its design. Another example, this time emphasizing the role of skin friction drag, 
is given in Fig. 6.2. Here, a hypersonic wave rider designed to optimize the lift/ 
drag ratio is shown, as obtained from Ref. 81. Such wave riders are promising 
hypersonic cruise vehicle configurations wherein a high value of lift/drag is nec¬ 
essary for efficient, long-range cruising conditions. The hypersonic transport 
shown in Fig. 1.8 is another example of a hypersonic vehicle designed for rela¬ 
tively high lift/drag. For these types of vehicles, skin friction drag at hypersonic 
speeds is a dominant concern because unlike a blunt body (where the drag is 
mostly wave drag due to the high pressures behind the strong bow shock wave), 
the slender configurations shown in Figs. 1.8 and 6.2 experience considerable 
skin friction drag. In Ref. 81, it was observed that the magnitudes of wave drag 
and skin-friction drag for the optimized hypersonic wave rider were approxi¬ 
mately the same, never differing by more than a factor of two. The important 
point here is that skin-friction drag has a major impact on the design of slender 
hypersonic vehicles. 

In light of the above, we repeat that aerodynamic heating and skin friction 
are very important aspects of practical hypersonic aerodynamics. In turn, the 
understanding and accurate prediction of these aspects is a vital part of the 
study of hypersonic viscous Hows. In Part II, and especially in the present 
chapter, we will emphasize these aspects. The introductory discussion in the 
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Aerospace Aerospace Shuttle 

plane plane entry 

ascent entry 400 kg/m 2 

q = 0.2 atm m/C,/l = 300 450 kg/m 2 

a = 0.4 g (m!C Ii A)L/D = 700 

FICURK 6.1 

Comparison between ascent and reentry stagnation point aerodynamic heating for an aerospace 
plane, and the reentry stagnation point heating of the space shuttle; calculations by Tauber and 
Menees. (Kef. (VO,) 



FIGURE 6.2 

Viscous-optimized hypersonic wave rider, by Bowcutt et al. ( Ref. 81.) 
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above paragraph is given simply to motivate our subsequent discussions. As we 
progress in our study of hypersonic viscous flow, always keep in mind the above 
practical reasons for our interest. 

Let us continue to examine the importance of hypersonic viscous flow, but 
from a slightly different point of view emphasizing a more purely fluid-dynamic 
aspect. Consider Fig. 6.3, which is a velocity-altitude map showing several lifting 
reentry trajectories from orbit, each with different values of the lift parameter 
m/C,S (see Sec. 1.4), The shaded portion corresponds to the reentry of the space 
shuttle. Superimposed on this velocity-altitude map are lines of constant 
Reynolds number per meter, obtained from Ref. 79. Note that the higher alti¬ 
tude portions of the flight trajectories experience combined conditions of high 
Mach number and low Reynolds number—conditions that accentuate the effects 
of hypersonic viscous flows. Indeed, for most of the reentry trajectory, a hyper¬ 
sonic vehicle is going to experience important Reynolds-number effects. Also 
note that a purely arbitrary transition Reynolds number of 10 6 is assumed, so 
that regions of purely laminar flow and of turbulent flow for a 10-meter-long 
vehicle are identified on the right of Fig. 6.3. The main thrust of Fig. 6.3 is to 
indicate that viscous effects are important in hypersonic flight; such viscous 
effects are the subject of Part 11. Again, emphasis is made that only the purely 
viscous effects of viscosity and thermal conduction are highlighted in Part II; 
the effects of high temperatures and diffusion, which so frequently accompany 
hypersonic viscous flow, are treated in Part III. 

In the present chapter, some basic aspects of viscous flows will be dis¬ 
cussed, including the full, governing equations (the Navier-Stokes equations), the 
boundary layer equations and how they are affected by hypersonic conditions, 
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Velocity-altitude map, wilh superimposed lines of constant unit Reynolds number. (From Koppen- 
wallner. Ref. 79.) 
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and important results from the boundary layer equations. Throughout Part II of 
this book, the assumption is made that the reader has been previously intro¬ 
duced to some elementary concepts of viscous flow, at least to the extent 
covered in Chaps. 15 and 16 of Ref. 5. It is strongly recommended that the 
reader review this preliminary material before progressing further. 


6.2 GOVERNING EQUATIONS FOR VISCOUS FLOW: 

THE NAVIER-STOKES EQUATIONS 

In Sec. 4.2, we presented the governing equations for an inviscid flow, namely 
the Euler equations [Eqs. (4.1)—(4.5)]. These equations are, in reality, a special 
form of the general governing equations of fluid dynamics wherein the viscous 
terms have been deleted. Another way of stating this is that the Euler equations 
are the limiting form of the general viscous flow equations in the limit of infinite 
Reynolds number. Indeed, it is frequently convenient to think of inviscid How as 
a flow which results from the Reynolds number approaching infinity. 

In the general equations of motion for a fluid flow, viscous effects do not 
influence the basic principle of mass conservation, hence the continuity equation 
is the same as we presented in Sec. 4.2 [namely, Eq. (4.1)]. However, visualizing 
a moving fluid element, the shear and normal viscous stresses on the surface of 
the element result in stress terms that appear in both the momentum and energy 
equations. Moreover, thermal conduction across the surface of the element pro¬ 
vides an additional mode of energy transfer which appears in the energy equa¬ 
tion. The resulting governing equations, called the Navier-Stokes equations, are 
derived (for example) in Chap. 15 of Ref. 5. Therefore, no details will be given 
here. These equations are: 


Continuity equation 


dp 

Ot 


+ V • (pV) = 0 


,x Momentum 

y Momentum 

z Momentum 


Du dp dz xx dz yx dx zx 

P Dt dx~^ dx ^ dy dz 

Dv = dp dz xy dx y y dx zy 

P Dt dy dx dy dz 

Dw _ dp dx xz dx yz dx zz 

Dt dz dx dy dz 


Enerqv 
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D(e + P 2 /2) 
Dt 
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(6.3) 

(6.4) 
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d(uz xx ) d(uz y x ) d(ux zx ) d(v z xy ) 0 (v x„ ) 

dx dy dz dx dy 


d(v x ;y ) d(wx xz ) d(wx yz ) 5(wt„) 

+ + + dy + ~dT 


(6.5) 
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where 


(dv 8u\ 

T " = V = \di + dy) 

(6.6 d) 

(Ow dv\ 

X ” = r ” = \Ty + Tz) 

(6.6 b) 

fdu dw\ 

T - = T - = , \5z + ^J 

(6.6c) 

T v , = ;.(v ■ v) + 2 ft ^ 

OX 

(6.6 d) 

dv 

r v , = /(V-V) + 2,i- 

(6.6e) 

dw 

T ss - A(V • V) + 2ft - 
oz 

(6.6/) 


The above equations are written for an unsteady, compressible, viscous, three- 
dimensional flow in cartesian coordinates. In addition to the familiar symbols 
from Chap. 4, we now have the shear stresses t etc., and the normal 

viscous stresses, t xx , r,, v , and r„, which are related to velocity gradients in the 
flow via Eqs. (6.6t/)-(6,6/). Also, ;t is the viscosity coefficient, k is the thermal 
conductivity, and X is the bulk viscosity coefficient (where the usual Stokes 
hypothesis is X = — \p). In the energy equation, Eq. (6.5), e is the internal en¬ 
ergy per unit mass, q represents the volumetric heating that might occur, say, by 
the absorption or emission of radiation by the gas, and the temperature gradient 
terms, (r)/<?.x)[k(<77/7).>c)], etc. represent energy transfer across a surface due to the 
thermal conduction. More details concerning the physical significance of all 
these terms can be found in Ref. 5. 

A comment on nomenclature is made here. Historically, the term “Navier- 
Stokes equations” identified only the momentum equations, Eqs. (6.2)-(6.4), 
because these were the very equations derived by the Frenchman Claude Louis 
M. H. Navier in 1827, and independently by the Englishman George Stokes in 
1845. However, in recent times, particularly with the advent of computational 
lluid dynamics, most citations in the literature referring to “solutions of the 
Navier-Stokes equations” denote solutions of the complete system of equations , 
namely Eqs. (6.1)—(6.5). We will follow this modern trend here, and will label the 
complete system of equations for viscous flow, Eqs. (6.1)—(6.5), as the Navier- 
Stokes equations. 

Just as in the case of the Euler equations [Eqs. (4.l)-(4.5)], there is no 
general analytic solution to the complete Navier-Stokes equations. However, in 
analogy with the approximate solutions of the Euler equations given in Chap. 4, 
we can simplify the Navier-Stokes equations via an appropriate set of assump¬ 
tions, and obtain approximate viscous flow results. Such a simplification in- 
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volves the boundary layer equations, to be discussed in Sec, 6.4. Also, in analogy 
with the ''exact” solutions of the Euler equations given in Chap. 5, there are 
numerical solutions of the exact Navier-Stokes equations, to be discussed in 
Chap. 8. 


6.3 SIMILARITY PARAMETERS 
AND BOUNDARY CONDITIONS 

As a precursor to the boundary layer equations, to be discussed in the next 
section, and as a means to highlight the important similarity parameters for a 
viscous flow, it is useful to have a nondimensional form of the Navier-Stokes 
equations. To reduce the number of operations and terms, without loss of in¬ 
structional value, we will consider a two-dimensional steady flow, and we will 
ignore the normal stresses r xx and t yy . Let us introduce the following dimension¬ 
less variables 



where p x , V x , p Xj , ;t„, k v , and T„ are reference values (say, for example, free- 
stream values) and c is a reference length (say, the chord of an airfoil). In terms 
of these dimensionless variables, Eqs. (6.1 )-(6.5) become (for two-dimensional, 
steady flow): 


dipu) d(pr) 
dx cy 


(6.7) 


_ _ du _ du 
pu -- + pv 
dx cy 


1 dp 1 d ' _/dv du\ 
yMl dx + Re^ dy f\dx + dy)_ 


dv dv 

P'‘ ^ + P 6 rr- 
cx cy 


1 dp 1 d (dv du\ 
yMldy + Re"^L^ + 5yJ 


( 6 . 8 ) 

(6.9) 
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( 6 . 10 ) 
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The derivation of Eqs. (6.7)-(6.10) is left as homework problem 6.1. Note that 
several parameters have emerged in Eqs. (6.8)—(6.10), namely: 

Ratio of specific heats 
Mach number 
Reynolds number 
Prandtl number 

These four dimensionless parameters are called similarity parameters, and are 
very important in determining the nature of a given viscous-flow problem. In¬ 
deed, a formal method for identifying the similarity parameters in any mechani¬ 
cal system is to nondimensionalize the governing equations; the dimensionless 
constants which appear in front of the derivative terms are the governing simi¬ 
larity parameters. The significance of How similarity, and the meaning of the 
similarity parameters, is discussed in detail in Chap. 15 of Ref. 5. We will make 
only a few brief comments here, in the way of a reminder. First of all, from our 
experience with in viscid Hows in Part 1, it is no surprise that y and M yi carry 
over as similarity parameters for viscous flows. Thermodynamic properties, as 
reflected through y, are important for any high-speed flow problem. A combina¬ 
tion of thermodynamics and flow kinetic energy can be found in M w ; indeed, it 
can readily be shown (see, for example, Ref. 4) that 

, flow kinetic energy 

M*, 00 ■ —- , - 

How internal energy 

For the Reynolds number, we have (see, for example. Ref. 82) 

inertia force 

Re cc - 

viscous force 

The Prandtl number, introduced via the energy equation, is an index which is 
proportional to the ratio of energy dissipated by friction to the energy trans¬ 
ported by thermal conduction; that is 

frictional dissipation 

Pr oc - - . - 

thermal conduction 

In the study of compressible, viscous How, Pr is just as important as y, Re, or A/. 
For air at standard conditions, Pr = 0.71. Note that Pr is a property of the gas; 
for dilTcrent gases, Pr is dilTerent. Also, like p, k and c p , Pr for a nonreacting gas 
is a function of temperature only. (For a chemically reacting gas, Pr is also 
dependent on the local chemical composition, which in turn depends on the 


M UJ = 


Re = 


«=o 

I 1 , ^ao /t a 


Pr = 


l‘Cp 
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local temperature and pressure for an equilibrium flow, and on the history of the 
upstream conditions for a nonequilibrium flow; these ideas will be introduced in 
Part III). 

An important difference between inviscid and viscous flows not seen 
explicitly in the Navier-Stokes equations is the wall boundary conditions. In 
Part 1, we utilized the flow tangency condition at the wall—-the usual boundary 
condition for an inviscid flow (with no mass transfer through the wall). This 
boundary condition changes drastically for a viscous flow. Due to the existence 
of friction, the flow can no longer “slip along the wall” at a finite value. Rather, 
for a continuum viscous flow, we have the no-slip boundary condition at the 
wall, namely, the velocity is zero at the wall. 

Wall boundary condition: u=v~ 0 (6.11) 

If there is mass transfer at the wall (due to ablation or transpiration cooling, for 
example) then Eq. (6.11) is modified as: 

u = 0 

Wall boundary condition with mass transfer: 

v — i>„, 

where r„, is the specified velocity normal to the surface. In addition, due to 
energy transport by thermal conduction, we require an additional boundary 
condition at the wall involving internal energy (or more usually temperature). If 
the wall is at constant temperature, then the boundary condition is simple: 

Constant wall-temperature boundary condition: T = T„ (6.12) 

where T w denotes the specified wall temperature. As is more usually the case, the 
wall will not be at constant temperature. If we know a priori the distribution of 
temperature along the surface, then Eq. (6.12) is slightly modified as: 

Variable wall-temperature boundary condition: T = T w (s) (6.13) 

where T n .(s) is the specified wall temperature variation as a function of distance 
along the surface, s. Unfortunately, in a high speed flow problem, the wall tem¬ 
perature is usually one of the unknowns, and we can not utilize either Eq. (6.12) 
or (6.13). Instead, the more general condition on temperature at the wall is given 
by Fourier’s law of heat conduction: 

Heat transfer wall boundary condition: q m = — k (-~-A (6.14) 


where q w is the heat transfer (energy per second per unit area) into or out of the 
wall, n is the coordinate normal to the wall, and (dT/dn)„ is the normal temper¬ 
ature gradient existing in the gas immediately at the wall. In general, the wall 
heat transfer (and hence the wall-temperature gradient) are unknowns of the 
problem and, therefore in the most general case the wall boundary condition 
[Eq. (6.14)] must be matched to a separate heat conduction analysis describing 
the heat distribution within the surface material itself, and both the flow prob¬ 
lem and the surface material problem must be solved in a coupled fashion. A 
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special ease of Eq. (6.14) is the adiabatic wail condition, wherein by definition the 
heat transfer to the wall is zero. From Eq. (6.14), we have in this case: 

fdT\ 

Adiabatic wall condition: — =0 (6.15) 

on )„ 


Note that here the boundary condition is not on the wall temperature itself, but 
rather on the temperature gradient, namely a specified zero gradient at the wall. 
The resulting wall temperature (which comes out as part of the solution) is 
defined as the adiabatic wall temperature T aw , sometimes called the “equilibri¬ 
um” temperature. 

Although the clioiee of an appropriate boundary condition for temperature 
(or temperature gradient) at the wall appears somewhat “open-ended” from the 
above discussion, the majority of high-speed viscous flow calculations assume 
one of the two extremes, i.e., they either treat a uniform, constant temperature 
wall [Eq. (6.12)], or an adiabatic wall [Eq. (6.15)]. However, for a detailed and 
accurate solution of many practical problems, Eq. (6.14) must be employed 
along with a coupled solution of the heat conduction problem in the surface 
material itself. Such detailed, coupled solutions are beyond the scope of this 
book. 

The temperature boundary condition adds another similarity parameter to 
our viscous-llow analysis. In Eq. (6.10), the dimensionless internal energy is de¬ 
fined as e = e/e lt T m . The value of e at the wall is e„ which, for a constant tem¬ 
perature wall is a specified constant value. Moreover, for a calorically perfect 
gas, e = c v T. Hence, at the wall, 


e„ c v T w T w 



Therefore, to achieve llow similarity in the solution of Eqs. (6.7) (6.10), not only 
are y, M a: , Re„, and Pr^ similarity parameters, but the wall to free-stream tem¬ 
perature ratio, T w /T, a , is also a similarity parameter. 

As a final note in this section, we observe that the nondimensional 
Navier-Stokes equations, Eqs. (6.7)—(6.10), in the limit of Re -» co, reduce to the 
nondimensional Euler equations, thus supporting our earlier statement that an 
inviscid flow can be thought of as a limiting case of a viscous flow when the 
Reynolds number becomes infinite. 


6.4 THE BOUNDARY LAYER EQUATIONS 
FOR HYPERSONIC FLOW 

Until the advent of computational fluid dynamics, exact solutions of the com¬ 
plete Navier-Stokes equations for practical problems were virtually nonexistent. 
Even today, numerical solutions of these equations (to be discussed later) are 
not easy, and generally require a lot of computer power, as well as human re¬ 
sources to generate the computer solutions. Therefore, reasons exist for simpler 
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viscous-tlow solutions. By a suitable order-of-magnitude reduction of the 
Navicr-Stokes equations, a simpler set of equations — the boundary layer equa¬ 
tions—can be obtained. The compressible boundary layer equations are the 
same, whether the flow is subsonic, supersonic, or hypersonic (neglecting high- 
temperature effects). However, there is one aspect of the standard boundary lay¬ 
er equations which becomes rather tenuous at hypersonic speeds, and which is 
not always recognized. For this reason, the following excerpts from Ref. 5 on the 
derivation of the boundary layer equations are given below. Please keep in mind 
that it is not the purpose of this book to “rehash” basic fluid mechanics, which 
is assumed to be part of the reader’s background. However, in the present case 
regarding the derivation of the boundary layer equations, the following review 
material is important to our subsequent comments on hypersonic boundary 
layers. 

Considering two-dimensional, steady flow, the nondimensionalized form of 
the v momentum equation (one of the Navier-Stokes equations) was given by 
Eq. (6.8) 


_ _ cii 

pu „ _ + pi 
c.v 


oil 

dy 


1 dp 1 d 
)'~Mi Sx + Re, dy 


/'I 


dx dy 


( 6 . 8 ) 


Let tis now redtiee Eq. (6.8) to an approximate form which holds reasonably 
well within a boundary layer. 

Consider the boundary layer along a flat plate of length c. The basic 
assumption of boundary layer theory is that a boundary layer is very thin in 
comparison with the scale of the body; that is, 


(6.16) 


where 6 is the boundary layer thickness. Consider the continuity equation for a 
steady, two-dimensional flow, which in terms of the nondimensional variables is 
given by Eq. (6.7), 


<Kpti) <Kpv) 
dx + dy 


(6.7) 


Because n varies from 0 at the wall to 1 at the edge of the boundary layer, let us 
say that i7 is of the order of magnitude equal to I, symbolized by 0(1). Similarly, 
p = 0(1). Also, since „x varies from 0 to e, x = 0(1). However, since y varies from 
0 to 6, where <5 < c, then y is of the smaller order of magnitude, denoted by 
y = 0(d/c). Without loss of generality, we can assume that c is a unit length. 
Therefore, y = 0(<5). Putting these orders of magnitude in Eq. (6.7), we have 


[0(D][0(1)] [0(l)][d] 

0(1) 0(d) 


(6.17) 
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Hence, from Eq. (6.17), clearly v must be of an order of magnitude equal to 5, 
that is, r = 0(3). Now examine the order of magnitude of the terms iS’"Eq. (6.8). 
We have 


3 

By 




= 0(1) 

du 

i>v T . = 0(i) 

By 

Bp 

3.x 

= 0(1) 


B 1 

1 _ Bfi\ 

/ 1 ' 

= 0(1) 

3y{ 

kW 

=v. 


Hence, the order-of-magnitude equation for Eq. (6.8) can be written as 


0 ( 1 )+ 0 ( 1 ) = 


1 


° (l)+ Re: 


0 ( 1 )+ 0 | 


1 

<5 2 


(6.18) 


Let us now introduce another assumption of boundary-layer theory, 
namely, that the Reynolds number is large, indeed large enough such that 


1 


Re„ 


0(<5 2 ) 


Then, Eq. (6.18) becomes 


0 ( 1 )+ 0 ( 1 ) 


1 

yM 2 Xl 


0(1) + 0(<5 2 ) 


0 ( 1 )+ 0 | 


' 1 


(6.19) 


( 6 . 20 ) 


In Eq. (6.20). there is one term with an order of magnitude that is much smaller 
than the rest, namely, the product 0(5 2 )[0( 1)] = 0(c5 2 ). This term corresponds to 
(l/Re u ,)3/3y(/i Bv/Bx) in Eq. (6.8). Hence, neglect this term in comparison to the 
remaining terms in Eq. (6.8). We obtain 


__Pa __(?!/ I dp 1 d /.5a' 

pu Bx + ,,V Py yMi Bx + Re„ By \ By^ 

In terms of dimensional variables, Eq. (6.21) is 
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( 6 . 21 ) 


( 6 . 22 ) 


Equation (6.22) is the approximate x-momentum equation which holds for flow 
in a thin boundary layer at high Reynolds number. 

Consider the y-momentum equation for two-dimensional, steady flow, ob¬ 
tained in terms of the nondimensional variables as Eq. (6.9). 
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Bv 
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(6.23) 
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The order of magnitude equation for Eq. (6.23) is 


0(<5) + 0(6) = 


1 dp 

•M\, dp 


+ 0 ( 5 2 ) 


0(<5) + Oi 


(6.24) 


From F.q. (6.24), we see that dp/dy = 0(6) or smaller, assuming that yM 2 , = 0(1). 
Since 4 is very small, this implies that dp/dy is very small. Therefore, from the y- 
momentum equation specialized to a boundary layer, we have 



(6.25) 


Equation (6.25) is important; it states that at a given x station, the pressure is 
constant through the boundary layer in a direction normal to the surface. This 
implies that the pressure distribution at the outer edge of the boundary layer is 
impressed directly to the surface without change. Hence, throughout the bound¬ 
ary layer, p = p(x) = p e (x), where p e (x) is the pressure distribution at the outer 
edge of the boundary layer (determined from inviscid-flow calculations). 

The leads to a major point concerning hypersonic boundary layers, and 
the reason for reviewing the above order-of-magnitude analysis of the boundary 
layer equations. Consider again Eq. (6.24), but now in the case of large hyper¬ 
sonic Mach numbers. In Eq. (6.24), if M 2 ^ is very large, then dp/dy does not have 
to be small. For example, if M K were large enough such that 1/yiW^ = 0(6), 
then dp/dy could be as large as 0(1), and Eq. (6.24) would still be satisfied. Thus, 
for eery large hypersonic Mach numbers , the assumption that p is constant in the 
normal direction through a boundary layer is not always valid. This aspect of 
hypersonic boundary layers is not frequently discussed or widely appreciated, 
and hence some emphasis is being made here. Also, it is important to properly 
interpret the above statement; it is a fluid dynamic result which states that the 
normal pressure gradient through a hypersonic boundary layer need not be 
zero. However, this does not preclude the pressure gradient from being zero, or 
nearly zero; it is simply saying that, within the conventional boundary layer 
assumptions resulting in Eq. (6.24), dp/dy does not have to be zero. Since the 
1950s a large number of hypersonic boundary layer calculations have been made 
with the conventional boundary layer assumption that dp/dy — 0, and in many 
applications this is justified. However, we should not expect this to always be 
the case. Indeed, the question concerning the possible existence of a finite nor¬ 
mal pressure gradient adds more support to carrying out hypersonic viscous- 
flow calculations by going beyond the usual boundary layer calculations, and 
instead dealing with the entire shock layer as fully viscous from the body to the 
shock wave. In such viscous shock-layer analyses, the normal pressure gradient 
is calculated as part of the solution to the problem, thus circumventing the un¬ 
certainty as to whether dp/dh is zero or finite. Such viscous shock-layer calcula¬ 
tions will be discussed in Chap. 8. 

As a corollary to the above discussion, return to the x momentum equa¬ 
tion, Eq. (6.21), and its order-of-magnitude comparison given by Eq. (6.20). If 
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M is large, then the pressure-gradient term ( ]/yM 1 0 )(dp/dx ) can be small; in 
such a case, the hypersonic boundary layer will not be greatly influenced by the 
axial pressure gradient dp/dx. This is vaguely analogous to the inviscid-flow re¬ 
sult discussed in Part I, namely that for hypersonic flow over slender bodies, 
most of the flow field changes take place in the y direction, and only small 
changes take place in the x direction. 

Keeping the above considerations in mind, we will proceed in the present 
chapter with a discussion of the conventional boundary layer equations, and 
results based upon these equations. To round out our presentation of the 
boundary layer equations, we must consider the general energy equation given 
in nondimensional form for two-dimensional, steady flow by Eq. (6.10). Inserting 
e = h — p/p into this equation, subtracting the momentum equation multiplied 
by velocity, and performing an order-of-magnitude analysis similar to those 
above, we can obtain the boundary layer energy equation as 
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dh 

dx 


dh 

+ pv dr 
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+ a — - + p 
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'duV 
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(6.26) 


The details are left to you. 

In summary, by making the combined assumptions of 5 < c and Re > 
1/5 2 , the complete Navier-Stokes equations given in Sec. 6.2 can be reduced to 
simpler forms which apply to a boundary layer. These boundary-layer equations 
are 


Continuity: 


d(pu) d(pv) 
dx dy 


(6.27) 


x Momentum: 
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(6.28) 


y Momentum: 
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(6.29) 


^ dh dh d /, dr 

Energy: pu + pv — = - k -- 
ax ay ay l dy 


dp e (du\ 2 

+ u - h W —- ) 
dx \dy I 


(6.30) 


Note that, as in the case of the Navier-Stokes equations, the boundary layer 
equations are nonlinear. However, the boundary-layer equations are simpler and 
therefore are more readily solved. Also, since p = p e (x), the pressure gradient 
expressed as dp/dx in Eq. (6.22) is reexpressed as dpjdx in Eqs. (6.28) and (6.30). 




VISCOUS \ LOW BASIC ASPFCTS, BOUNDARY LAYER RFSULTS, AND AERODYNAMIC HEATING 227 


In the above equations, the unknowns are a, v, p and h; p is known from p = 
p,,(.v), and /( and k are properties of the fluid which vary with temperature. To 
complete the system we have for a caiorically perfect gas, 

p = pRT (6.31) 

and 

h = c„T (6.32) 

Hence, Eqs. (6.27), (6.28), and (6.30)-(6.32) are five equations for the five un¬ 
knowns, ii, r, p, T, and /i. 

The boundary conditions for the above equations are as follows: 

At the wall: y = 0, u = 0, v = 0, T = T w 

^ =0 (adiabatic wall) 

At the boundary layer edge: y —> oo, u n L „ T -* T e . 

Note that since the boundary layer thickness is not known a priori, the bound¬ 
ary condition at the edge of the boundary layer is given at large y, essentially y 
approaching infinity. 

The boundary layer equations given above apply to compressible flow; 
they are equally applicable to subsonic and supersonic flows with no distinction 
made for such cases. They can be (and have been) applied to hypersonic flows. 
However, when using Eqs. (6.27)-(6.32) for hypersonic flows, keep in mind our 
earlier discussion concerning Sp/dy. Also, if M m is high enough, viscous dissipa¬ 
tion within the boundary layer creates high temperatures, which in turn causes 
chemical reactions within the boundary layer. In such a case, the system of 
equations given by Eqs. (6.27)-(6.32) is not totally applicable; diffusion of chem¬ 
ical species and energy changes due to chemical reactions must be included. The 
subject of hypersonic chemically reacting boundary layers will be treated in Part 
m. Nevertheless, the application of Eqs. (6.27)-(6.32) to relatively moderate hy¬ 
personic conditions yields useful results. Also, many hypersonic wind tunnel 
tests are conducted in “cold flows,” flows where the total enthalpy is low enough 
to ignore high temperature effects. Hence, there are many hypersonic applica¬ 
tions where the governing boundary layer equations for a caiorically perfect gas 
in the form of Eqs. (6.27)-(6.32) are appropriate. Thus, we will pursue various 
aspects of these equations throughout the remainder of this chapter. 

This ends our introductory discussion of the basic aspects of hypersonic 
viscous flow. It is instructive at this stage to return to the roadmap given in 
Fig. 1.23. We are now located on the second major branch of hypersonic flows, 
namely hypersonic viscous flows. We have just finished the item labeled “basic 
aspects,” and are now ready to move on to discussions of hypersonic boundary 
layer theory. Under this category, our discussions will first cover some aspects of 
self-similar boundary layers, and then examine some approaches for nonsimilar 




228 VISCOUS HYPERSONIC FLOW 


boundary layers. (What is meant by similar and nonsimilar boundary layers will 
be explained in the next section.) The material we will discuss is somewhat class¬ 
ical in nature. It will be, for all practical purposes, a discussion of compressible 
boundary layer theory not limited to just hypersonic flow. However, our interest 
here is in the application of the results of this classical theory to high Mach 
number problems. 


6.5 HYPERSONIC BOUNDARY LAYER THEORY: 
SELF-SIMILAR SOLUTIONS 

Although the title of this section involves the word “hypersonic,” in reality we 
will be dealing with compressible boundary layer theory, and the results will 
apply to both subsonic and supersonic, as well as hypersonic conditions. As a 
reminder, a major aspect that distinguishes hypersonic boundary layer theory 
from the subsonic and supersonic cases is the intense viscous dissipation, result¬ 
ing in high temperature, chemically reacting flow. This aspect will be considered 
in Part III. In contrast, in the present section as well as throughout Part II, we 
are assuming a calorically perfect gas, i.e., we are highlighting only the fluid 
dynamic effect of viscosity and thermal conductivity in combination with high 
Mach numbers. In this regard, the present section is classical in its scope; the 
material discussed here has evolved since the 1940s, when interest in compress¬ 
ible boundary layers began to emerge under the impetus of high speed, subsonic, 
and supersonic (fight. Furthermore, we will assume some slight familiarity on 
the part of the reader, at least to the extent of the material covered in Chap. 15 
and 16 in Ref. 5. For an excellent discussion of classical compressible boundary 
layer theory, see the book by White (Ref. 83). 

The concept of self-similar boundary layers is illustrated in Fig. 6.4. In 
general, the variation of flow properties throughout a two-dimensional bound¬ 
ary layer is a function of both x and y. This is sketched in the physical plane 
shown at the left of Fig. 6.4, where two velocity profiles are shown at different x 
locations, x, and x,, along the surface. In general, the profiles are different, that 
is, i i(x, y) u(x 2 , y). However, for certain cases under the appropriate indepen¬ 
dent variable transformation from (x, y) to (£, i;), the flowlield profiles become 
independent of location along the surface. This is sketched at the right of Fig. 
6.4, which shows a transformed plane wherein the velocity profile is independent 
of the transformed surface distance £; that is, the same velocity profiles exist at 
different values of say and <j 2 . Thus, in the transformed plane, the velocity 
profile is given by 11 = ir(rj), independent of £,. Boundary layers which exhibit this 
property are called self-similar boundary layers, and solutions for these bound¬ 
ary layers arc called self-similar solutions —the subject of this section. Self-similar 
solutions to boundary layers have been investigated since the original incom¬ 
pressible flat plate solution obtained by Blasius in 1908; the fact that the flow 
may be hypersonic does not preclude the occurrence of self-similar solutions, as 
we will see. 
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Physical plane Transformed plane 





FIGURE 6.4 

Illustration of the concept of self-similarity. 


Lei us now transform the boundary layer equations, Eqs. (6.27)- (6.30) 
from physical (x, y) space to a transformed (£, rf) space, and examine the possi¬ 
bility of self-similar solutions. The appropriate transformation is based on work 
initiated in the 1940s by Illingworth (Ref. 84), Stewartson (Ref. 85), Howarth 
(Ref. 86) and Dorodnitsyn (Ref. 87), and put in a more useful form by Levy (Ref. 
88) and Lees (Ref. 89). The transformation is: 

£, = | p e u e p e dx (6.33) 

J o 

1 = A= f P dy (6.34) 

Jo 

where p t , u r and p e are the density, velocity, and viscosity coefficients, respec¬ 
tively, at the edge of the boundary layer. Since p e , u e and p e are functions of x 
only, then c, = <J(x). The transformation given by Eqs. (6.33) and (6.34) has been 
identified by various names in the literature, with some inconsistency caused by 
the number of researchers contributing to its development (see for example the 
names associated with Refs. 84-89). If for no other reason, it seems appropriate 
to recognize the chronological first (Ref. 87) and last (Ref 89) of the references 
given, and hence the transformation given by Eqs. (6.33) and (6.34) will be called 
the Lees-Dorodnitsyn transformation in this book. 

Let us now apply the above transformation to the boundary layer equa¬ 
tions, Eqs. (6.27)-(6.30). In the process, we will also transform the dependent 
variables as well, resulting in a system of partial differential equations describing 
the boundary layer flow that look completely different than Eqs. (6.27)-(6.30), 
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but which ;ire easier to analyze and solve. Although the following transforma¬ 
tions may at first look involved, they are in reality quite straightforward. There 
are four basic steps to the transformation process, leading to the final trans¬ 
formed equations; these four steps will be clearly identified below, for the con¬ 
venience of the reader. 

STEP I. Transformation of the independent variables. 

The independent variable transformation given by Eqs. (6.33) and (6.34) 
must be couched in terms of derivatives, because terms involving x and y in the 
original boundary layer equations, Eqs. (6.27)-(6.30), are derivative terms. From 
the chain rule of differential calculus, we have 

6.35) 

6.36) 

From Eqs. (16.33) and (6.34), keeping in mind that £, = i(x) only, we have 


d _ 8 

dx ~ ^ 

d _f5\ 
dy l df J l by 


0 
drj 

(ii 

dii) VSy 


si 

XT- = 

dx 

(6.37u) 

dy 

(6.376) 

dn _ n e p 

Sy Jn 

(6.37 c) 


(As we will soon see, we do not need an explicit expression for dn/dx.) Substitut¬ 
ing Eqs. (6.37u)-(6.37 c) into Eqs. (6.35) and (6.36), we obtain the following de¬ 
rivative transformations: 


S 

dx 

d 

tly 


d 

P,- U epe V,, + 
u e p 8 

Ju dr > 


dt]\ d 
dx) dr] 


(6.38) 

(6.39) 


At this stage, it is convenient (but not necessary) to introduce the stream func¬ 
tion ip defined, as usual, by 


d\j> 

dy 


= /m 


(6.40«) 


= -pv 


dip 

dx 


(6.406) 
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In terms of ip, the x momentum boundary layer equation, Eq. (6.28), becomes 


ci// du dip dii dp L , 8 / did 

dy dx dx 8y dx + dy y dy 


(6.41) 


Introducing the derivative transformations given by Eqs. (6.38) and (6.39) into 
Eq. (6.41), we have 


ii,.p di// 


du 

(dry 

i Sul 


d i/i 

( d’li 

. df 


K dx J 

X ! 

i_„ 


Pe l ‘eP* + 1 

(dxj 

' dt] 


u e p du 


<iPe , 
,1: + 


wa/wto) (6A2) 
Jii dn\Ji£, SnJ 


Multiplying Eq. (6.42) by -Jliju^p we obtain 


dip 

. du (di]\ Sul 

J 

dip (dt]\dtp 

* 

Pe ll e Pc XX + X- — 

\_ d c, \d.xJ op 


f^7ii + {r x )^_ 


= -a/2^ P - H e 
P 


du 
dr] 

dp e d iu e pp du' 

di + dn d n 


(6.43) 


This is the end of Step I; Eq. (6.43) represents the boundary layer x-momentum 
equation in terms of the transformed independent variables. 


STEP II. Transformation of the dependent variables. 

Let us define a function of i and ij, /(£, ij) such that 


u _ 8f 
u e dp 


(6.44) 


where the prime denotes (for the time being) the partial derivative with respect 
to i]. Recalling that the velocity at the edge of the boundary layer is a func¬ 
tion of x (hence i) only, that is, u e = u e (i), the derivatives of u follow from 
Eq. (6.44) as 


du 

di 

du 

dr] 

where /" denotes (d 2 //d ij 2 ). 


du e df 
f Ti +u 'Ti 


u e f" 


(6.45) 

(6.46) 


STEP III. Identification of / with i p. 

The new dependent variable f(i , tj), defined by Eq. (6.44) is essentially a 
stream function in its own right, and is indeed related to i/i as follows. From 
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Eq. (6.40c/), written in terms of the transformation given in Eq. (6.39) and (6.44), 
we lia vc 


u e p dip 


~r= T: = P U = Pf U e 


or 


= JlW (6-47) 

drf 

Integrating Eq. (6.47) with respect to we have 

IP = 72(7 + F(() (6.48) 


where F(() is an arbitrary function of (. However, recall from the general prop¬ 
erties of the stream function that, with no mass injection at the wall, the value of 
ip at the wall is zero, that is, /((, 0) = 0. In Eq. (6.48) applied at the wall, the 
only way to ensure that ip = 0 at each point along the wall is for each term of 
Eq. (6.48) to be zero, i.e., both / = 0 and F(() = 0. Hence, the arbitrary function 
F(() in Eq. (6.48) must be zero, and we have 

.A = 77/ (6.49) 

Clearly, from Eq. (6.49), / is a streamfunction related to ip. Finally, from Eq. 
(6.49), we have 


dip 

dt 


* / 

8 Z 72 ( 


(6.50) 


STEP IV. Obtaining the final transformed equation. 

Substituting Eqs. (6.45)-(6.47) and (6.50) into Eq. (6.43), we obtain 



From Euler’s equation, which governs the inviscid flow at the boundary layer 
edge. 


dp e = — i> e ii e du, 


( 6 . 52 ) 
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Inserting Eq. (6.52) into Eq. (6.51), and multiplying terms, we obtain 


■Z PJ^I'Af ) 2 + s/^f'PeKPe + s/T U ef/"(jxJ 

■> r^r„ d f PcUPe , r „ n.-, 

= p v u c pj2,f --- - V2C UJJ 


: (P,) 2 


dip df ulpji 


= ---- ut ft, ~ + — ( ”*££/ 


(6.53) 


Note that the third and sixth terms (involving dr]/dx) in Eq. (6.53) cancel; this is 
why we never bothered to find an explicit expression for dt]/dx. Dividing Eq. 
(6.53) by s /2^p,nlft„ we have 


1 

i< { . 


wr- 


du ,, 
dp 





s 





Pc l du, + /I pp 
p u e dZ dr] \2£ p,p e 


(6.54) 


Denote the “rho-mu” ratio in Eq. (6.54) by C = pp/p e p c . Grouping terms in Eq. 
(6.54), we finally obtain 


(cry +ff 



Pc 

p . 


'V. 22j i" ' T 

dz V SZ 



(6.55) 


Eq. (6.55) is the transformed boundary layer x-momentum equation for a two- 
dimensional, compressible flow. 

The boundary layer y-momentum equation, namely Eq. (6.29) stating that 
dp/dy = 0 becomes in the transformed space 



(6.56) 


The boundary layer energy equation given by Eq. (6.30) can also be trans¬ 
formed. Defining a nondimensional static enthalpy as 

9 = 9(U n) = p- (6.57) 

h e 

where Ip is the static enthalpy at the boundary layer edge, and utilizing the same 
transformation as before, Eq. (6.30) becomes 


Pr 


+ fy' = 2 £ 


/’ 


dg _ ,df p_,u_, dip 

d~Z " ft ph, J 



(fl 2 


(6.58) 
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where Pr = pcjk and, as before, C = pp/p e p e . (In some of the literature, C is 
called the “Chapman-Rubesin factor.”) The derivation of Eq. (6.58) is left as 
homework problem 6.2 for the reader. 

Examine Eqs. (6.55), (6.56), and (6.58); they are the transformed compress¬ 
ible boundary layer equations. They are still partial differential equations, 
where both / and g are functions of £ and y. They contain no further approxi¬ 
mations or assumptions beyond those associated with the original boundary 
layer equations, namely Eqs. (6.27)-(6.30). However, they are certainly in a less 
recognizable, somewhat more complicated-looking form than the original equa¬ 
tions. But do not be disturbed by this; in reality, Eqs. (6.55), (6.56) and (6.58) 
are in a form that will prove to be practical and useful in the following discus¬ 
sion. Indeed, transformed equations like Eq. (6.55), (6.56) and (6.58) will occur 
frequently in our presentation of hypersonic viscous flow, not only in Part II, 
but also in our discussion of high temperature chemically reacting flows in Part 
III. Thus, it is important to understand and feel comfortable with these equa¬ 
tions. 

The above transformed boundary layer equations must be solved subject 
to the following boundary conditions. The physical boundary conditions were 
given immediately following Eqs. (6.26)-(6.32); the corresponding transformed 
boundary conditions are: 

At the wall: y = 0, / = /' = 0, g = g w (fixed wall temperature) 

or g' = 0 (adiabatic wall) 

At the boundary layer edge: y —> oo, /' = 1, g = 1 

In general, solutions of Eqs. (6.55), (6.56) and (6.58) along with the appro¬ 
priate boundary conditions yield variations of velocity and enthalpy throughout 
the boundary layer, via u = !/,,/'((;, if) and h = h e g(^, y). The pressure through¬ 
out the boundary layer is known, because the known pressure distribution (or 
equivalently the known velocity distribution) at the edge of the boundary is 
given by p e = p e (S), and this pressure is impressed without change through the 
boundary layer in the locally normal direction via Eq. (6.56), which says that 
p = constant in the normal direction at any £, location. (This is the usual bound¬ 
ary layer result. Keep in mind that here we are ignoring the possibility, dis¬ 
cussed earlier, that a finite normal pressure gradient can occur in a hypersonic 
boundary layer.) Finally, knowing h and p throughout the boundary layer, equi¬ 
librium thermodynamics provides the remaining variables through the appro¬ 
priate equations of state, for example, T = T(h, p) p = p(h, p), etc. For 
convenience, it is useful to visualize solutions of Eqs. (6.55) and (6.58) displayed 
as profiles through the boundary layer at various £ locations, as qualitatively 
sketched in Fig. 6.5. At the top of Fig. 6.5, velocity profiles (y as the ordinate 
and u as the abscissa) are shown at three different stations along the surface, 
denoted by f,, £ 2 and <f 3 . At the bottom of Fig. 6.5, static enthalpy profiles (y as 
the ordinate and h as the abscissa) are sketched at three dilferent stations. In 
general, even though these profiles are calculated in the transformed £. — y space, 
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Sialic enthalpy profiles 


r'ICURK 6.5 

Qualiiative sketches of nonsimilar boundary layer profiles. 


they will be different profiles at each different value of Boundary layers that 
exhibit this behavior, which is the case in general, are called nonsimilar bound¬ 
ary layers. This is in contrast to the concept of a self-similar boundary layer 
illustrated earlier in Fig. 6.4, and which is a special case that will be discussed in 
subsequent paragraphs. 

Included in the general boundary layer solution such as sketched in Fig. 
6.5 are the velocity and enthalpy gradients at the wall , given by f"{f, 0) and 
g'(i ;, 0). From the point of view of applied problems, this is the real payolf from 
a boundary layer solution because the local surface skin friction coefficient c f is 
related to /"(c, 0) and the local heat transfer rate at the surface is related to 
0)- These relations are obtained as follows. The local skin friction coefficient 
Cj ■ is defined as 


2 PeK 


(6.59) 
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where r„, is the local shear stress at the wall, given by 



( 6 . 60 ) 


Combining Eqs. (6.59) and (6.60), and utilizing the transformations given by' 
Eqs. (6.39) and (6.44), we obtain 


c f 


2 \ /3u\ f 2 \ u e p„ fdu\ 

.PeUljytyjy, \P e U 2 eJ ^24 \ S >1 J w 



u 2 t K 


/"(f, 0) 


or 


c f = 


2h „p„ 

pj 


/"(£. o) 


(6.61) 


The local heat transfer coefficient can be expressed by .any one of several defined 
parameters, such as the Nusselt number, Nit, or the Stanton number C n , defined 
as follows 


Nu = 



T„) 


ci „ 

PeUXKw 


Ik) 


(6.62) 

(6.63) 


where </„, is the local heat transfer rate (energy per second per unit area) at the 
wall, ,x is the distance along the wall measured from the leading edge, k e is the 
thermal conductivity at the edge of the boundary layer, and T a „ and h a „ are the 
adiabatic wall temperature and adiabatic wall enthalpy respectively. (By defini¬ 
tion, and h aw arc the temperature and enthalpy respectively at the wall when 
the heat transfer to the wall, q w , is zero. Sometimes, T a „ are referred to as the 
“equilibrium” temperature or “equilibrium” enthalpy respectively.) From the 
definitions given by Eqs. (6.62) and (6.63) and noting that It = c p T for a calori- 
cally perfect gas, we write 


‘l„x 


p e lt e x 

Pe C p~ 

k.(.t„ ~ TJ 

p e u e Cp(T aw - TJ_ 

I 1 * 

L k. J 


or 


Nu = C„ Re Pr 


(6.64) 
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Let us concentrate on the Stanton number, since Nu is related to C u via Eq. 
(6.64). From Eq. (6.63) and the Fourier equation for heat conduction, namely 




k 


dT~ 

Ty_ 


we have 


_ 1 

r* ar ] 
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~k dh~ 

P e "eO>a,r ~ hj p e ll ( ,(l - /lj 
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„■ Pe u e( h a» ~ kj 

Sp °y_ 


Using the transformations given by Eqs. (6.39) and (6.57), this becomes 


1 

Pe u e(ha* ~ h„) 


k u e ph e 

C P 


g'(L 0 ) 


or 


1 ky Py K 

c Pw p e {h a „ - kj 


cj'iL 0 ) 


(6.65) 


In summary. Eqs. (6.61) and (6.65) express the skin friction coefficient and the 
heat transfer coefficient at the wall in terms of /"({, 0) and y'(?> 0)- In turn, 
/"(£, 0) and y'(d, 0) are obtained from the solution of Eqs. (6.55) and (6.58) for 
the complete flowfield within the boundary layer, taking into account the proper 
boundary conditions. There is no way of obtaining /" and g' at the wall 
directly: only a complete solution of the boundary layer will provide the results 
at the wall —the main practical results of any boundary layer analysis. 

The actual solution of Eqs. (6.55) and (6.58) for a general, nonsimilar 
boundary layer requires the solution of coupled, nonlinear partial differential 
equations as a two-point boundary value problem, the two boundaries being 
t; = 0 and // -> x (or // at least large enough to be outside the boundary layer). 
These matters will be discussed in Sec. 6.6. In the remainder of the present 
section, a simpler approach will be considered. We will examine cases where the 
boundary layer is self-similar, i.e., where the picture shown in Fig. 6.4 holds. We 
will consider two classic aerodynamic problems—flow over a flat plate, and flow 
around a stagnation point. 

Flat Plate Case 

The inviscid flow over a flat plate at zero angle of attack is characterized by 
constant properties, i.e., 

= const. T e = const. p e = const. 

Furthermore, let us assume either a constant temperature wall 


71 = const. 
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or an adiabatic wall 


ALT) 


Byh 


= 0 


Examine Eqs. (6.55) and (6.58) for this case. Here, dujdt; = 0, and u e , p e and h e 
are constant values, independent of £. Under these conditions, Eqs. (6.55) and 
(6.58) become 


(C/7 + 


r ‘T_8f ' 

^ f dl d£, f 


( 6 . 66 ) 


and 


p r /)+// = 2«(/'|- 




(6.67) 


Equations (6.66) and (6.67) are still partial differential equations. Let us now go 
through a thought experiment. Let us assume that / and g are functions of q 
only, i.e., assume that / and g are independent of Insert this assumption into 
Eqs. (6.66) and (6.67). If in the resulting equations all dependency upon £ drops 
out, then the equations become ordinary differential equations, and we have a 
verification that the assumption is correct. For the flat plate case, this is indeed 
true because when the assumptions of / = f(q) and g = g(r\) are inserted into 
Eqs. (6.66) and (6.67), they become 


and 


(Cf")' + ff" = 0 


( C \ 

l Pr 


O') +./!/ + c*<jf = o 


( 6 . 68 ) 


(6.69) 


Examining Eqs. (6.68) and (6.69), we see no ^-dependency; indeed, these equa¬ 
tions are now ordinary differential equations in terms of the single independent 
variable Equations (6.68) and (6.69) are the governing equations for a com¬ 
pressible boundary layer over a flat plate with constant wall conditions, and 
they demonstrate that such a boundary layer is self-similar. Along with the 
boundary conditions, these equations represent a two-point boundary value 
problem for coupled, ordinary differential equations. Also note in these equa¬ 
tions that both C = pg/p e p e and Pr = pc p /k are the local values at each point 
within the boundary layer, and in general are variables, that is, C = C(q) and 
Pr = Pr(q). Indeed, the variation of C across the boundary layer can be quite 
large for hypersonic boundary layers, ranging over an order of magnitude or 
more. On the other hand, the variation of Pr across the boundary layer is 
usually no more than 20 or 30 percent. 
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The actual numerical solution of Eqs. (6.68) and (6.69) frequently takes the 
form of a ’'shooting" technique, as described below. Equation (6.68) is a third- 
order equation, and Eq. (6.69) is second-order. Therefore, in numerically inte¬ 
grating the equations using a standard technique such as the Runge-Kutta 
method starting at the wall and marching across the boundary layer to the outer 
edge, five boundary conditions at i; = 0 must be specified. In terms of the prob¬ 
lem itself, we have specified only three conditions at the wall, namely 

m = 0 /'(0) = 0 9(0) = g w 

Thus, to integrate the equations, we must assume two additional conditions at 
the wall, i.e., we must assume values for /"(0) and g'(0). With this in mind, the 
straightforward “shooting” technique is carried out as follows: 

1. Assume values for /"(0) and g'( 0). Numbers on the order of 0.5 to 1.0 are 
usually good assumptions. 

2. Numerically integrate Eqs. (6.68) and (6.69) across the boundary layer, going 
to large enough values of g such that f(g) and g(g) become relatively 
constant with g. This would correspond to conditions outside the boundary 
layer. 

3. Do the resulting values of f(r\) and g(g) at large g approach f{g) = 1 and 
g(g) = I, which are the appropriate boundary conditions at the edge of the 
boundary layer 0 If not, return to step 1 and assume new values for /"(0) and 
ff'(0). 

4. Repeat steps 1-3 until the proper values for /"(0) and <y'(0) are assumed at 
the wall such that the integration of Eqs. (6.68) and (6.69) produces the 
proper results at large g, namely /'( g) = 1 and g(g) = 1. 

At the end of step 4, all aspects of the compressible, laminar boundary 
layer on a flat plate are known, including the skin friction and heat transfer 
determined from the final, converged values of /"(0) and g'( 0) via simplified 
versions of Eqs. (6.61) and (6.65). These simplified forms are obtained as follows. 
For a flat plate, where p e , u,, and /!,, are constant, Eq. (6.33) gives 

i = (6.70) 

Inserting Eq. (6.70) into (6.61), and replacing /''((;, 0) with simply /"(0), we have 

2g K p w f"(Q) /"(O) 

1 Pe\/ 2 PeUJ^X PePe 9 e U e x/p e 


or 


r~ Pw/hv A0) 

'■/ = V 2 / 

PePe ^Re, 


(6.71) 
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where Eq. (6.71) is applicable to the flat plate case only. Note from Eq. (6.71) 
that c f cc 1/,/Re,. It is interesting to compare this result with the familiar re¬ 
sult for incompressible flow over a flat plate (see, for example, Ref. 5), given by 

0.664 

Cy (incompressible) = (6.72) 

x/Re.v 

Working further with Eq. (6.71), we note from the equation of state, p = pRT 
that 


P„ = T e 
Pe T w 


(6.73) 


Also, recall that /t for a gas is a function of temperature only; if we assume an 
exponential variation ft oc T'\ then 


ft, 

ft, 



Combining Eqs. (6.71), (7.73) and (6.74), we have 


c f 


T W \ H -' /"(/) 
TJ x Re, 


(6.74) 


(6.75) 


The value of /"(0) itself is a function of M e , Pr and y through the solution of 
Eqs. (6.68) and (6.69). This is because Pr appears explicitly in Eq. (6.69), and the 
term it*/Ii e is proportional to M* and (y — 1), that is [noting that for a calori- 
cally perfect gas, c = yR/(y — I) and the free stream speed of sound is a e = 


2 "> 2 
K fC , ,, K 

7 = t = (7 - 0 = (V 

h c c T e yRT e 


1) / = (y - 1 )M* 


Thus, /"(0) is a function of M e , Pr, and y through Eqs. (6.68) and (6.69); it also 
depends on the wall to free-stream temperature (or enthalpy) ratio T„/T e = hjh e 
through the boundary condition. The net result is that we can express the coeffi¬ 
cient of l/^/Re, in Eq. (6.75) with the functional expression F(M r , Pr, y, TJT e ), 
writing Eq. (6.75) as 


Cf (compressible) 


F(M e , Pr, y, TJT e ) 

-/Re, 


(6.76) 


Thus, comparing Eqs. (6.72) and (6.76), our compressible boundary layer theory 
demonstrates that the familiar coefficient 0.664 in the incompressible result is 
replaced by another number which is a function of M e , Pr, y, and TJT e . The 
form of Eq. (6.76) is certainly to be expected, since we identified M e , Pr, y, TJT e , 
and Re in Sec. 6.3 as the governing similarity parameters for a compressible 
viscous flow. The point here is that compressible boundary layer theory, just as 
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in the familiar incompressible case, demonstrates that for laminar flow over a 
flat plate, c ( is inversely proportional to ^/Re*; however, the constant of pro¬ 
portionality, which is 0.664 for the familiar incompressible case, becomes for the 
compressible case a number which is a function of the compressible How similar¬ 
ity parameters. A/,,, Pr, y, and TJT t ,. This number is obtained from the bound¬ 
ary layer solution discussed above. In regard to heat transfer to a Hat plate, 
Eq. (6.65) is combined with Eq. (6.70), resulting in 


C 


n 


1 1 1 k u , p w h t 

\/2 Jp,U^jp. e Pe Cp w Pe 


K) 


<iX 0 ) 


or 


. _ 11 k w p u> h e g'(0) 

n/2 p e c Pn p, - ~hj ^/Re x 


(6.77) 


where Eq. (6.77) is applicable to the flat plate case only. Note from Eq. (6.77) 
that C„ cc l/^/Rej. It is interesting to compare this result with the familiar 
result for incompressible flow over a flat plate given by 


C„ (incompressible) 


0.332 


Pr-2'3 


(6.78) 


Working further with Eq. (6.77), and using the calorically perfect gas relation 
h = c p T, we obtain 

c = J pJ_ i g'(Q ) f679 , 

" 7 2 W ' Pr » (TJT ° - TJT ‘ ] \ 


Recalling Eqs. (6.73) and (6.74), we obtain from Eq. (6.79), 


1 /T„. V- 1 _1_/(0) 

x /2 V ’ Pr » /„ 7 . ) x 


(6.80) 


In Eq. (6.80), T a JT e can be found from a solution of Eqs. (6.68) and (6.69), using 
the adiabatic wall boundary condition that ( dT/clr /) = 0. In turn, the solution of 
Eqs. (6.68) and (6.69) depends on M,„ y, and Pr. Thus, in Eq. (6.80), T a JT e is a 
function of M„, y and Pr, and therefore the entire factor multiplying in 

Eq. (6.80) is simply a function of the similarity parameters 


C„ (compressible) = 


G(M e , Pr, y, TJT e ) 

7^* 


(6.81) 


Thus, comparing Eqs. (6.78) and (6.81), our compressible boundary layer theory 
demonstrates that the familiar coefficient 0.332 Pr~ 2/3 in the incompressible re¬ 
sult is replaced by another number which is a function of M e , Pr, y and TJT e . 
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Finally, we note that Reynolds analogy linking c f and C H which for the incom¬ 
pressible case is [from Eqs. (6.72) and (6.78)] 

r " (incompressible) = jPr^ 2/3 (6.82) 

Cf 

now for the compressible case becomes (from Eqs. (6.76) and (6.81) 

(compressible) = ^ = /^M„ Pr, y, (6.83) 

Emphasis is again made that, in Eqs. (6.76), (6.81) and (6.83), the values of F 
and G are obtained by solving the boundary layer equations [Eqs. (6.68) and 
(6.69)] with the appropriate boundary conditions. There is no exact method that 
can give an a priori answer for F and G. 

A word about the viscosity coefficient and thermal conductivity is in order 
here. For a pure, nonreacting gas, the viscosity coefficient is dependent only on 
temperature. An engineering approximation is to assume an exponential tem¬ 
perature variation, such as already given in Eq. (6.74), where in the literature the 
exponent n seems to vary from 0.5 to 1.0, depending on the nature of the par¬ 
ticular gas. However, perhaps the most commonly used expression for q is 
Sutherland’s law 


K = (T Y' 2 T ref + S 

/‘ref \T, C <) T + S 


(6.84a) 


where for air fi Tct = 1.789 x 10~ 5 kg/m s, T rcf = 288 K, S = 110 K, and /.i and T 
are in units of kg/m s and K, respectively. Sutherlands law is accurate for air 
over a range of several thousand degrees, and is certainly appropriate for hyper¬ 
sonic viscous llow calculations under the assumptions considered in Part II of 
this book. Moreover, under these same assumptions, the thermal conductivity k 
can be obtained from /i and the Prandtl number as 


Pr 


k 


hence 


k = fWp (6Mb) 

Pr 

For air at standard conditions, Pr = 0.71. 

The above discussion has presented the theory of laminar, compressible 
boundary layers over a flat plate; it was given here to provide the reader with 
the flavor of such boundary layer solutions. Let us now consider some repre¬ 
sentative results, particularly at high Mach numbers. Various studies have 
addressed the laminar, compressible boundary layer. Most notably, Van Driest 
(Ref. 90) calculated Hows over a flat plate, and Cohen and Reshotko (Ref. 91) 
addressed the entire spectrum of possible self-similar solutions. Figures 6.6 and 
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FIGURE 6.6 

Velocity profiles in a compressible laminar boundary layer over an insulated fiat plate. (From Van 

Driest. Ref. VO.) 


6.7 contain results for an insulated flat plate (zero heat transfer) obtained by 
Van Driest (Ref. 90) using Sutherland’s law for p, and assuming a constant Pr = 
0.75. The velocity profiles are shown in Fig. 6.6 for different Mach numbers 
ranging from 0 (incompressible flow) to the large hypersonic value of 20. Note 
that at a given ,v station at a given Re*, the boundary layer thickness increases 
markedly as M e is increased to hypersonic values. This clearly demonstrates one 
of the most important aspects of hypersonic boundary layers, namely, that the 
boundary layer thickness becomes large at large Mach numbers. Indeed, in 
Chap. 7 we will easily demonstrate that the laminar boundary layer thickness 
varies approximately as Figure 6.7 illustrates the temperature profiles for 
the same case as Fig. 6.6. Note the obvious physical trend that, as M,, increases 
to large hypersonic values, the temperatures increase markedly. Also note in 
Fig. 6.7 that at the wall (y = 0) ( 8T/dy)„ = 0, as it should be for an insulated 
surface (r/„, = 0). Figures 6.8 and 6.9 also contain results by Van Driest (Ref. 90), 
but now for the case of heat transfer to the wall. Such a case is called a “cold 
wall” case, because T u , < T, m . (The opposite case would be a “hot wall,” where 
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FIGURE 6.7 

Temperature profiles in a compressible laminar boundary layer over an insulated fiat plate. (From 
Ref. 90.) 


heat is transferred from the wall into the flow; in this case, T„ > T aw .) For the 
results shown in Figs. 6.8 and 6.9, TJT e = 0.25 and Pr = 0.75 = constant. Fig¬ 
ure 6.8 shows velocity profiles for various different values of M e , again demon¬ 
strating the rapid growth in boundary layer thickness with increasing M e . In 
addition, the effect of a cold wall on the boundary layer thickness can be seen 
by comparing Figs. 6.6 and 6.8. For example, consider the case of M, = 20 in 
both figures. For the insulated wall at Mach 20 (Fig. 6.6), the boundary layer 
thickness reaches out beyond a value of (y/x)yf Re* = 60, whereas for the cold 
wall at Mach 20 (Fig. 6.8), the boundary layer thickness is slightly above 
{y/x)^J Re x = 30. This illustrates the general fact that the effect of a cold wall is 
to reduce the boundary layer thickness. This trend is easily explainable on a phys¬ 
ical basis when we examine Fig. 6.9, which illustrates the temperature profiles 
through the boundary layer for the cold wall case. Comparing Figs. 6.7 and 6.9, 
we note that, as expected, the temperature levels in the cold wall case are con¬ 
siderably lower than in the insulated case. In turn, because the pressure is 
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FIGURE 6.8 

Velocity profiles in ;i laminar, compressible boundary layer over a cold fiat plate. (Ref 90.) 


the same in both cases, we have from the equation of state p = pRT, that the 
density in the eold wall ease is much higher. If the density is higher, the mass flow 
wilhin the boundary layer can be accommodated within a smaller boundary 
layer thickness; hence, the effect of a cold wall is to thin the boundary layer. 
Also note in Fig. 6.9 that, starting at the outer edge of the boundary layer and 
going toward the wall, the temperature first increases, reaches a peak somewhere 
within the boundary layer, and then decreases to its prescribed cold-wall value 
7„.. The peak lemperature inside the boundary layer is an indication of the 
amount of viscous dissipation occurring within the boundary layer. Figure 6.9 
clearly demonstrates the rapidly growing effect of this viscous dissipation as M e 
increases—yet another basic aspect of hypersonic boundary layers. 

Carefully study the boundary layer profiles shown in Figs. 6.6 6.8. They 
are an example of the detailed results which emerge from a solution of Eqs. 
(6.68) and (6.69); indeed, these figures are graphical representations of Eqs. 
(6.68) and (6.69), with the results cast in the physical (x, y) space (rather than in 
terms of the transformed variable g). In turn, the surface values of c f and C H can 
be obtained from these solutions, as given by Eqs. (6.71) and (6.77) respectively. 
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FIGURE 6.11 

Flat plate Stamon numbers. (Ref. 90.) 


These results are given in Figs. 6.10 and 6.11. In particular, c s is shown in 
Fig. 6.10 as a function of M e . Note from this figure the following important 
trends: 

1. The effect of increasing is to decrease c f . For an insulated flat plate, c f is 
reduced by approximately a factor of two in going from M e = 0 to M e = 20. 
Do not be misled by this, however. We see that Cj- decreases as M e increases, 
but this does not mean that the actual shear stress at the wall, i w , decreases. 
Keep in mind that i„, = iP e u?,c f = \yp e M 2 e c f . Hence, although c f decreases 
gradually as M t . increases, i H , increases considerably as M e increases due to 
the M] variation shown above. 

2. The effect of cooling the wall is to increase Cj. This makes good physical 
sense in light of our discussion above on the effects of cooling on the bound¬ 
ary layer thickness S. A cold wall decreases <5, as we have already seen. In 
turn, the velocity gradient at the wall is increased when S decreases, that is, 
(t/w/r/y),,, = 0(u e /5). Since i w = p(du/dy) w , then t w will increase. Since e f = 

then c s will also increase, which confirms the trend shown in 

Fig. 6.10. 

3. For the insulated wall, as M e -> 0, c /N /Re^ -> 0.664. This is the familiar result 
for incompressible flow, as noted in Eq. (6.72). 

Heat transfer results are given in Fig. 6.11. Here, C n [as calculated from 
Eq. (6.77)] is plotted versus M e . The trends shown here are identical to the 
trends shown for c r in Fig. 6.10. This is simply a demonstration of Reynolds 
analogy [Eq. (6.83)] which states the direct relation between c s and C u . Also 



248 VISCOUS IIYI'PRSONIC PLOW 


note that Fig. 6.11 gives finite values of C„ for the insulated wall case. Recall the 
definition of C„ from Eq. (6.63), namely 

c 

“ Pe«,(/l. w - hj 

For an insulated wall, by definition q w = 0 and h„ = h aw . Thus, for the insulated 
wall case, C„ becomes an indefinite form expressed as 


which clearly has a finite value, as shown in Fig. 6.11. 

The physical results shown in Figs. 6.6-6.11 are so important that we sum¬ 
marize them below: 

1. Boundary thickness S increases rapidly with M,„ 

2. Temperature inside the boundary layer increases rapidly with M e due to 
viscous dissipation. 

3. Cooling the wall reduces S. 

4. Both cj and C„ decrease as M e increases. 

5. Both c f and C (/ increases as the wall is cooled. 

Let us consider some further aspects of aerodynamic heating at hypersonic 
speeds. Return to the definition of C„ given by Eq. (6.63). Note from this defini¬ 
tion that aerodynamic heating to the surface is given by 


,(/]„„, - hj 


(6.85) 


This equation is important, because it emphasizes that the “driving potential” 
for aerodynamic heating to the surface is the enthalpy difference (h an — /i„,). We 
will find this to be the case for virtually all cases in aerodynamic heating to high 
speed vehicles, even in the chemically reacting cases discussed in Part III. In 
turn, the calculation of the adiabatic wall enthalpy h aw is an important consider¬ 
ation before Eq. (6.85) can be used to obtain q w . An exact solution for h„„ for 
the flat plate can be obtained by solving Eqs. (6.68) and (6.69) along with the 
insulated wall boundary condition (dTjdy) w = 0. However in most engineering 
related calculations, the value of h aw (and of T aw = h a Jc p ) is expressed in terms 
of the recovery factor r, defined as 

= K + r -- (6.86) 

At the outer edge of the boundary layer, we have 


I j . 

H K + 2 


(6.87) 
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where h 0 is the total enthalpy in the inviscid flow outside the boundary layer. 
Substituting Eq. (6.87) into (6.96), we have 

h aw = h e + r(h 0 - h e ) 



( 6 . 88 ) 


For a calorically perfect gas, where h = c p T, Eq. (6.88) can be written as 

T - T 

r = (6-89) 

— l e 

For incompressible flow, the value of r is related to the Prandtl number as 
r = ^Pr. Exact results for r for compressible flow are shown in Fig. 6.12, ob¬ 
tained from Ref. 83, and are compared with the ^/Pr = ^Zo.715 = 0.845. Note 
that r decreases as M e increases through the hypersonic regime. However, also 
note that the ordinate is an expanded scale, showing that r decreases by only 2.4 
percent from M e = 0 to 16. Hence, for all practical purposes, we can assume for 
laminar hypersonic flow over a flat plate that 



(6.90) 


With Eqs. (6.90) and (6.88), we can readily estimate h aw for use in Eq. (6.85). To 
complete an engineering analysis of </„. using Eq. (6.85), we must obtain an esti¬ 
mate of C„. Again, in an exact solution, C„ would be obtained by solving Eqs. 
(6.68) and (6.69) for the specified wall temperature T w . However, we can esti¬ 
mate C„ using Reynolds analogy. The general, exact value for Reynolds analogy 



FIGURE 6.12 

Comparison of exact and approximate recovery factor for laminar flow over a fiat plate. ( Ref. 83.) 
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Mach number, M,, 


FIGURE 6.13 

Comparison of exact and approximate Reynolds analogy factor for laminar flow over a flat plate. 

(Ref. 90.) 

is expressed by Eq. (6.83); numerical solutions are given in Fig. 6.13, obtained 
from Ref. 83. Note that the ratio c f /C„ decreases as M e increases across the 
hypersonic regime. However, again note that the ordinate is an expanded scale, 
and Cf/C H decreases by only 2 percent from M e = 0 to 16. Thus, the incompres¬ 
sible result given by Eq. (6.82) is a reasonable approximation at hypersonic 
speeds, namely 

C " = ' Pr- 2 ' 3 (6.91) 

c s 2 

This brings to an end our discussion of hypersonic flat plate laminar 
boundary layers. Although the results have been obtained for the special case of 
a flat plate, their value goes far beyond that special case. For example, the phys¬ 
ical trends listed above hold for hypersonic boundary layers over general aero¬ 
dynamic shapes. Moreover, the actual flat plate results are frequently applied to 
slender three-dimensional shapes in a “localized” sense, following a given 
streamline over a thin, three-dimensional body. Therefore, before progressing 
further, review all the material in the present section until you feel comfortable 
with the ideas and results. 

Stagnation Point Case 

We now discuss the second of the two classical problems considered in this 
section, namely, the laminar boundary layer at a stagnation point. Consider the 
stagnation region on a blunt body, as sketched in Fig. 6.14. The boundary layer 
thickness is finite at the stagnation point. As before, x is the distance measured 
along the surface, and tq, is the velocity in the x direction at the outer edge of 
the boundary layer. For the time being, we will consider two-dimensional flow, 
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FIGURE 6.14 

Stagnation region geometry. 


hence Fig. 6.14 represents a blunt, two-dimensional cylindrical body with infinite 
span perpendicular to the page. The local surface radius of curvature at the 
stagnation point is R. 

Let us consider the possibility of a self-similar solution to the governing 
boundary layer equations, Eqs. (6.55) and (6.58) for the stagnation point case. 
As before, we make the assumption that / and g are functions of r\ only, hence 
df '/d£ — df/dl; — c'q/fii; = 0 in Eqs. (6.55) and (6.58). With these assumptions, 
Eqs. (6.55) and (6.58) become respectively, 


(cry + fr = - 

u a 


(.n 2 - - 


du e 

n 


(6.92) 


and 


— y' ) + fg' = 


Pe U <? dU e 

pk ^ 




(6.93) 


Equations (6.92) and (6.93) still exhibit £ dependency. However, consider the 
following aspects associated with the stagnation point. First, in the stagnation 
region, u e is very small, and h e = h 0 (stagnation enthalpy) is very large. Hence 

U - e v 0 (6.94) 

h„ 

Next, we observe that the flow velocity is so low in the stagnation region that 
we can assume almost incompressible flow conditions to exist in the inviscid 
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flow outside the boundary layer. Thus, we use a result from incompressible, 
inviscid flow at a stagnation point, namely 


u, 



(6.95) 


where (dujdx) s is the velocity gradient at the stagnation point external to the 
boundary layer. Substitute Eq. (6.95) into (6.33); 


<? = 


PfU'be dx = 

0 


Pet‘4 

0 


du e 

dx 


x dx 


or 


5 = P.Hr I 


X 2 

dx ) s 2 


(6.96) 


Also, consider the term dujdt- This can be expressed as 
du e fdu e \fdx\ ( dujdx ) 

7f = { dxAdi) = ^Jdx) 


(6.97) 


From Eq. (6.33) 


df 

7 = /'UC/C 
dx 


(6.98) 


Substituting Eq. (6.98) into (6.97), we have 


du e 1 du e 
dt p e u e n e dx 


(6.99) 


Substituting Eq. (6.95) into (6.99), we have at the stagnation point 

A'",A = __MbA 

\ ll t /v p e pjdujdx\x \ dx J s 


or 



1 

P, 


( 6 . 100 ) 


Consider the term (2 t/uj dujdt, which appears in Eq. (6.92). Using Eqs. (6.95), 
(6.96) and (6.100), we obtain 

2£ du e = 2 [ p e ji e {dujdx) s (x 2 /2)] / _\ = ^ 

U e dt (du e /dx) s x \PePe x ) 


( 6 . 101 ) 
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Consider the term 2c,(p e uJph t )(dujdc,) which appears in Eq. (6.93). Using Eqs. 
(6.95), (6.96) and (6.100), this becomes 


pyq, = p_ e 
^ ph e di‘ ph t 


fdu A x 2 

( du e \ 

i 

’'■"■{dx l 2 

— X 

A dx J‘ 

_p e p e x_ 


= £<■ ( d } l e\ 2 x 2 
ph e l dx ) s 


Since, at-the stagnation point, x = 0, then the above becomes 


2f 


p c u e du e 
ph t . 


( 6 . 102 ) 


Also, note in Eq. (6.92) that the term pjp can be expressed, for a calorically 
perfect gas, as 


Pi- Pi- T e p e h h 

p p T p h e h e 


(6.103) 


where we have recognized for a boundary layer that p e = p. Substituting Eqs. 
(6.94) and (6.101)-(6.103) into Eqs. (6.92) and (6.93), wc have 


and 


(Cf")' + //" = if’) 2 — g 

(^/)+/ 9 ' = 0 


(6.104) 


(6.105) 


Eqs. (6.104) and (6.105) are the governing equations for a compressible, stagna¬ 
tion-point boundary layer. Examining these equations, we see no ^-dependency. 
Hence, the stagnation point boundary layer is a self-similar case. 

Numerical solutions to Eqs. (6.104) and (6.105) can be obtained by the 
“shooting technique” as described earlier in the flat plate case. There is nothing 
to be gained in going through the details at this stage of our discussion; rather, 
such details will be deferred until Part III, where we will discuss at length a 
solution of the stagnation-point problem in a dissociating and ionizing gas. 
Instead, we simply state the result of solving Eqs. (6.104) and (6.105), correlated 
in the following expression obtained from Ref. 92: 


I dx 


(h aw - h w ) 


Cylinder 


t/„, = 0.57 Pr~ 0,6 (p e p e ) i/2 


(6.106) 
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If we had considered an axisymmetric body, the original transformation 
given by Eqs. (6.33) and (6.34) would have been slightly modified as follows: 


and 


£ = 


p e u e n e r 2 dx 
o 


(6.107) 


7 = -7i= 





(6.108) 


where r is the vertical coordinate measured from the centerline, as shown in Fig. 
6.14. Equations (6.107) and (6.108) lead to equations for the axisymmetric stag¬ 
nation point almost identical to Eq. (6.104) and (6.105), namely 

(C/"y + ff" = IK/') 2 - fit] (6.109) 

and 

(p r (A+fu' = 0 ( 611 °) 


The derivation of Eqs. (6.109) and (6.110) is left as a homework problem. In 
turn, the resulting heat transfer expression is (Ref. 92): 


Sphere 


q„ = 0.763 Pr 0 ' 6 (p e p e ) 112 



U 


( 6 . 111 ) 


Compare Eq. (6.106) for the two-dimensional cylinder with Eq. (6.111) for 
the axisymmetric sphere. The equations are the same except for the leading 
coefficient, which is higher for the sphere. Everything else being the same, this 
demonstrates that stagnation point heating to a sphere is larger than to a 
two-dimensional cylinder. Why? The answer lies in a basic difference between 
two- and three-dimensional flows. In a two-dimensional flow, the gas has only 
two directions to move when it encounters a body—up or down. In contrast, in 
an axisymmetric flow, the gas has three directions to move—up, down, and side¬ 
ways, and hence the flow is somewhat “relieved,” i.e., in comparing two- and 
three-dimensional flows over bodies with the same longitudinal section (such as 
a cylinder and a sphere), there is a well-known three-dimensional relieving effect 
for the three-dimensional flow. As a consequence of this relieving effect, the 
boundary layer thickness S at the stagnation point is smaller for the sphere than 
for the cylinder. In turn, the temperature gradient at the wall, (dT/8y)„, which is 
0(TJ5), is larger for the sphere. Since q„ = k(dT/dy )„, then q w is larger for the 
sphere. This confirms the comparison between Eqs. (6.106) and (6.111). 

The above results for aerodynamic heating to a stagnation point have a 
stunning impact on hypersonic vehicle design, namely, they impose the require¬ 
ment for the vehicle to have a blunt, rather than a sharp, nose. To see this, 
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consider the velocity gradient, dujdx , which appears in Eqs. (6.106) and (6.111). 
From Euler’s equation applied at the edge of the boundary layer, 

dp e = — p e u e du e (6.112) 


we have 


du e 1 dp e 

dx p e u e dx 


(6.113) 


Assuming a newtonian pressure distribution over the surface, we have from 
Eq. (3.2) 

C p = 2 sin 2 n 

where 0 is defined as the angle between a tangent to the surface and the free- 
stream direction. If we define <j> as the angle between the normal to the surface 
and the freestream, then Eq. (3.2) can be written as 

C p = 2cos 2 4> (6.114) 

From the definition of C p , Eq. (6.114) becomes 

Pe Poo 2 J, 

-= 2 COS <p 

<7oo 


or 


Pe = COS 2 $ + 

Differentiating Eq. (6.115), we obtain 

dp . d(j> 

— = —4 q cos <f> sin tj> - — 
dx dx 

Combining Eqs. (6.113) and (6.116), we have 

diip 4 q . dtp 

= cos <l> sm ip - 


(6.115) 


(6.116) 


(6.117) 


Equation (6.117) is a general result which applies at all points along the body. 
Now consider the stagnation-point region, as sketched in Fig. 6.14. In this re¬ 
gion, let A.v be a small increment of surface distance above the stagnation point, 
corresponding to the small change in <p, A <p. From Eq. (6.95) 


Ax 


u. 


du e 

dx 


(6.118) 
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Also, in the stagnation region 4> is small, hence, from Fig. 6.14, 

COS (f) ss 1 

Ax 

sin <j> se <j) ss A <f> re — 


(6.1 19a) 
(6.119b) 


cl(j> 1 

dx R 


(6.119c) 


where R is the local radius of curvature of the body at the stagnation point. 
Finally, at the stagnation point, Eq. (6.114) becomes 


or 



oo 


= l(Pe~ P.Y) 

Substituting Eqs. (6.118) (6.120) into (6.117), we have 

l‘KY = 2 ( p e - p a ) /Ax\ / 1' 
\dx J p e Ax \ R J^R 

or 

du e = I /2(P e - Poo) 

dx R v/ p e 


( 6 . 120 ) 


( 6 . 121 ) 


Examine Eqs. (6.106) and (6.111) in light of Eq. (6.121). We see that 


q„ oc 


7 * 


( 6 . 122 ) . 


This states that stagnation-point heating varies inversely with the square root of 
the nose radius ; hence , to reduce the heating, increase the nose radius. This is the 
reason why the nose and leading edge regions of hypersonic vehicles are blunt; 
otherwise, the severe aerothermal conditions in the stagnation region would 
quickly melt a sharp leading edge. Indeed, for earth entry bodies, such as the 
Mercury and Apollo space vehicles (see Fig. 1.7), the only viable design to over¬ 
come aerodynamic heating is a very blunt body. The derivation leading to Eq. 
(6.122) is quantitative proof of the need for blunt bodies in hypersonic applica¬ 
tions. There is also an important qualitative rationale for hypersonic blunt 
bodies, which is presented in Refs. 1 and 5, and hence will not be repeated here. 
The reader is encouraged to examine these qualitative discussions in Refs. 1 and 
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FIGURE 6.15 

Stagnation point Stanton number versus Re based on nose radius. (From Koppenwallnrr, Ref. 79.) 


5, in order to acquire a more in-depth understanding of the hypersonic aerody¬ 
namic heating differences between slender and blunt bodies. The fact that r/„, is 
inversely proportional to R is experimentally verified in Fig. 6.15, obtained 
from Ref. 79. Here, various sets of experimental data for C„ at the stagnation 
point are plotted versus Reynolds number based on nose diameter; the abscissa 
is essentially proportional R. This is a log-log plot, and the data exhibit a slope 
of —0.5, hence verifying that q w <x 1/^/r. 

As a corollary to the above discussion on stagnation-point heating, we 
note that for a laminar flow around a cylindrical or spherical nose, q w drops 
considerably with distance from the stagnation point. This is graphically demon¬ 
strated in Fig. 6.16, taken from Ref. 79. Here, the heat transfer distribution 
around a circular cylinder is given in terms of q„(<j>)/q w ( 0), where i/„,(0) is the 
stagnation point heat transfer, and 4> is the angle shown in Fig. 6.14. Figure 6.16 
displays experimental data recently obtained by Koppenwallner at Germany’s 
DFVLR, and reported in Ref. 79. The solid curve in Fig. 6.16 is simply a fairing 
of the data. Note the rapid drop in q n as 4> increases. The local values of q w vary 
approximately as cos 3/2 <j>. Indeed, Beckwith and Gallagher (Ref. 93) have given 
the following curve-fit for heat transfer data around an unswept circular 
cylinder; 

Nu = Nu s (0.7 cos 3/2 4> + 0.3) 

where Nu, is the Nusselt number at the stagnation point. (Recall from Eq. (6.64) 
that Nu = C H Re Pr.) 
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<f y degrees 


FKIURK 6.16 

Heat transfer distribution around a circular cylinder. (From Ref. 79.) 


Summary 

This concludes the present section on similar solutions of hypersonic laminar 
boundary layers. We have seen that the governing boundary layer equations, 
which are partial differential equations [Eqs. (6.27)-(6.30)], reduce to a system 
of ordinary differential equations for the special cases of the flat plate and the 
stagnation point. Hence these special cases are examples of self-similar solutions. 
There are other cases where self-similar solutions apply, e.g., supersonic and 
hypersonic flow over a right-circular cone, where the inviscid flow at the edge of 
the boundary layer is constant, independent of distance from the nose tip. In 
addition, Cohen and Reshotko (Ref. 91) give self-similar results for a whole 
spectrum of external flows generated by 

u e = ex'" 

where c is a constant. Delining a pressure gradient parameter as 
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Ref. 91 tabulates results for = 0.326 < /i < 2.0, where /i = 0 and /? = 1 represent 
the special cases of the flat plate and stagnation jioint respectively. For cases 
other than the above, self-similar solutions are not possible. Indeed, the vast 
majority of hypersonic boundary layer applications involve general situations 
where the boundary layers are nonsimilar. Such nonsimilar boundary layers are 
discussed in the next section. However, the time we spent on similar solutions in 
the present section was in no way wasted. Quite the contrary, the flat plate and 
stagnation point cases represent fundamental applications in hypersonic aero¬ 
dynamics. They are useful in two regards: (1) as the source of engineering 
formulas for predicting aerodynamic heating, and (2) as a clear demonstration of 
the basic behavior of hypersonic boundary layers —behavior which is indicative 
of all hypersonic boundary layers, similar or nonsimilar. 


6.6 NONSIMILAR HYPERSONIC 
BOUNDARY LAYERS 

Prior to 1960, the everyday world of boundary layer applications emphasized 
approximate solutions of the boundary layer equations; the only exact solutions 
that were available were the self-similar solutions discussed in Sec. 6.5. Many of 
the approximate solutions involved the assumption of polynomial profiles for n 
and h across the boundary layer, and the application of the integral forms of the 
governing equations (in contrast to the partial differential equation form pre¬ 
sented in Sec. 6.3). Such integral solutions of the boundary layer are well-known 
and extensively presented elsewhere (see, for example, Ref. 83); hence, they will 
not be considered here. 

In the modern world of hypersonic aerodynamics today, “exact” solutions 
of the boundary layer equations, Eqs. (6.27)-(6.30), can be obtained numerically 
for arbitrary pressure (hence, velocity) gradients external to the boundary layer. 
Here, the word “exact” is being used in the same computational fluid dynamic 
sense as in Chap. 5, that is, the exact boundary layer equations are used, but 
errors are introduced via the numerical solution in the form of truncation and 
round-off errors. Hence, we can readily state that the numerical solution of arbi¬ 
trary nonsimilar boundary layers is a fairly common practice in hypersonic aero¬ 
dynamics today. The purpose of the present section is to provide the flavor of 
such nonsimilar solutions; the existing literature in this field is so expansive that 
we can only highlight some of the more important developments. A thorough 
review of numerical boundary layer solutions is given by Blottner in Ref. 94, 
which should be consulted for more details. 

In this section, we will introduce three separate methods for solving gen¬ 
eral, nonsimilar boundary layers: (1) local similarity, (2) difference-differential 
approach, and (3) finite-difference solutions. The first two are somewhat histori¬ 
cal in the sense that they are no longer in widespread use today, but they consti¬ 
tute interesting ideas with which any student of hypersonic viscous flows should 
be acquainted. The last item, finite-difference solutions, represents today’s state 
of the art. 
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Local Similarity Method 

The method of local similarity is not a precisely exact solution for general 
nonsimilar boundary layers, but it is an important bridge between the exact self¬ 
similar technique discussed in Sec. 6.4 and the exact nonsimilar solutions in the 
present section. The concept of local similarity is outlined below. 


t. Consider a boundary layer with properties at the outer edge and at the wall 
which have an arbitrary variation with x, as sketched in Fig. 6.17. 

2. Apply the general transformed boundary layer equations, Eqs. (6.55) and 
(6.58), to a small slice of the boundary layer located at some local value of x, 
say x = x,, this small slice is shown as the shaded region located at x, in Fig. 
6.17. Take the thickness of this slice, Ax, to be small enough such that the 
variations of T„,, u c , h e , p e etc., over Ax are small. Indeed, assume T u „ u e , h e , 
etc. to be equal to their local values at x t . This includes the gradient dajdl;, 
which is taken to be a numerical value in Eqs. (6.55) and (6.58) equal to its 
local value at x,. 

3. In Eqs. (6.55) and (6.58), assume that all the partial derivatives with respect 
to <; namely, df'/dl;, df/di, and dg/dl; are small and can be neglected. This is 
why the local similarity method is an approximate method. In a truly self¬ 
similar solution, these derivatives are precisely zero. Here, they are finite, but 
we assume them to be small enough so that they can be neglected in Eqs. 
(6.55) and (6.58). 



v -!/,('!) 

FICIJRK 6.17 

Schematic for the concept of local similarity. 
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4 . Under these assumptions, Eq. (6.55) becomes [recalling Eq. (6.103)] 

( C /7 + //" = - [(/') 2 - ff ] ^ ( 6 . 123 ) 

u e d£ 

and Eq. (6.58) becomes 


Pr' 


g' '+// = 2( 


Pe^e r> _ U? 2 

Jh e } 7z \. u ’ 


(6.124) 


Eqs. (6.55) and (6.58) are the exact governing, transformed, boundary layer 
equations, whereas Eqs. (6.123) and (6.124) are approximate forms. At any 
given .v (or c) station, dujdtl, p e , u e , and h e are the local values, and hence 
enter Eqs. (6.123) and (6.124) as specific numerical values. Equations (6.55) 
and (6.58) are partial differential equations; in contrast, Eqs. (6.123) and 
(6.124) are ordinary differential equations, in the same spirit as in Sec. 6.5. 
Hence, these equations can be solved (say by the “shooting” technique 
described earlier) at the local value of x. The solution gives / = f(p) and 
</ = cj(tj) for the slice of the boundary layer located at x, (the first shaded 
region of Fig. 6.17). 

5. Pick another slice of the boundary layer at another value of x, say x = x 2 , 
and repeat the above process. This is shown schematically in Fig. 6.17, where 
two locations are denoted by x, and x 2 . The above locally similar solution is 
carried out at each value of x, resulting in f^p) and gi(p) at x 2 and f 2 (p) and 
g 2 (p) at x 2 . In general, 

ffiM + 9iWi 

Thus, the “locally similar” solution is a solution of the nonsimilar boundary 
layer, albeit in an approximate sense. 

6. After application to many values of x, the above procedure yields the skin 
friction [via /'(())] and heat transfer [via r/(0)] as functions of x (numerically). 


One of the best examples of the application of local similarity is the work 
by Kemp, Rose, and Detra (Ref. 95), which treated the boundary layer over a 
hemisphere-cylinder as sketched at the top right of Fig. 6.18. This work treated 
chemically reacting, dissociating air, which is the purview of Part III. However, 
these results are presented here to demonstrate the viability of the local similar¬ 
ity method. Figure 6.18 gives the variation of q w as a function of angular 
distance (f> away from the stagnation point, as measured in a shock tube. The 
free-stream conditions were such as to simulate the pressure and enthalpy levels 
associated with free flight in the atmosphere with a velocity of 18,000 ft/s at an 
altitude of 70,000 ft. [The actual shock tube free-stream conditions were different 
than the above velocity and altitude; recall only low supersonic Mach numbers 
can be produced in a shock tube (see, for example, Ref. 4), but that the actual 
stagnation enthalpy and pressure can be directly simulated.] The symbols in 
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6/>, degrees 


FIGURE 6.18 

Comparison of (he local similarity method with sliock-uibe data for the heat transfer distribution 
over a hemisphere-cylinder. (From Ref. 95.) 


Fig. 6.18 denote shock tube data, and the curve represents the local similarity 
calculation. Considering the scatter of the shock-tube data, the local similarity 
method compared fairly well with experiment. It is interesting to note'that the 
numerical results in Ref. 95 indicate that, for ordinary blunt bodies, the calcu¬ 
lated variation of r/(0) as a function of .x around the body is very weak. To be 
precise, for the conditions treated in Ref. 95, 


0.96 < lf! ° US:l f '' U,C,ionor '' _ < 1.03 
tf( 0) at the stagnation point 


i.e., the transformed enthalpy gradient at the wall is essentially the same at all 
points around the body. Since q w is obtained from Eqs. (6.63) and (6.65), then 
the strong variation of q w with </> shown in Fig. 6.18 is due to the variation of h e , 
p e and ii L , in those equations. 

Note that the local similarity method blocks out any effect of the upstream 
properties within the boundary layer. The calculation at any given .x does not 
utilize values of the boundary layer profiles upstream of x. Therefore, the 
“history” of the development of the boundary layer from the leading edge to the 
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local station x is not properly accounted for in the local similarity method. 
However, the upstream history of the inviscid flow is transmitted to the local 
similarity solutions insofar as the local values of u e , h e , etc., are influenced by 
this history. This physical defect does not appear to be serious, probably for the 
following reason. The boundary layer equations are parabolic partial differential 
equations; for such equations, information is readily transmitted across the flow, 
normal to the surface. At the same time, information is carried downstream; 
however, the history of this information “damps out” quickly with distance 
downstream. That is to say, the real, physical boundary layer at any given loca¬ 
tion x is mainly dominated by the local wall and edge conditions at x, and these 
conditions are the driving parameters in the local similarity method. 


Difference-Differential Method 


Unlike the approximate local similarity method discussed above, the difference- 
differential method is inherently an “exact” solution of the general boundary 
layer equations. The general idea was originated in 1937 by Hartree and 
Womerslev (Ref. 96), but was not applied in a practical sense until the work of 
A. M. O. Smith in the 1960s. Smith utilized the difference-differential method 
extensively, and with success; a typical example of his work is represented by 
Ref. 97. The idea is as follows. Consider the general, transformed boundary layer 
equations [Eqs. (6.55) and (6.58)]. These equations are to be solved for arbitrary 
flow conditions at the boundary layer edge, and arbitrary wall conditions. This 
arbitrary boundary layer is sketched in Fig. 6.19. Also shown is a grid network 
at four dilferent c (or x) stations, namely (i — 2), (i — 1), i and (i + 1). Assume 
that we wish to calculate the boundary layer profiles at the station denoted by i. 
In the difference-differential method, the £, derivatives in Eqs. (6.55) and (6.58) 
are replaced by finite-difference quotients. For second-order accuracy, Smith 
used the following three-point one-sided difference, 



3/i ~ 4/ ji- |) + /(j-2) 

2A{” 


at a given j 


(6.125) 


Identical expressions are used for df'/t3£, and dg/dl;. We assume that the bound¬ 
ary layer profiles have already been solved at locations (i — 1) and (i — 2), hence 
Jfi-D and !\i — 2 ) in Eq. (6.125) are known numbers. The only unknown in Eq. 
(6.125) is f. When the difference expressions such as Eq. (6.125) are substituted 
into Eqs. (6.55) and (6.58), the only derivatives that appear are r\ derivatives. 
This can easily be seen by displaying, for example, Eq. (6.55) as follows. 


(cn +fr 


if ') 2 


Pel <lU e 

P J ~dl 


+ 2 c / 


3 /' ~ 4 f\j- 1)_+ /ji — 2 ) 
” 2A£ " 




3/ 4/ji- n + 7(1-2) 

2 A if 


(6.126) 
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KK;UKK 6.19 

Schematic for linite-dilTercnee solution of the boundary layer. 


where the subscript t has been dropped to emphasize that j] is simply the un¬ 
known/at the given station denoted by i. Equation (6.126) can be rewritten as 


(Cf"Y + jj 



P,. 

P 



C 

AC 


[3(/') 2 + Af 


W'f+Bn 6.127) 


where A and B are simply known numbers, obtained from the previous bound¬ 
ary layer solutions at stations (i — 1) and (/ — 2). (Note: These numbers will 
change with j as the integration is carried out across the boundary layer at a 
given station i.) Carrying out the same substitution in Eqs. (6.58) we obtain for 
the energy equation, 


C 'A + J‘J = (3/' 9 + Ef - 7,fif + Eg') + 2£ Pl ' l ‘ e f ‘ ,Ue 


Pr 


AC 


t>K dg 


c ’ ay 


(6.128) 


where K and T are known numbers. Examine Eqs. (6.127) and (6.128) closely; 
the only derivatives that appear are r\ derivatives, denoted by the prime. (Recall 
that dujill; is a known number, obtained from the known velocity variation at 
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the outer edge of the boundary layer.) Hence, Eqs. (6.127) and (6.128) are ordin¬ 
ary differential equations which can be integrated across the boundary layer at 
station i in the same manner as described earlier, i.e., using an iterative “shoot¬ 
ing” technique to match the boundary conditions at the wall and the outer edge. 
Note that Eqs. (6.127) and (6.128) are still the exact boundary layer equations; 
no simplifying physical assumptions have been made in going from Eqs. (6.55) 
and (6.58) to Eqs. (6.127) and (6.128). Therefore, the difference-differential 
method is an "exact” method for the solution of general nonsimilar boundary 
layers. 

Returning to Fig. 6.19, recall that the solution at location i is dependent on 
previous solutions upstream of i, namely at (/— 1) and (/— 2). The entire 
boundary layer solution must be started at some location, say a leading edge or 
at a stagnation point. In Fig. 6.19, station 1 denotes the stagnation point. The 
boundary layer solution at this location can be obtained from the self-similar 
solution discussed in Sec. 6.4. Moving to the next downstream location, station 
2 in Fig. 6.19, the difference-differential method can be implemented, but with 
two-point one-sided differences for the £ derivatives, i.e. 


(f = fi~J\ 

OZ Ac 


etc. 


Moving to the next downstream location, station 3, the full method as described 
above can now be implemented. In this fashion, the complete nonsimilar bound¬ 
ary layer over the whole body can be calculated. 

A word of caution is noted here. In comparison to the usual selfsimilar 
equations [such as Eqs. (6.68) and (6.69) for the flat plate], Eqs. (6.127) and 
(6.128) contain a number of extra terms. These terms act as “forcing functions,” 
and cause the numerical solution of these equations to be much “stiffer” than in 
the flat plate or stagnation point cases, i.e., the solution tends to become numer¬ 
ically unstable unless fairly accurate guesses for /"(0) and cf( 0) are made at the 
wall to start the iterative “shooting technique.” As Smith and Clutter state in 
Ref. 97, “meeting boundary conditions efficiently has been the most difficult part 
of the entire problem.” 

Nevertheless the difference-differential method is an “exact” solution to 
general, nonsimilar boundary layers, and it has been applied with success to 
hypersonic problems. An example is given by Fig. 6.20, which shows the heat 
transfer distribution over a flat-faced cylinder at Mach numbers between 7.4 and 
9.6 obtained from Ref. 97. The open symbols represent experimental data, the 
dashed line is from the local similarity method as calculated in Ref. 95, and the 
solid curve is from the difference-differential method as calculated in Ref. 97. 
Note that, as is to be expected, the difference-differential method gives better 
agreement with experiment than with local similarity. The flow over a flat-faced 
cylinder is a good test case for any theory, because the boundary layer is highly 
non-similar, especially in the rapid expansion region at the corner. Note also the 
physical trends shown in Fig. 6.20. Here is a case where the stagnation point is 
not the location of maximum heating; rather, the peak heat transfer occurs in 
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- Difference-differential method (Ref. 97) 

-Local similarity method (Ref. 95) 

Experimental data (Ref. 95) 

O = 8.6-9.6 P rti ~ lCmHq 
□ M a , = 7.4-7.9 P„ - lOCmHq 



Surface distance ~ X/R 


H(SURK 6.20 

Ileal transfer distribution over a ffal-faced cylinder. (From Ref. 97.) 


the corner region. The physical explanation for this is as follows. The rapid 
expansion of the inviscid flow around the corner imposes an extremely large 
favorable pressure gradient on the boundary layer, which results in an actual 
reduction of the boundary layer thickness. In turn, the temperature gradients 
within the boundary layer, including at the wall, are increased because they are 
inversely proportional to the boundary layer thickness, ( dT/By) y = O(TJS). 
Because q w = k(dT/dy) w , we therefore expect the local heat transfer to increase. 
This trend is clearly demonstrated in Fig. 6.20. 

Finite-Difference Method 

In the difference-differential method discussed above, the £ derivatives are 
replaced by finite differences. The next logical step is to replace both the c, and tj 
derivatives by finite differences. Such finite-difference solutions are discussed 
here; they represent the current state of the art in hypersonic boundary layer 
solutions. 

Consider again the general, transformed boundary layer equations given 
by Eqs. (6.55) and (6.58). Assume that we wish to calculate the boundary layer 
at station (t + I) in Fig. 6.19. As discussed in Chap. 5, the general philosophy 
of finite difference approaches is to evaluate the governing partial differential 
equations at a given grid point by replacing the derivatives by finite-difference 
quotients at that point. Consider, for example, the grid point (i, j) in Fig. 6.19. 



VISCOUS FLOW BASIC ASPECTS. BOUNDARY LAYF.R RF,SULTS, AND A FRO DYNAMIC HEATING 267 


At this point, replace the derivatives in Eqs. (6.55) and (6.58) by finite difference 
expressions of the form: 


<y 

<y 

dp 

W 

n H 2 


Ji+l.i Ji.j 
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^(./i'+1,7+1 — ./i+Lj-l) 0 — 0(./i',j+_l ~ 71. j - 1) 
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(At ;) 2 


(6.129) 

(6.130) 
(6.13!) 


/=y; +1 ,7 + (i -o)f LJ (6.132) 

where 0 is a parameter which adjusts Eqs. (6.129)-(6.132) to various finite-differ¬ 
ence approaches (to be discussed below). Similar relations for the derivatives of 
g are employed. When Eqs. (6.129)~(6.132) are inserted into Eqs. (6.55) and 

(6.58) , along with the analogous expressions for g, two algebraic equations are 
obtained. If 0 = 0, the only unknowns that appear are J' i+1 j and (/ j+1 j, which 
can be obtained directly from the two algebraic equations. This is an explicit 
approach. Using this approach, the boundary layer properties at grid point 
(t + 1,_/) are solved explicitly in terms of the known properties at points ( i,j + 1), 
(i,j) and {i,j — 1). [Recall that the boundary layer solution is a downstream 
marching procedure; we are calculating the boundary layer profiles at station 
(t + 1) only after the flow at the previous station (t) has been obtained.] 

When O<0<1, then f i + 1J+1 , f i+Uj -i, 3 i+ i,j+i, <h +1J , and 

g i + 1 j-i appear as unknowns in Eqs. (6.55) and (6.58). We have six unknowns 
and only two equations. Therefore, the finite-difference forms of Eqs. (6.55) and 

(6.58) must be evaluated at all the grid points through the boundary layer at 
station (i + I) simultaneously , leading to an implicit formulation for the 
unknowns. In particular, if 0 = 1/2, the scheme becomes the well-known Crank- 
Nicolson implicit procedure, and if 0 = 1, the scheme is called “fully implicit.” 
These implicit schemes result in large systems of simultaneous algebraic equa¬ 
tions, the coefficients of which constitute block tridiagonal matrices. 

Already the reader can sense that implicit solutions are more elaborate 
than explicit solutions. Indeed, we remind ourselves that the subject of this book 
is hypersonics, and it is beyond our scope to go into great computational fluid 
dynamic detail. Therefore, we will not elaborate any further. Our purpose here is 
only to give the flavor of the finite-difference approach to boundary layer solu¬ 
tions. Chapter 7 of Ref. 52 contains a detailed discussion of such matters, and 
Ref. 94 is a thorough survey of the subject. The reader is strongly encouraged to 
consult these references. We emphasize that modern hypersonic boundary layer 
solutions (of an “exact” nature) are predominately finite-difference solutions. 
They are inherently faster and more accurate solutions than any of the methods 
discussed previously. We will revisit such finite difference solutions in Part III, 
when we discuss the analysis of chemically reacting boundary layers. 
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At this stage, return to the original boundary layer equations in physical 
coordinates, Eqs. (6.27)-(6.30). The finite-difference schemes mentioned above 
can be applied directly to these equations; there is no compelling need to deal 
with the transformed equations. In this case, the derivatives in Eqs. (6.27)-(6.30) 
are replaced by difference quotients such as 

= ff-i i./- I'i.j 
dx Ax 

Oil _ 0(lt H 1 j 1 — II, 4 , j ! ) (1 — 0) (Ui j +l — 

dy~ " ' 2Ay ~ ' 2Ay 

etc. 

In this case, the real physical variables are the unknowns, such as tfi + i.j+i, 
t'i+i.j- "i + ij-n etc. However, when the computations are carried out in physi¬ 
cal (x, y) space, the grid spacing in the y direction must be very small; this is 
because the boundary layer properties change rapidly near the wall, and the grid 
must be fine enough to accurately define these changes. Therefore, the transfor¬ 
mation to space given by Eqs. (6.33) and (6.34) is still useful here, because 
the Lees-Dorodnitsyn transformation stretches the grid in the normal direction, 
especially near the wall, i.e., a uniformly spaced grid in terms of t) is equivalent 
in physical space to fine spacing near the wall, and coarse spacing near the 
boundary layer edge, a desirable arrangement for efficient boundary layer calcu¬ 
lations. Therefore, it is frequently recommended to carry out finite-difference 
calculations using the transformed S,-rj space. 

In summary, a finite-difference solution of a general, nonsimilar boundary 
layer proceeds as follows: 

1. The solution must be started from a given solution at the leading edge, or at 
a stagnation point (say station 1 in Fig. 6.19). As stated earlier, this can be 
obtained from appropriate self-similar solutions. 

2. At station 2, the next downstream station, the finite difference procedure 
rellected by. Eqs. (6.129) (6.132) yields a solution of the fiowfield variables 
ticross the boundary layer. 

3. Once the boundary layer profiles of u and T are obtained, the skin friction 
and heat transfer at the wall are determined from 
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Here, the velocity gradients can be obtained from the known profiles of it and 
T by using one-sided differences, such as 


'du\ 

— 3 u, + 4 u 2 — u 3 

(6.133) 


v ~~ 2Ay 

cT\ 

_ - 3 T, + 4 T 2 - T 3 

(6.134) 

4 

„ “ 2.\y 


In Eqs. (6.133) and (6.134), the subscripts 1, 2, and 3 denote the wall point 
and the next two adjacent grid points above the wall. Of course, due to the 
specified boundary conditions of no velocity slip and a fixed wall tempera¬ 
ture, u, = 0 and 7j = T„ in Eqs. (6.133) and (6.134). 

4. The above steps are repeated for the next downstream location, say station 3 
in Fig. 6.19. In this fashion, by repeating applications of these steps, the com¬ 
plete boundary layer is computed, marching downstream from a given initial 
solution. 

An example of results obtained from such finite-difference boundary layer 
solutions is given in Figs. 6.21 and 6.22, obtained by Blottner (Ref. 94). These 
are calculated for flow over an axisymmetric hyperboloid flying at 20,000 ft/s at 
an altitude of 100,000 ft, with a wall temperature of 1000 K. At these conditions, 
the boundary layer will involve dissociation, and such chemical reactions were 
included in the calculations of Ref. 94. Chemically reacting boundary layers are 
the purview of Part Ill; however, some results of Ref. 94 are presented here just 
to illustrate the finite-difference method. For example, Fig. 6.21 gives the calcu¬ 
lated velocity and temperature profiles at a station located at x/R N = 50, where 
R v is the nose radius. The local values of velocity and temperature at the 
boundary layer edge are also quoted in Fig. 6.21. Considering the surface prop¬ 
erties, the variations of C n and c f as functions of distance from the stagnation 
point are shown in Fig. 6.22. Note the following physical trends illustrated in 
Fig. 6.22: 

1. The shear stress is zero at the stagnation point (as is always the case), then it 
increases around the nose, reaches a maximum, and decreases further down¬ 
stream. 

2 . The values of C„ are relatively constant near the nose, and then decrease 
further downstream. 

3. Reynolds analogy can be written as 

C„ = ^ (6.135) 

2s 

where s is called the “Reynolds analogy factor.” For the flat plate case, we see 
from Eq. (6.91) that ,v = Pr 2/3 . However, clearly from the results of Fig. 6.22 
we see that s is a variable in the nose region because C„ is relatively constant 
while c r is rapidly increasing. In contrast, for the downstream region, c f and 
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FIGURE 6.22 

Slanton number and skin friction coefliciem (based on free-siream properties) along a hyperboloid. 
(From Ref. 94.) 


C H are essentially equal, and we can state that Reynolds analogy becomes 
approximately C„/cj = 1. The point here is that Reynolds analogy is greatly 
affected by strong pressure gradients in the flow, and hence loses its useful¬ 
ness as an engineering tool in such cases, at least when C„ and c f are based 
on free-stream quantities as shown in Fig. 6.22. 

6.7 HYPERSONIC TRANSITION 

To this point in our discussion, wc have considered laminar hypersonic flows. 
Returning once again to the roadmap in Fig. 1.23, we have completed the first 
two items under the viscous-flow branch. In the present section, we will treat the 
next item, namely transition from laminar to turbulent flow at hypersonic 
speeds. 

There is a basic principle that applies universally in our world, in both 
physical science and in our daily human activities; simply stated, it is that Na¬ 
ture, left to its own devices, always moves toward the state- of maximum dis¬ 
order. This is never more true than in the flow of a viscous fluid; such flows 
begin in the orderly, smooth manner that we define as laminar flow, but at some 
downstream region will transit into the disorderly, tortuous motion that we de¬ 
fine as turbulent flow. Transition to turbulent flow has been a well-observed 
phenomena in fluid dynamics since the pioneering work of Osborne Reynolds in 
the 1880’s (see Sec. 4.23 of Ref. 1 for an historical sketch of Reynolds, and Sec. 
15.2 of Ref. 5 for a basic discussion of what is meant by transition from laminar 
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to turbulent How). On the other hand, although transition has been “well-ob¬ 
served,” it certainly is not well understood, even to the present day. Turbulence, 
and transition to turbulence, is one of the unsolved problems in basic physics. 
Our only recourse in aerodynamics is to treat these problems in an approxi¬ 
mate, engineering sense, depending always on as large a dose of empirical data 
as we can find and swallow. This situation is particularly severe at hypersonic 
speeds, where transition seems to exhibit some peculiar anomalies in comparison 
to our experience at lower speeds. All of the discussion in the present section is 
flavored by the above remarks. 

First, let us address the matter of transition itself; the modeling of fully 
turbulent flows will be addressed in the next section. For simplicity, first con¬ 
sider the simple picture of transition, as sketched in Fig. 6.23 for flow over a flat 
surface. As discussed in any basic fluid dynamics text (see, for example Ref, 5), 
the flow starts out at the leading edge as laminar; this laminar flow is highly 
stable, and any disturbances are not amplified. However, at some location 
downstream, the laminar flow becomes unstable, and any disturbances (say from 
the free stream, or from the surface such as surface roughness) are now ampli¬ 
fied. This point is labeled B in Fig. 6.23, for the beginning of transition. As the 
amplification of disturbances continues in this unstable flow, transition to turbu¬ 
lence takes place, finally becoming fully turbulent at point E in Fig. 6.23, where 
point E is the end of transition. The region between points B and E is called the 
transition region. (See Ref. 98 for a discussion of the basic theoretical aspects of 
boundary layer stability, and transition to turbulent flow.) Since our knowledge 
of transition is so imprecise, including our knowledge of the extent of the transi¬ 
tion region, engineering analyses frequently assume that transition takes place at 
a point, labeled the transition point in Fig. 6.23. For purposes of analysis, the 


Transition 



point 


FIGURE 6.23 
Schematic or transition. 
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flow is assumed laminar upstream of the transition point, and fully turbulent 
downstream. The location of the transition point is given by x T in Fig. 6.23, and 
we define a transition Reynolds number as 


Re r = 


P.UeXT 


(6.136) 


For the accurate prediction of skin friction and aerodynamic heating to a body, 
knowledge of the transition Reynolds number is critical. To date, no theory 
exists for the accurate prediction of Re r ; any knowledge concerning its value for 
a given situation must be obtained from experimental data. If the desired appli¬ 
cation is outside the existing data base, then an estimate of Re r is essentially 
guesswork. For a state-of-the-art discussion of transition, see the definitive 
article by Reshotko (Ref. 99). 

Given this situation, in the present section we can only discuss some guide¬ 
lines for transition at hypersonic speeds. Many of our remarks will be influenced 
by a recent survey by Stetson (Ref. 100). Indeed, Stetson begins by the flat state¬ 
ment that “there is no transition theory,” although our data base at hypersonic 
speeds is sufficient to establish some general trends based on experiment. The 
hypersonic transition Reynolds number can be expressed functionally as 


Re r = // M 0 C , T„„ tit, a, k R , E, R N , Re„/ft, 
■ \ ox 


CVV 'l 

, V, C, —, T„, d*, I, Z 


where M,, is the Mach number at the edge of the boundary layer, 0 C is a charac¬ 
teristic defining the shape of the body (for a cone, U c would be the cone angle), 
T„, is the wall temperature, m is mass addition or removal at the surface, a is the 
angle of attack, k R is a parameter expressing the roughness of the surface, E is a 
general term characterizing the “environment” (such as free-stream turbulence, 
or acoustic disturbances propagating from the nozzle boundary layer in a wind 
tunnel), Pp/Px is the local pressure gradient, R N is the radius of a blunt nose tip, 
Re a ,/ft is the Reynolds number per foot (to be discussed later), x/R N is the 
location of the boundary layer while it is immersed in the entropy layer gener¬ 
ated by the nose (effects of the entropy layer can be felt more than a hundred 
nose radii downstream of the tip), V is an index of the vibration of the body, C 
is the body curvature, dw/dz is the cross-flow velocity gradient, T 0 is the stagna¬ 
tion temperature, d* is a characteristic dimension of the body, x is a chemical 
reaction time, and Z is an index of the magnitude of chemical reactions taking 
place in the boundary layer. One look at this list, and the reader is justified in 
becoming frustrated. Clearly, the transition Reynolds number is an elusive quan¬ 
tity, and it is no surprise that our knowledge of it is so imprecise. However, the 
situation is not hopeless; for any given situation, Re T will be dominated by only 
a few of the parameters listed above, and the others will be secondary. Let us 
examine those parameters which seem to be most important for hypersonic 
speeds. 
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Mach Number 

The Mach number at the edge of the boundary layer, M e , has a strong influence 
on the stability of the laminar boundary layer and through this on Re r . Bound¬ 
ary layer stability theory shows that stability of the laminar boundary layer is 
generally enhanced by an increasing Mach number, and hence Re,- is increased 
with increased M p , especially above M e = 4. This is dramatically shown in Fig. 
6.24, obtained from Ref. 101. Here we see a plot of Re T versus M p for sharp 
cones in both wind tunnels and free flight. Clearly, above Mach 4, Re T increases 
rapidly with M p . In basic fluid dynamic courses, a virtual rule of thumb places 
the transition Reynolds number for incompressible flow over a flat plate near 
5 x 10 5 ; in contrast, at high hypersonic Mach numbers, Re r can be on the order 
of 10". This elfect of Mach number on transition is extremely beneficial. Since 
skin friction and aerodynamic heating are considerably smaller for laminar in 
comparison to turbulent flows, the relatively large region of laminar flow' that 
can occur over a body at hypersonic speeds is a very advantageous design fea¬ 
ture. 


Environment 

Transition is quite sensitive to disturbances that come from the environment, 
such as frec-stream turbulence, acoustic disturbances from sources either exterior 
or interior to the body, and disturbances that are introduced into wind tunnel 
Hows from the active turbulent boundary layer on the walls of the tunnel. These 
environmental phenomena can make dramatic changes in the transition behav¬ 
ior of a boundary layer. For this reason, wind tunnel measurements of transition 
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Transition Reynolds number data on sharp cones from wind tunnels and free flight. (From Stetson, 
Ref. WO.) 
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are always compromized by the environmental question; indeed, for hypersonic 
aerodynamics, there is a prevailing feeling that the only meaningful transition 
data must be obtained from free-flight experiments. This feeling is reinforced by 
the data in Fig. 6.24 which, in addition to the effect of increasing M t ,, also shows 
a marked difference in data obtained in wind tunnels compared to that obtained 
in free (light. Note that, as we might expect, the flight data is consistently higher 
than the correlation of wind tunnel data. 

Unit Reynolds Number 

The unit Reynolds number is defined as the Reynolds number based on a unit 
length, c.g., unit Re = f> K .u e x/ii e where x is taken as one foot, or one meter, 
yielding the unit Reynolds number per foot or per meter respectively. There is 
no basic physical reason to expect the unit Reynolds number to influence tran¬ 
sition; however, experimental data clearly show some correlation with unit 
Reynolds number. Considering again Fig. 6.24, we see that the flight data de¬ 
pends on unit Reynolds number, with Re r increasing as unit Re increases. The 
role of unit Reynolds number in determining transition at hypersonic speeds has 
been the subject of much debate, and even disbelief; however, the weight of 
experimental evidence clearly shows that unit Reynolds number plays a strong 
role in hypersonic transition. Let us accept this observation at face value here, 
and wait for the future to explain its significance. 

Angle of Attack 

Three-dimensional Hows can have a strong effect on boundary layer transition. 
An example is given in Fig. 6.25, which shows the measured transition variation 
on sharp cones as a function of angle of attack (from Ref. 102). Note that, as i 
is increased, transition moves rearward on the windward side, and forward on 
the leeward side. This is exactly opposite to what might be expected intuitively 
from results at zero angle of attack. For example, consider the windward ray on 
the cone in F'ig. 6.25. As the angle of attack increases, the local inviscid flow 
Mach number decreases, and the local Reynolds number increases. Based on 
experience at zero angle of attack, both of these changes should cause the transi¬ 
tion point to move forward. However, Fig. 6.25 shows exactly the opposite. 
There is clearly an overriding three-dimensional effect. The trends shown in Fig. 
6.25 have been observed by many investigators; they are well established in the 
literature. For example, additional angle-of-attack transition data is shown in 
Fig. 6.26, obtained from Ref. 103. The case examined is a sharp cone with 0 C = 
8 ’ at an angle of attack of 2" in a Mach 6 airflow with Re^/ft = 9.7 x 10 6 . Here, 
the radial distribution of the transition region is shown by the shaded region; 
the axial location of transition (measured along the surface front the tip) is plot¬ 
ted versus the radial angle </>. The windward ray is denoted by (j> ~ 0°, and the 
leeward ray by </> = 180°. The bottom of the shaded region (labeled B) is the 
beginning of transition, and the top of the shaded region (labeled E) is the end 
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of transition (corresponding to the sketch in Fig. 6.23). Note that the transition 
region moves upstream as we move around the cone from the windward to the 
leeward ray, consistent with the results shown in Fig. 6.25. Moreover, note that 
the length of the transition region decreases as we move around the cone. For 
comparison, the results for zero angle of attack (labeled a. = 0°) are also shown 
in Fig. 6.26. Clearly, there is a strong three-dimensional effect on transition. 
Superimposed on Fig. 6.26 are lines of constant Reynolds number based on the 
boundary layer momentum thickness, Re„; the significance of Re 0 will be men¬ 
tioned later. 

Nose Bluntness 

As stated in Part 1, the inviscid flow over a blunt-nosed slender body is charac¬ 
terized by the entropy layer created behind the highly curved bow shock wave, 
and wetting the body downstream of the nose. Ramifications of this entropy 
layer are shown in Fig. 6.27, obtained from Ref. 100. Flere, inviscid flow calcula¬ 
tions are shown for a blunted, 8-degree cone at zero angle of attack. The nose 
bluntness is small; the nose radius R N is only 0.04 in, and the length of the cone 
is Min. The surface values of local Mach number, local static pressure (refer¬ 
enced to the pressure at the stagnation point p sr ) and local unit Reynolds 
number are plotted versus surface distance from the nose. The sharp cone values 
are given by the dashed lines at the right. In spite of the small nose bluntness, 
note the dramatic effect of the entropy layer; the local M and Re/ft vary 
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FIGURE 6.27 

Calculations of inviscid flow over a slender, blunted cone ai a = 0°, At= 5.9, 0 C = 8°. Nose-tip 
radius R v = 0.04 in. (From Ref. 100.) 
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strongly downstream of the nose, and do not recover to the sharp cone values 
until the end of the 14 inch cone. In contrast, the pressure distribution recovers 
much earlier. This is characteristic of the entropy layer—the thermodynamic 
properties such as T (hence M through the speed of sound) and p are most 
influenced by the layer. Clearly, the transition behavior of a boundary layer 
should feci some effect of this entropy layer (in comparison to a sharp cone). 
This is indeed the case, as shown in Fig. 6.28. This figure is very similar to Fig. 
6.26 for a sharp cone, except now Fig. 6.28 includes the effect of nose bluntness, 
where R N = 0.2 in. Compare Figs. 6.26 and 6.28 closely. Note that by adding a 
blunt nose to the cone, transition has been delayed to a distance further down¬ 
stream of the nose tip. This is characteristic of small nosetip bluntness; the tran¬ 
sition Reynolds number is increased by such bluntness. In contrast, for large 
bluntness transition may occur prematurely on the nose itself, and hence the 
transition Reynolds number is greatly reduced. This nose tip transition is often 
referred to as the “blunt nose paradox.” This phenomena occurs in spite of the 
fact that a strong favorable pressure gradient is present on the nose, especially in 
the region around the sonic point. In general, favorable pressure gradients stabi¬ 
lize the laminar boundary, whereas adverse pressure gradients are destabilizing. 
The phenomena of nose-tip transition is contradictory to this general 
behavior—just another of Nature’s tricks associated with transition. In sum¬ 
mary, we can clearly say that nose bluntness a/Tects transition, but this effect can 
be different depending on the amount of nose bluntness. 



IGURK 6.28 

'arialion of lransilion region around a blunt cone at angle of attack. 0, = 8 U , Re/fi = 19.4 x !0 6 , 
1 lf — 6, a = T\ R n = 0.2 in. (From Ref. 100.) 
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Wall Temperature 

Low-speed experiments have shown that wall temperature can have a major 
influence on transition; for boundury layer cooling {T„ < T uw ) the laminar 
boundary layer is more stable, and transition is delayed, whereas for boundary 
layer heating > T m ) the laminar boundary layer is destabilized, and transi¬ 
tion occurs earlier. At hypersonic speeds, however, the situation is not so clear. 
For moderate cooling, the hypersonic boundary layer is indeed stabilized, and 
the transition Reynolds number is increased (transition is delayed), just as ob¬ 
served in the low-speed case. However, for highly cool walls, there is evidence of 
a reversal, where the transition Reynolds number actually decreases. As stated 
by Stetson in Ref. 100, “transition reversal, as a result of wall cooling, has re¬ 
mained a controversial subject.” In the present book, we leave it at that, also. 

This ends our discussion of the physical phenomena that affect transition 
at hypersonic speeds. We have highlighted only a few important trends—there 
are many others. The reader is encouraged to examine Ref. 100 for a more 
complete state-of-the-art discussion. We now proceed to examine a few methods, 
albeit very imprecise, for the prediction of transition. 


Prediction of Transition 

As unknown and tenuous as the phenomenon of transition is, in applied aero¬ 
dynamics it is vital to have some engineering means of predicting the transition 
Reynolds number, even though it may be highly approximate. One prediction 
method that has been used for hypersonic transition is based on the transition 
Reynolds number referenced to the boundary layer momentum thickness 0 , 
where 0 is defined as (see, for example, Ref, 5) 


p pu 

Jo Pe»e 



(6.137) 


In turn, the transition Reynolds number can be referenced to the value of 0 at 
transition, 0 r ; 


Re 0T = '^-^ (6.138) 

An empirical correlation for hypersonic transition that has found some use is 

Re 

— 100 (6.139) 

M e 

where M t , is the local Mach number at the edge of the boundary layer. An 
expression similar to Eq. (6.139) was used for the preliminary design of the 
space shuttle. 
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Another prediction correlation, based on the cone data of Ref. 102, has 
been used recently by Bowcutt and Anderson (Ref. 81) in a study..of hypersonic 
waveriders, as follows: 

log jo (Re r ) = 6.421 exp [1.209 x 10“ 4 M 2 ' 641 ] (6.140) 

Hq. (6.140) is more convenient than Eq. (6.139) because it gives Re- ; directly, 
rather than involving the momentum thickness. However, there is no reason to 
favor one correlation over the other. Furthermore, neither may be appropriate 
for new conditions outside the data on which they are based, and neither take 
into account many of the coupled physical phenomena discussed earlier. About 
all we can say in defense of Eqs. (6.139) and (6.140) (or others like them) is that 
they are better than nothing. In the design of hypersonic vehicles, it is usually 
necessary to make some estimate of where transition occurs, and this is where 
correlations such as Eqs. (6.139) or (6.140) are useful. However, the user must 
realize the uncertainty involved in such correlations —uncertainty that we can¬ 
not even quantize in most applications. 

We end this discussion of transition with the following comments. The 
accurate prediction of transition at hypersonic speeds is currently one of the 
leading state-of-the-art questions. Its ultimate solution will most likely come 
when we obtain the ultimate understanding of the basic problem of turbulence 
ilself. In the meantime, we must continue to make engineering estimates based 
on the most appropriate data available. Perhaps one of the most eye-opening 
aspects of the importance of transition are some recent unpublished design 
studies of hypersonic transatmospheric vehicles where, depending on the criteria 
used for the transition Reynolds number, the weight of the vehicles varied by as 
much as 50 percent—truly a practical and driving motivation to improve our 
abilities in this area. 

6.8 HYPERSONIC TURBULENT 
BOUNDARY LAYER 

At this point in our discussion, we now assume that the matter of where tran¬ 
sition occurs has been reconciled, and we now ask the question: How do we 
analyze the turbulent boundary layer itself? There is no precise answer to this 
question; the analysis of turbulent boundary layers is in the same category as 
transition, i.e., empirical data is required, and there is always an uncertainty 
(sometimes substantial) in the residts. A huge amount of literature has been 
accumulated on turbulent boundary layer analysis, covering the flight spectrum 
from incompressible to hypersonic. Whole books are devoted to this subject 
(see, for example, Refs. 104 and 105). Also, an extended discussion of hypersonic 
turbulent boundary layers is given in Ref. 106. Therefore, an in-depth discussion 
of turbulence effects in hypersonic flow is beyond the scope of this book. In¬ 
stead, our intent in the present section is to indicate trends and to discuss some 
pertinent results. 
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It is well known that, due to the large scale turbulent motion, energy is 
transmitted more readily in turbulent boundary layers than in laminar. This is 
the reason for the fuller velocity profiles through a turbulent boundary layer, 
and hence the larger velocity gradients at the surface, as is emphasized in any 
first course in fluid mechanics. In turn, the skin friction and heat transfer are 
larger, sometimes markedly larger, for turbulent in comparison to laminar flows. 
These basic trends are no different at hypersonic conditions than they are for 
low-speed flow. 

In order to include the effects of turbulence in any analysis or computa¬ 
tion, it is first necessary to have a model for the turbulence itself. Turbulence 
modeling is a state-of-the-art subject, and a recent survey of such modeling as 
applied to computations is given in Ref. 107. Again, it is beyond the scope of the 
present book to give a detailed presentation of various turbulence models; the 
reader is referred to the literature for such matters. Instead, we choose to discuss 
only one such model here, because: (a) it is a typical example of an engineering- 
oriented turbulence model, (b) it is the model used in the majority of modern 
applications in turbulent supersonic and hypersonic flows, and (c) we will 
discuss several applications in subsequent chapters which use this model. The 
model is called the Baldwin-Lomax turbulence model, first proposed in Ref. 108. 
It is in the class of what is called an “eddy viscosity” model, where the effects of 
turbulence in the governing viscous flow equations (such as the boundary layer 
equations or the Navier-Stokes equations) are included simply by adding an 
additional term to the transport coefficients. For example, in all our previous 
viscous flow equations, p is replaced by (p -f p r ) and k by (k -f k r ) where p v 
and k r are the eddy viscosity and eddy thermal conductivity respectively—both 
due to turbulence. In these expressions, p and k are denoted as the “molecular” 
viscosity and thermal conductivity respectively. For example, the x momentum 
boundary layer equation for turbulent flow is written as 
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(6.141) 


Moreover, the Baldwin-Lomas model is also in the class of “algebraic,” or 
“zero-equation,” models meaning that the formulation of the turbulence model 
utili 7 .es just algebraic relations involving the flow properties. This is in contrast 
to one- and two-equation models which involve partial differential equations for 
the convection, creation, and dissipation of the turbulent kinetic energy and (fre¬ 
quently) the local vorticity. (See Ref. 105 for a concise description of such one- 
and two-equation turbulence models.) 

The Baldwin-Lomax turbulence model is described below. We give just a 
“cookbook” prescription for the model; the motivation and justification for the 
model are described at length in Ref. 108. This, like all other turbulence models, 
is highly empirical. The final justification for its use is that it yields reasonable 
results across a wide range of Mach numbers, from subsonic to hypersonic. The 
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model assumes that the turbulent boundary layer is split into two layers, an 
inner and an outer layer, with different expressions for fi T in each layer: 


f‘r 


(/t '/dinner f ^ >’ 
O'lOputcr}’ ^ y a 


crossover 


crossover 


(6.142) 


where y is the local normal distance from the wall, and the crossover point from 
the inner to the outer layer is denoted by y cl . ossover . By definition, >’„ o , S0vcr is that 
point in the turbulent boundary layer where (/t r ) oul „ becomes less than (/i, ) in „ cr . 
For the inner region; 

(/‘r)in„e, = P^U\ (6.143) 

where 


l = ky\ 



(6.144) 
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(6.145) 


and k and A + are two dimensionless constants, specified later. In Eq. (6.143), ft) 
is the local vorticity, defined for a two dimensional flow as 


For the outer region: 


du dv 
Sy 8x 


(6.146) 


, O‘r)o„,„ = pKC cp F nk 'F Kltb (6.147) 

where K and C ev are two additional constants, and F wake and F KI ,. b are related 
to the function 


F(y) = y | <0 



(6.148) 


liquation (6.148) will have a maximum value along a given normal distance y; 
this maximum value and the location where it occurs are denoted by F max and 
y raax , respectively. In Eq. (6.147), F wake is taken to be either y max F niax or 
C\. k y max f7j if /F max , whichever is smaller, where C„ k is a constant, and 


Um = V 1,2 + 1,2 


(6.149) 


Also, in Eq. (6.147), F Kk . b is the Klebanoff intermittency factor, given by 


l' Klcb(>’) 


(6.150) 


The six dimensionless constants which appear in the above equations are: A + = 
26.0, C cp = 1.6, Ckice = 0-3, C„ k = 0.25, k = 0.4 and K = 0.0168. These constants 
are taken directly from Ref. 108 with the understanding that, while they are 
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not precisely the correct constants for most flows in general, they have been 
used successfully for a number of dillerent applications. Note that, unlike many 
algebraic eddy viscosity models which are based on a characteristic length, the 
Baldwin-Lomax model is based on the local vorticity <o. This is a distinct advan¬ 
tage for the analysis of flows without an obvious mixing length, such as separ¬ 
ated Hows. Note that, like all eddy-viscosity turbulent models, the value of fi r 
obtained above is dependent on the flowfield properties themselves (for example 
o) and p)\ this is in contrast to the molecular viscosity which is solely a 
property of the gas itself. 

The molecular values of viscosity coefficient and thermal conductivity are 
related through the Prandtl number 



In lieu of developing a detailed turbulence model for the turbulent thermal con¬ 
ductivity k r , the usual procedure is to define a “turbulent” Prandtl number as 
Pr 7 = [i T c p /k T . Thus, analogous to Eq. (6.151), we have 

kr = ^ (6.152) 

where the usual assumption is that Pr r = 1. Therefore, p T is obtained from a 
given eddy-viscosity model (such as the Baldwin-Lomax model), and the corre¬ 
sponding k T is obtained from Eq. (6.152). 

The Baldwin-Lomax model discussed above is just one of many eddy- 
viscosity turbulence models that have been advanced over the years. For basic 
flows, such as flow over a fiat plate, many of these models are quite accurate. 
Let us examine in more detail results obtained for hypersonic turbulent flow 
over a flat plate. Such solutions can be obtained by utilizing the boundary layer 
equations [Eqs. (6.27)-(6.30)] with dp/dx = 0 and with the transport properties 
/i and k directly replaced by the sums (p + p T ) and (k + k r ) respectively. Results 
for the variation of c f with Mach number are given in Fig. 6.29, obtained from 
Ref. 107. Here, calculations based on several turbulence models are made: an 
algebraic (zero-equation) model from Ref. 104; a two-equation model from Ref. 
109; and two different Reynolds stress equations (which provide the turbulent 
stresses directly in the turbulent mean momentum equations) from Refs. 109 and 
110. The solid curve in Fig. 6.29 is a prediction by Van Driest (Ref. Ill) which 
is within 10 percent of available experimental data, and which can be considered 
a standard for comparison. Note that all the models give essentially the same 
results. Also, note the important physical variation shown in Fig. 6.29, namely 
that the effect of increasing Mach number is to decrease Cj-. This is the same 
trend as shown for laminar flow in Fig. 6.10. However, comparing Figs. 6.10 and 
6.29, we note that the Mach number effect is stronger for turbulent flow; the 
turbulent c s decreases faster with Mach number in comparison to the laminar 
results. This trend is further emphasized by the heat transfer results shown in 



284 


VISCOUS lIVl'PliSONIC PLOW 



F1CURIC 6.29 

FITects of compressibility on turbulent skin friction on a flat plate: adiabatic wall, Re t = 10 7 . (From 
Marvin, Ref. 107.) 


Fig. 6.30, obtained from Ref. 92. Here, the Stanton number is plotted versus Re, 
with Me as a parameter; lines for both laminar and turbulent flow are shown. 
Note in Fig. 6.30 that for a given Re the Mach number effect is stronger on the 
turbulent results in comparison to the laminar results. Also note that for a given 
Me and Re, the turbulent values of C H are considerably larger than the laminar 
results, which demonstrates the importance of predicting hypersonic turbulent 
flows. 



FIGUllli 6.30 

Suilion number as a function of Reynolds and Mach numbers for an insulated flat plate. (From Van 

briv \■/, lief. 92.) 
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Some typical experimental heat transfer data for hypersonic viscous flow 
over a sharp eight-degree cone at zero angle of attack is shown in Fig. 6.31, ob¬ 
tained from Ref. 102. The free stream Mach number is 10, and the unit Reynolds 
number of 2.1 x 10 6 /ft. Here, C„^/Re, is plotted versus the running length x 
along the surface of the cone, expressed in terms of the Reynolds number, 
Re, = At values of Re, of 3 x 10 6 or less, the flow is laminar, and the 

measured Stanton number agrees very well with a theoretical laminar prediction 
(shown by the dashed line). Transition takes place above Re., = 3 x 10 6 , with 
fully turbulent How achieved about Re, = 7 x 10 6 . This figure is shown for sev¬ 
eral reasons: (1) to illustrate some classical hypersonic results for heat transfer 
to a basic cone; (2) to further illustrate the phenomena of hypersonic transition; 
and (3) to demonstrate how much turbulent flow can increase the local heat 
transfer rate —in the case shown here the increase is over a factor of three. 

This concludes our discussion of hypersonic turbulent boundary layers. 
The subject is virtually inexhaustible, and our purpose here has been to give 
only its flavor. We have discussed a frequently used eddy-viscosity turbulence 
model, namely the Baldwin-Lomax model, and we have shown some results for 
hypersonic turbulent flows over flat plates and cones. These basic flows were 
chosen to illustrate the trends associated with high Mach number effects on 
turbulent boundary layer flows. For more detailed information on more com¬ 
plex flows, the reader is referred to the literature. In addition, for an in-depth 
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FIGURE 6.31 

Stanton number for a sharp cone, 0 t = 8 M^ = 10, Re/fl = 2.1 x 10 6 . (From Ref. 102.) 
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study of the general aspects of hypersonic turbulent boundary layers, make cer¬ 
tain to read the references given in this section. 


6.9 THE REFERENCE TEMPERATURE METHOD 

In this section we discuss an approximate engineering method for predicting 
skin friction and heat transfer for both laminar and turbulent hypersonic flow. It 
is based on the simple idea of utilizing the formulas obtained from incompress¬ 
ible flow theory, wherein the thermodynamic and transport properties in these 
formulas are evaluated at some reference temperature indicative of the tem¬ 
perature somewhere inside the boundary layer. This idea was first advanced by 
Rubesin and Johnson in Ref. 112, and was modified by Eckert (Ref. 113) to 
include a reference enthalpy. In this fashion, in some sense the classical incom¬ 
pressible formulas were “corrected” for compressibility effects. Reference temper¬ 
ature (or reference enthalpy) methods have enjoyed frequent application in 
engineering-oriented hypersonic analyses, because of their simplicity. For this 
reason, we briefly describe the approach here. 

Consider the incompressible laminar flow over a flat plate. The local skin 
friction and heat transfer coefficients, obtained from classical theory (see Ref. 83) 
are respectively 


0.664 
" x Ro > 

(6.153) 

„ 0.332 ^ 

C„= ■-/= Pr 2/3 
x/Re* 

(6.154) 


where Re and Pr are based on properties at the edge of the boundary layer, that 
is, Re v = f> c u c x/p e and Pr = p e c p Jk e . 

Now consider the compressible laminar flow over a flat plate. In the refer¬ 
ence temperature method, the compressible local skin friction and heat- transfer 
coefficient are given by expressions analogous to Eqs. (6.153) and (6.154) 
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where Re? and Pr* are evaluated at a reference temperature T*. That is, 

p*u e x 


Re* = - 




(6.157) 


Pr = 1 


( 6 . 158 ) 
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where p*, p*, c* and k* are evaluated for the reference temperature T*. From 
Sec. 6.5 we know that, for compressible flow, c f and C H depend on M e and 
T w /T e . Hence T* must be a function of M ( , and T w /T e . From Refs. 83 and 113, 
this function is 

1 =1+ 0.032 M 2 e + 0.58| !- - 1 j (6.159) 

V 92 / 


Return to Fig. 6.10, where the solid curves give the exact solutions for compress¬ 
ible laminar flow over a flat plate. The approximate results obtained from the 
reference temperature method using Eq. (6.155) where T* is given by Eq. (6.159) 
are shown as dashed curves in Fig. 6.10. For most of the curves, the reference 
temperature method falls directly on the exact results, and hence no distinction 
can be made between the two sets of results; only for the insulated plate is there 
some discernible difference, and that is small. 

To apply the above results to cones, simply multiply the right-hand sides 
of Eqs. (6.155) and (6.156) by the Mangier fraction, y/3. It makes sense that, 
everything else being equal, the skin friction and heat transfer to the cone should 
be higher than the flat plate. For the cone, there is a three-dimensional relieving 
effect which makes the boundary layer thinner. This in turn results in larger 
velocity and temperature gradients throughout the boundary layer including at 
the wall, and hence yields a higher skin friction and heat transfer than in the 
two-dimensional boundary layer over a flat plate. Also, the idea of the reference 
temperature method has been carried over to general three-dimensional flows 
simply by defining ReJ as the running length Reynolds number along a stream¬ 
line (where now x denotes distance along the streamline). This idea is discussed 
by Zoby, Moss and Sutton in Ref. 114. Moreover, in Ref. 114 a modified refer¬ 
ence temperature approach using the Reynolds number based on momentum 
thickness is employed. See Ref. 114 for details. 

For turbulent flow over a flat plate, a reasonable incompressible result is 
(see Ref. 83) 


0.0592 

C/ “(ReJ^ 


(6.160) 


Carrying over the reference temperature concept to the turbulent case, the com¬ 
pressible turbulent flat plate skin friction coefficient can be approximated as 


0.0592 
Cf ~ (ReJ) 0,2 


(6.161) 


where ReJ is evaluated at the reference temperature given by Eq. (6.159). The 
turbulent flat plate heat transfer can be estimated from a form of Reynolds 
analogy, written as 


— 


c _f 

2s 


(6.162) 



288 VISCOUS llYPHRSONlC I LOW 


where s is defined as the Reynolds analogy factor. For reasonable values of s for 
turbulent (low, see Van Driest (Ref. 92). 

We end this section with the following caution. The reference temperature 
method is approximate. Because of its simplicity along with (sometimes) reason¬ 
able accuracy, it is useful for preliminary design purposes. In Sec. 6.10, more will 
be said about its accuracy within the framework of approximate three- 
dimensional solutions. It is interesting, however, that Dorrance (Ref. 106) has 
shown in the special case of the flat plate that the evaluation of the reference 
temperature is indeed an accurate representation, falling out of the detailed, 
exact laminar boundary layer theory discussed in Sec. 6.5. In general, however, it 
must be realized that the best obtainable accuracy in predicting skin friction and 
heat transfer over general shapes can only be obtained by a detailed numerical 
solution of the governing boundary layer equations (such as discussed in Sec. 
6.6), tit the cost of considerable complexity and computer time. 


6.10 HYPERSONIC AERODYNAMIC HEATING: 

SOME COMMENTS AND APPROXIMATE RESULTS 
APPLIED TO HYPERSONIC VEHICLES 

The present chapter serves as an introduction to the basic physics of hypersonic 
viscous llow, with primary concentration on boundary layer theory. We have 
discussed such diverse topics as exact solutions to hypersonic laminar boundary 
layers, the uncertainties and approximations associated with transition and tur¬ 
bulence, and an approximate “engineering” method of predicting local skin fric¬ 
tion and heat transfer. In the process we have discussed many detailed fluid 
dynamic aspects of hypersonic boundary layers. Therefore, it is appropriate at 
this stage in our discussion to recall the basic practical reasons for studying 
hypersonic viscous flows, as discussed in See. 6,1; namely, from the practical 
aspect of the design of hypersonic vehicles and facilities, we are vitally concerned 
with the prediction of surface heat transfer and skin friction. Moreover, of these 
two items, surface heat transfer is usually the dominant aspect that drives the 
design characteristics of conventional hypersonic vehicles, although skin friction 
is very important in tailoring the aerodynamic efficiency of slender vehicles. 
Because of the importance of aerodynamic heating at hypersonic speeds, the 
present section provides some elaboration on that topic. 

Section 6.1 discussed some of the practical motivation for the concern 
about aerodynamic heating to hypersonic vehicles; at this stage, the reader 
should review Sec. 6.1 before progressing further. In particular, in See. 6.1 some 
estimates of the stagnation point heating to a transatmospheric vehicle were 
given, and compared to that for the space shuttle (see Fig. 6.1). We are now in a 
position to understand why the aerodynamic heating becomes so large at hyper¬ 
sonic speeds, as demonstrated by the following reasoning. The Stanton number 
was defined by Eq. (6.63) in terms of the local properties at the outer edge of the 
boundary layer. If we take the case of a flat plate parallel to the flow, these local 
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properties are free stream values, and C„ can be written as 


C 


u 


- K) 


or 


9*. = PnVviKv, - K)C„ (6.163) 

Assuming an approximate recovery factor of unity, h aw = h 0 , where h 0 is the 
total enthalpy, defined as 

h 0 = h„+?f (6.164) 

At hypersonic speeds, V 1 J2 is much larger than h m , and jrom Eq. (6.164), h 0 is 
essentially given by 

K-'y (6.165) 

Moreover, the surface temperature, although hot by normal standards, still must 

remain less than the melting or decomposition temperature of the surface mate¬ 
rial. Hence, the surface enthalpy h w is usually much less than h 0 at hypersonic 
speeds. 

h 0 >h„ (6.166) 

Combining Eqs. (6.163) through (6.166), we obtain the approximate relation 
that 


2 P< 


,vl c„ 


(6.167) 


The main purpose of Eq. (6.167) is to demonstrate that aerodynamic heating 
increases with the cube of the velocity, and hence increases very rapidly in the 
hypersonic flight regime. By comparison, aerodynamic drag is given by 

D= i lPaD ViSC D (6.168) 

which increases as the square of the velocity. Hence, at hypersonic speeds, 
aerodynamic heating increases much more rapidly with velocity than drag, and 
this is the primary reason why aerodynamic heating is a dominant aspect of 
hypersonic vehicle design. Moreover, from Eq. (6.167), we can understand why 
Fig. 6.1 indicates that the major aerodynamic heating for a transatmospheric 
vehicle is encountered during ascent rather than during entry. Such a vehicle 
will accelerate to orbital velocity within the sensible atmosphere (using air- 
breathing propulsion), hence high velocity will be combined with relatively high 
p m which from Eq. (6.167) combine to yield very high heating values. In con¬ 
trast, on atmospheric entry, the transatmospheric vehicle will follow a gliding 
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flight path where deceleration to lower velocities will take place at higher alti¬ 
tudes, hence resulting in lower heating rates than are encountered during ascent. 
Please note that the above discussion is for general guidance only; Eq. (6.167) is 
approximate only, and moreover C„ and C D in Eqs. (6.167) and (6.168) respec¬ 
tively both decrease as M , increases (a general trend we have established 
frequently in our previous discussions). However, the trends shown by these 
equations are correct, and they clearly demonstrate why aerodynamic heating 
progressively becomes more important, and indeed dominant, as the hypersonic 
llight regime is more deeply penetrated. 

Now that wc have established the importance of aerodynamic heating, it is 
instructional to examine various prediction methods for estimating the heat 
transfer to hypersonic vehicles. Within the context of the ideas presented in the 
present chapter, the most precise method would be as follows: 

1. Calculate the inviscid three-dimensional flow over the vehicle by means of an 
appropriate finite-different technique, such as described in Secs. 5.3 and 5.5. 
The surface-flow properties from such a calculation will provide the outer 
edge boundary conditions for a boundary layer calculation. 

2 . Using these outer edge conditions, calculate the boundary layer profiles by an 
“exact” finite-difference method, such as described in Sec. 6.6. An important 
distinction must be made here, however. In Sec. 6.6, only two-dimensional 
boundary layers were discussed. These two-dimensional calculations could be 
employed in an approximate sense by following a surface streamline gener¬ 
ated by the three-dimensional inviscid flow calculation, and ignoring any 
cross-flow gradients perpendicular to the streamline. However, in regions of 
large cross-llow gradients, such a “locally two-dimensional” boundary layer 
calculation is certainly not appropriate. The only true “exact” method would 
be to carry out a three-dimensional boundary layer calculation. We have not 
discussed such three-dimensional boundary layer calculations—they are be¬ 
yond the scope of this book. Such calculations are a state-of-the-art research 
problem today. It is not just a simple matter of adding the third dimension to 
the boundary layer equations, and then routinely proceeding with a finite- 
difference solution. Any numerical solution of the three-dimensional bound¬ 
ary layer equations must pay close attention to various “regions of influence” 
somewhat analogous to those encountered in a method of characteristics 
analysis. However, three-dimensional boundary layer solutions can, with 
some effort, be carried out (see, for example. Ref. 83). In any event, the locally 
two-dimensional or precise three-dimensional boundary layer solutions will 
provide detailed flowlield profiles through the boundary layer including of 
course the local temperature gradient at the surface. 

1. Using this local temperature gradient at the surface, the local heat transfer 
rate can be calculated: q w = k ( BT/0y) w . 

The application of this approach to calculating the aerodynamic heating distri¬ 
bution over a three-dimensional hypersonic vehicle, although feasible, is costly 
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in terms of the large amount of computer time involved. Moreover, today —if 
such a detailed calculation is desired—a solution of the complete Navier-Stokes 
equations such as described in Chap. 8 might be the more appropriate choice. 
Such matters will be discussed in detail in Chap. 8. 

Solutions for the aerodynamic heating distributions as described above are 
not yet practical for engineering analysis and design, where a large number of 
different cases are examined. For such applications simpler and, hence, more 
approximate methods are needed. In the remainder of this section, several such 
approximate methods are discussed. 

In the extreme, perhaps the simplest method for estimating hypersonic 
aerodynamic heating is to use a generalized form of Eq. (6.167) as 

‘U = plV"C (6.169) 

Such a form was used in Ref. 80 for a preliminary analysis of aerodynamic 
heating to a transatmospheric vehicle, and was the basis for the results shown in 
Fig. 6.1. For these calculations, the following values for N, M and C were used, 
where the units for q „, and V x were W/cm 2 , m/s, and kg/m 3 respectively. 

Stagnation point: 

M = 3, N = 0.5, C = 1.83 x 10“ 8 7T 1/2 ^1 - 

where R is the nose radius in meters, and h w and h 0 are the wall and total 
enthalpies respectively. With these values of M, N and C, there is a direct simi¬ 
larity between the approximate Eq. (6.169) and the exact result given by Eq. 
(6.106). (The demonstration of this similarity is left as a homework problem.) 

Laminar flat plate: 

M = 3.2 N = 0.5 C = 2.53 x 10' 9 (cos </>) 1/2 (sin cj>) x' 1/2 ^l - 

where </> is the local body angle with respect to the free stream, and x is the 
distance measured along the body surface in meters. 

Turbulent fiat plate: 

N = 0.8 

For 14 < 3962 m/s 
M = 3.37 

C = 3.89 x 10' 8 (cos </>) 178 (sin </>) 16 (^1 — 1.11 

For 14, > 3962 m/s 
M = 3.7 

C =22 x 10' 9 (cos </>) 2,08 (sin xf 1/5 ^1 — 1.11 j^J 
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where x T is the distance measured along the body surface in the turbulent 
boundary layer. 

The above is an extreme example of an engineering method for estimating 
hypersonic aerodynamic heating, requiring the least amount of work and detail. 
The validity of these correlations is “reasonable” as long as the flight conditions 
are such that boundary layer theory is valid. They are useful for preliminary 
analysis, and are not recommended for more detailed work. They are presented 
here only as an example of the most approximate method for estimating hyper¬ 
sonic aerodynamic heating, and for providing information on how the results 
shown earlier in Fig. 6.1 were obtained. 

Note that the above method does not directly incorporate the variation of 
local inviscid flow properties along the surface. In contrast, the use of the refer¬ 
ence enthalpy approach, described in Sec. 6.9, has this advantage. An example of 
an improved engineering method for predicting hypersonic aerodynamic heating, 
albeit still approximate, is the work of Zoby and Simmonds (Ref. 115). Here, the 
inviscid flow over a hypersonic vehicle is calculated using a version of the ap¬ 
proximate thin shock layer analysis of Maslen, the elements of which are given 
in Sec. 4.9. The local aerodynamic heating distributions are then obtained from 
standard incompressible formulas modified for compressible conditions by 
Eckert’s reference enthalpy relation (see Section 6.9). Sample results are shown 
in Fig. 6.32, which gives the local laminar Stanton number (normalized by the 
stagnation point value) for the windward centerline for a blunt 25 degree cone 
at various angles of attack. The frce-stream Mach number is 7.77. In this figure, 
s is the distance along the surface of the cone from the nose, and R is the nose 
radius. The open symbols are experimental data obtained from Ref. 116, and the 
curves are from the approximate calculations of Ref. 115. Reasonable agreement 
is obtained between the calculations and experiment. Note the expected physical 
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cone, {From Zohv and Simmonds, Rrf. 115.) 
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FIGURE 6.33 

Calculated streamline pattern on the space shuttle, (from DeJarnette, et til.. Ref. 118.) 


trends shown in Fig. 6.32, namely: (1) heat transfer decreases with distance from 
the nose, and (2) heat transfer increases with increasing angle of attack along the 
windward centerline. 

A more complex heat transfer calculation applied to the space shuttle 
has been carried out by Hamilton et al. (Ref. 117). The exact three-dimensional 
inviscid flow is calculated by the time-dependent finite-difference approach dis¬ 
cussed in Sec. 5.3, yielding an inviscid streamline pattern over the windward 
surface of the space shuttle as shown in Fig. 6.33 for = 9.15 and a = 34.8°. 
Then, following each streamline, the modified reference temperature method of 
Ref. 114 is used to calculate the aerodynamic heating distributions. The basic 
ideas of Ref. 114 have been discussed in Sec. 6.9, hence no further elaboration 
will be given here. Consider a “midwing” chord of the space shuttle located at 
2 x/h = 0.5, as shown in Fig. 6.34. Also shown in Fig. 6.34 is the irregular pattern 
of transition observed from shuttle flight test data. The calculated streamwise 
heat transfer distributions along the chord at 2x/h = 0.5 are shown in Fig. 6.35, 
obtained from the method of Ref. 114. Both laminar and turbulent calculations 
are shown by the solid curves, as reported in Ref. 117. The flight test data are 
given by the open circles. These data are bracketed by the laminar and turbulent 
calculations. Near the leading edge, good agreement is obtained with the lam¬ 
inar calculations, and near the trailing edge, good agreement is obtained with 
the turbulent calculations. This graphically demonstrates the accuracy that can 
be obtained with approximate heat transfer calculations in complex flows. The 
behavior of the flight test data in the transition region, which at first glance 
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appears irregular (first laminar, then transitional, then laminar, then transitional, 
then laminar again, finally approaching fully turbulent flow at the trailing edge), 
is indeed totally consistent with the observed transition pattern shown in Fig. 
6.34. 

This is a good ending point for our discussion of approximate hypersonic 
heal transfer calculations. There are other approximate methods which have 
been developed over the past years; this section has endeavored to indicate only 
a few recent approaches. An excellent and authoritative review of approximate 
aerodynamic heat transfer methods has been recently published by DeJarnette et 
al. in Ref. 118, which the interested reader is encouraged to study carefully. 
Again, the purpose of this section has been to serve as a counterpoint to our 
previous discussions concerning "exact” hypersonic boundary layer calculations, 
and to emphasize the usefulness of approximate heat transfer analyses for engin¬ 
eering studies. The final choice of an “exact” or an “approximate” method for 
calculating hypersonic aerodynamic heating depends on the problem, the need 
for accuracy, and the resources available. 

6.11 ENTROPY LAYER EFFECTS 
ON AERODYNAMIC HEATING 

Consider the inviscid hypersonic flow over a blunt-nosed body, such as sketched 
in Fig. 6.36. The surface streamline, which has passed through the normal por¬ 
tion of the bow shock wave, is indicated by the dashed line. Since the flow is 
inviscid and adiabatic, the entropy is constant along this streamline, and equal 
to the entropy behind a normal shock wave. According to the usual boundary 
layer method, this streamline with its normal shock entropy would constitute 
the boundary condition at the outer edge of the boundary layer. On the other 



FIGURE 6.36 

Illustration of the surface streamline containing the normal shock entropy. 
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hand, return to Fig. 1.14 with the attendant discussion in Chap. 1 concerning 
the entropy layer. Recall that for some distance downstream of the blunt nose 
the thin boundary layer will be growing inside the entropy layer, and then the 
boundary layer will eventually "swallow” the entropy layer far enough down¬ 
stream. In both cases, it is clear that the entropy at the outer edge of the bound¬ 
ary layer will not be the normal shock entropy. Therefore, the conventional 
boundary layer assumption that the outer edge boundary condition is given by 
the inviscid surface streamline as shown in Fig. 6.36 when dealing with blunt- 
nosed hypersonic bodies is not appropriate. 

The interaction of the entropy layer and the boundary layer has been a 
challenging aerodynamic problem for years Within the framework of boundary 
layer analysis, current practice is to estimate the boundary layer thickness <5, and 
then utilize the inviscid-flow properties located a distance <5 from the wall as 
outer-boundary conditions for the boundary layer. This approximate approach 
has been used successfully by Zoby, Hamilton and colleagues in Refs. 114, 115 
and 117. The entropy layer can have an appreciable effect on the prediction of 
hypersonic aerodynamic healing. This is dramatically shown in Fig. 6.37, ob¬ 
tained from Refs. 118 and 119. Here, the aerodynamic heat transfer distribution 
along the space shuttle windward ray is shown at the velocity and altitude cor¬ 
responding to maximum heating along the entry trajectory. The open circles are 
experimental data extrapolated from wind tunnel data. The various curves are 
predictions of the heating distributions from Refs. 120 and 121, both making 
two sets of calculations, first assuming normal shock entropy at the outer edge 
of the boundary layer, and then treating the variable entropy associated with the 
entropy layer/boundary layer interaction. The solid circles are from the calcula¬ 
tions of Ref. 119, which also account for the entropy layer. Note two important 
aspects from Fig. 6.37: (1) the presence of the entropy layer increases the pre¬ 
dicted values of q w by at least 50 percent—a nontrivial amount, and (2) the 
taking into account of the entropy layer by using boundary layer outer-edge 
properties associated with the inviscid flow a distance <5 from the wall gives 
good agreement with the experimental data. 

Clearly, the presence of the entropy layer on a blunt-nosed hypersonic 
body has an important effect on aerodynamic heating predictions using bound¬ 
ary layer techniques. However, the simple method stated above appears to be a 
reasonable approach to including the effect of the entropy layer. Indeed, the heat 
transfer predictions shown previously in Figs. 6.32 and 6.35 take into account 
the entropy layer as described above, and reasonable agreement with wind tun¬ 
nel and Right test data is obtained. 

Finally, the problems discussed in this section concerning the entropy layer 
are important for boundary layer calculations. In contrast, when the entire 
shock layer is treated as viscous from the body to the shock wave, the explicit 
treatment of the entropy layer is not needed. For such viscous shock layers, the 
interaction between the entropy layer and the shock layer “comes out in the 
wash”; no separate treatment is required, because it is contained within 
the framework of a fully viscous calculation. Such fully viscous flow calculations 
are discussed in Chap. 8. 
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FIGURE 6.37 

Comparison of predicted shuttle windward-ray heat transfer distributions; illustration of lhe entropy 
layer effects. (From Ref . IIS.) 


6.12 SUMMARY 

In the present chapter, vve have discussed some basic physical aspects of hyper¬ 
sonic viscous flow, and have concentrated on the conventional boundary layer 
concept with associated results at hypersonic conditions. Referring again to our 
roadmap in Fig, 1.23, we have covered the first five items listed under viscous 
flows, ranging from basic aspects to approximate engineering methods. Examine 
these items in Fig, 1,23, and make certain that you feel comfortable with the 
associated material in this chapter before you progress further. In the next two 
chapters, we will treat hypersonic viscous flows by more general and modern 
(and hence more accurate) methods. However, the boundary layer theory and 
results discussed in the present chapter constitute the “bread and butter” of 
many hypersonic viscous flow applications, and they provide a foundation on 
which the understanding of hypersonic viscous flow is built. Therefore, in the 
following paragraphs it is useful to highlight some of the material we have dis¬ 
cussed. 
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'Hie Navier-Slokes equations, Eqs. (6.1)-(6.5), are the fundamental govern¬ 
ing equations for viscous flow. These are coupled nonlinear partial differential 
equations, difficult to solve by any approach other than detailed numerical so¬ 
lutions (to be discussed in Chap. 8). The boundary layer equations, obtained 
from the Navier-Stokes equations by an order-of-magnitude reduction analysis, 
are simpler to solve, and serve as a classical starting point for the analysis of 
viscous flows. For two-dimensional flow, the boundary layer equations are: 


Continuity 

x Momentum 


y Momentum 
Energy 


(\p u) < Xpv ) 
dx dy 
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(6.27) 

(6.28) 

(6.29) 

(6.30) 


For hypersonic flow, the constant pressure condition given by Eq. (6.29) can be 
relaxed; it is appropriate to allow a normal pressure gradient through a hyper¬ 
sonic boundary layer without invalidating the boundary layer concept. 

By transforming the boundary layer equations through the Lees-Dorodnit- 
syn transformation, 


f = PeKPe dx 

J 0 

(6.33) 

« t p , 

/; = \ p dy 

(6.34) 

a form of the boundary layer equations is obtained 

as displayed in Eqs. (6.55) 

and (6.58). In turn, these equations lead to self-similar solutions for the special 
cases of the flat plate and stagnation point. Defining the skin friction coefficient 

as 


r w 

^ f i 2 

2Pc ll t 

(6.59) 

the Nusselt number as 


(} W X 

Nu =---- 

k.(T aw - T w ) 

(6.62) 


and the Stanton number as 




Pe u e(Kw 


(6.63) 
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where the Nusselt and Stanton numbers are alternative heat transfer coefficients 
related by Nu = C„ Re Pr, we find that 


and 


C f = V2 


Av/fi, /"(0)_ 

PeUe 


(6.71) 


1 1 p w h e f/(0) 

Jl Pe C„„ p e - hj yRe~ 


(6.77) 


where f = u/u e and g = h/h e . The self-similar solutions for the transformed 
boundary layer equations yield numbers for /"(0) and g( 0), giving the following 
laminar llow results: 


„ , , , HM e , Pr, y, TJT r ) 

rial plate c f = - - —- 

s/Re.v 


(6.76) 

G(Af„ Pr, y, TJT e ) 

Cl — r — 

V Re * 


(6.81) 

Stagnation point 



(Cylinder) q w - 0.57 Pr” 0 - 6 (p e p e ) >12 j 

ax 

(6.106) 

(Sphere) q n , = 0.763 Pr ~°' 6 (p e p e )' 12 

\ 

lrJ h ™~ K) 

(6.111) 

The stagnation point heal transfer for a sphere is larger than that for a cylinder 
due to the three-dimensional relieving effect. At a stagnation point, the skin 
friction is zero, For hypersonic flow, the velocity gradient du e /dx is given from 
Newtonian flow as 

du e _ 1 j2(p e - p„) 

dx R\J Pe 


(6.121) 

From this, we obtain the important result that 



1 

<?». °c— 

Jr 


(6.122) 

In general, boundary layers encountering arbitrary streamwise gradients of 


velocity, pressure and temperature at the outer edge are nonsimilar. For non¬ 
similar boundary layers, several methods of solution have been developed, in¬ 
cluding “local similarity,” the difference-differential method, and finite-difference 
methods, the latter being the standard approach today. 

Detailed boundary layer solutions such as mentioned above yield the flow- 
field profiles through the boundary layer, as well as the velocity and temperature 
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gradients at the surface, hence the surface skin friction and heat transfer. These 
detailed solutions frequently require extensive computer resources. For engineer¬ 
ing preliminary analysis, simplified, more approximate methods are useful for 
rapid estimation of skin friction and aerodynamic heating. The reference temper¬ 
ature (or reference enthalpy) method is an excellent example of such an approxi¬ 
mate approach. Calculations as elaborate as the estimation of space shuttle 
three-dimensional heat transfer distributions have been made using the reference 
temperature concept. 

Finally, the aspects of hypersonic transition and turbulent flow are ex¬ 
tremely important for vehicle design and analysis. Sections 6.7 and 6.8 discuss 
these matters, emphasizing the basic aspects of transition and turbulence at hy¬ 
personic speeds, and underscoring the great uncertainties that still exist in our 
predictions of such phenomena. 

PROBLEMS 

6.1. Starting with the Navier-Stokes equations in dimensional form, derive Eqs, 
(6.7)-(6.l0). 

6.2. Derive Eq. (6.58). 

6.3. Derive Eqs. (6.109) and (6.110) for an axisymmetric stagnation point. 

6.4. Consider the hypersonic laminar flow over a flat plate. When Pr = 1, show that 
enthalpy is a function of local velocity; i.e., show that h = h(u). Obtain this function. 

6.5. Show similarities between the approximate Eq. (6.169) and exact results. 



CHAPTER 

7 


HYPERSONIC 

VISCOUS 

INTERACTIONS 


It is yet too early to describe other promising methods of inquiry 
by which knowledge of the size and texture of the boundary layer 
may be obtained. It seems, however, that we are on the threshold 
of a new domain of great promise ; research is needed, first for the 
advancement of our knowledge and then for its application. 

Leonard Bairstow, English Aerodynamicist, 1923 


Interact —to act on each other. 

From The American Heritage Dictionary 
of the English Language , 1976 
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7.1 INTRODUCTION 

In contrast to the above statement by the eminent British aerodynamicist, 
L. Bairstow, in 1923, it is no longer “too early to describe other promising 
methods” of studying viscous flows. Indeed, in the modern world of hypersonics, 
it is mandatory that we go beyond the original boundary layer concept as intro¬ 
duced by Prandtl in 1904. The material in this chapter is one such example. 
Here, we will examine two important flow problems where the viscous boundary 
layer changes the nature of the outer inviscid flow, and in turn these inviscid 
changes feed back as changes in the boundary layer structure. This gives rise to 
phenomena classified as viscous interactions. In hypersonic flow, there are two 
important viscous interactions: 


1. Pressure interaction, due to the exceptionally thick boundary layers on sur¬ 
faces under some hypersonic conditions. 

2. Shock-wave/boundary-layer interaction, due to the impingement of a strong 
shock wave on a boundary layer. 


The first item, pressure interaction, is frequently identified in the hypersonic 
literature as simply “viscous interaction.” This is the physical effect described in 
Sec. 1.3C, and sketched in Figs. 1.15 and 1.16. This material from Chap. 1 
should be reviewed at this stage before progressing further. The viscous inter¬ 
action described in Sec. 1.3C constitutes the subject for most of the present 
chapter. 

The classic hypersonic interaction between the outer inviscid flow and the 
boundary layer is due to the very large boundary layer thicknesses which can 
occur at hypersonic speeds. Indeed, it was stated in Sec. 1.3C that for a flat plate 
laminar boundary layer, 6 grows as 


» a t/.i; 

V Re * 

Hence, for equal Reynolds number, <5 grows as the square of the Mach number. 
We are now in a position to prove this, as follows. For a laminar boundary 
layer on a flat plate, the self-similar solution described in Sec. 6.4 leads to the 
familiar result that 


5 oc j (7.2) 

^Re 

Due to intense viscous dissipation in hypersonic boundary layers, the tempera¬ 
ture can vary widely. In turn, p and p can be strongly variable throughout the 
boundary layer. Let us choose to evaluate the Reynolds number in Eq. (7.2) 
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using p w and at the wall. Then, 


S cc 


x 

Jp n u e x!n w 


or 


S cc 


X 

s/PePe x /P, 


'Pe 

P„ 


>Pw 

Pe 


(7.3) 


From the equation of state, assuming p e = p w = p — constant through the 
boundary layer, 


Pe = Pe Z, = Z 
Pe, P,v Z T e 

Also, assuming a linear dependency of p on T, 

/c = z 

Pe Te 

Combining Eqs. (7.3)-(7.5), we have 


<5 oc 



(7.4) 


(7.5) 


(7.6) 


where Re is the conventional Reynolds number based on properties at the outer 
edge of the boundary layer, that is, Re = p e u e x/fi e . Assuming an adiabatic wall 
with recovery factor r = 1, 


T„ 

Te 


T 

aw 

^Z 


T 0 

Z 


1 + M 2 e 


For large M e , Eq. (7.7) becomes 


(7.7) 


Z- 

z 


Z 

T e 


1 ~ 1 


2 


Mi 


Substituting Eq. (7.8) into (7.6), we find 


<5 Ml 
x x/Re 


(7.8) 


(7.9) 


Clearly, the thickness grows as the square of the Mach number, and therefore 
hypersonic boundary layers can be orders of magnitude thicker than low speed 
boundary layers at the same Reynolds number. 

This thick hypersonic boundary layer displaces the outer inviscid flow, 
changing the nature of the inviscid flow. For example, inviscid flow over a flat 
plate is sketched in Fig. 7.1a; the streamlines are straight and parallel, and the 
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FIGURE 7.1 

Illustration of pressure distributions over a flat plate. («) in viscid flow; (/>) viscous flow. 


pressure on the surface is constant (as sketched above the streamlines). In con¬ 
trast, for hypersonic viscous flow with a thick boundary layer, the inviscid 
streamlines are displaced upward, creating a shock wave at the leading edge as 
sketched in Fig. 7.1b. Moreover, the pressure varies over the surface of the flat 
plate, as sketched above the flow picture in Fig. 7.1b. This is the source of the 
viscous interaction. The increased pressure (hence increased density) tends to 
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make the boundary layer thinner than would be expected (although <5 is stiii 
large on a relative scale), and hence the velocity and temperature gradients at 
the wall are increased. In turn, the skin friction and heat transfer is increased 
over their values that would exist if a constant pressure equal to p m were 
assumed. In the viscous interaction, the pressure increase (and the resulting c f 
and C„ increases) become more severe closer to the leading edge. We will soon 
see that the magnitude of the viscous interaction increases as Mach number is 
increased and Reynolds number is decreased. Therefore, viscous interaction 
effects are important for slender hypersonic vehicles flying at high Mach 
numbers and high altitudes. 

7.2 STRONG AND WEAK VISCOUS INTERACTIONS: 
DEFINITION AND DESCRIPTION 

Consider the sketch shown in Fig. 7.2, which illustrates the hypersonic viscous 
flow over a flat plate. Two regions of viscous interaction are illustrated here— 
the strong interaction region immediately downstream of the leading edge, and 
the weak interaction region further downstream. By definition, the strong inter¬ 
action region is one where the following physical effects occur: 

1. In the leading edge region, the rate of growth of the boundary layer displace¬ 
ment thickness' is large, that is, dS*/dx is large. 

2. Hence, the incoming freestream “sees” an effective body with rapidly growing 
thickness; the in viscid streamlines are deflected upward, into the incoming 
flow, and a shock wave is consequently generated at the leading edge of the 
flat plate, i.e., the inviscid flow is strongly affected by the rapid boundary 
layer growth. 

3. In turn, the substantial changes in the outer inviscid flow feedback to the 
boundary layer, affecting its growth and properties. 

This mutual interaction process, where the boundary layer substantially affects 
the inviscid flow, which in turn substantially affects the boundary layer, is called 
a strong viscous interaction, as sketched in Fig. 7.2. 

In contrast, further downstream a region of weak interaction is eventually 
encountered. By definition, the weak interaction region is one where the follow¬ 
ing physical effects occur: 

1. The rate of growth of the boundary layer is moderate, that is, dS*/dx is 
reasonably small. 

2. In turn, the outer inviscid flow is only weakly affected. 

3. As a result, the changes in the inviscid flow result in a negligible feedback on 
the boundary layer, and this is ignored. 

Therefore, as indicated in Fig. 7.2, the region of flow where the feedback effect is 
ignored is called a weak viscous interaction. 
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<2) Inviscid flow is 



FIGURE 7.2 

Illustration of strong and weak viscous interactions. 


The similarity parameter that governs laminar viscous interactions, both 
strong and weak, is “chi bar,” defined as 


- r? 


(7.10) 


where 


PePe 

The value of x can be used to ascertain whether an interaction region is strong 
or weak; large values of % correspond to the strong interaction region, and small 
values of f denote a weak interaction region. The role of j as a similarity 
parameter is derived in the next section. 

Finally, we emphasize again the major consequence of this viscous interac¬ 
tion, namely the creation of an induced pressure change that can be substantial. 
This induced pressure change, sometimes called the induced pressure increment, 
is sketched in Fig. 7.3, where the actual pressure ratio p/p m along the surface of 
the plate lies considerably above the inviscid flow value of unity. This type of 
effect was first reported by Becker (Ref. 122) in 1950, who measured pressures 
near the leading edge of a wedge that were above the classical wedge pressure 
from oblique shock theory. 
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-> 


FIGURE 7.3 

Schematic of the induced pressure increment due to viscous interaction. 


7.3 THE ROLE OF % 

IN HYPERSONIC VISCOUS INTERACTION 

The induced pressure increment sketched in Fig. 7.3 is governed by the param¬ 
eter y, defined by Eqs. (7.10) and (7.11). The purpose of this section is to demon¬ 
strate this fact. The following analysis, patterned after that of Stollery in Ref. 
123, is ;t physically based argument, with a minimum of mathematical detail, 
which illustrates the major role played by y in hypersonic viscous interactions. 

The displacement thickness, <5*, shown in Fig. 7.2, can be expressed for 
a hypersonic laminar boundary layer on a flat plate as proportional to the 
familar result 

,5*oc_* ( 7.I2) 

VRc 

where, following the reference temperature method discussed in Sec. 6.9, Re is 
based on average properties within the boundary layer evaluated at the refer¬ 
ence temperature given by Eq. (6.159). Equation (7.12) can then be written as 


<S* oc ,\- 


/<_ 

p*V aj x 


Poo Ex,*' 


h 

I p* 


V Re ' 


(7.13) 
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where Re is the usual Reynolds number based on free-stream properties, and p* 
and p* are evaluated at the reference temperature T*. From the equation of 
state, 


Pm = J*_ Pjc 

P* T m p* 


(7.14) 


Assuming that pressure is constant through the boundary layer in the direction 
normal to the surface, we have p* — p e , where p e is the pressure at the outer 
edge of the boundary layer. Keep in mind that, due to the viscous interaction 
eifect, p e is not equal to the free-stream pressure p a . Thus, Eq. (7.14) can be 
written as 


Pm = T* Pv 
P* K Pe 


(7.15) 


Also, assume a variation of viscosity with temperature as 


where C is given by 


p* T* 

- =C~ 
Pm T'm 


(7.16) 


From the equation of state, and recalling that pressure is constant through the 
boundary layer in the normal direction, TJT e = pjp w . Thus, the above relation 
becomes 


Pw = P,- 

Pe Pe, 


C = - 


PwPw 


PePe 


Therefore, C in Eq. (7.16) is the same as defined in Eq. (7.11) associated with the 
definition of Substituting Eqs. (7.15) and (7.16) into (7.13), we have 


S* oc 


X 

7 ^ 


Ci 


TmJ Pe 


(7.17) 


Examining Eq. (6.159) for the reference temperature, we see that T*/T e depends 
on Mj. Thus, with only a small approximation, we can assume that T f sr and 
M e w M„, and accept the following proportionality 


(7.18) 
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Combining Eqs. (7.17) and (7.18), we have 


<5* 



' 

pjp* 


(7.19) 


Equation (7.19) is an intermediate result, to which we will return later. Note 
that it expresses the variation of <5* in terms of the ratio of the boundary layer 
edge pressure to free-stream pressure. Since p e is higher than p xi because of the 
rapid growth of the boundary layer (examine again Fig. 7.2), let us obtain an 
expression for pjpj, in terms of dS*/dx. 

In Sec. 2.3 we obtained from exact oblique shock theory an exact expres¬ 
sion for p,/pi in terms of the hypersonic similarity parameter. This result is 
given in Eq. (2.28), repeated below. 


P 2 
Pi 


1 + « 2 + 7«- 2 



(2.28) 


Here, K = M y(), where 0 is the flow deflection angle across the oblique shock. 
Recall that the nomenclature in Chap. 2 used the usual shock conventions, with 
subscripts 1 and 2 denoting conditions upstream and downstream of the shock 
respectively. Let us now apply Eq. (2.28) to estimate the pressure at the outer 
edge of the boundary layer shown in Fig. 7.2. We will assume that the effective 
body thickness seen by the free-stream is given by 8*, with a slope equal to dS*/ 
dx. Using the tangent wedge method described in Sec. 3.6, F.q. (2.28) can be 
written as 


P, 

P, rj 


1 + Mpl K 2 + yK 2 


n' 



(7.20) 


where K = M t ( dS*/dx ). 

Pause for a moment, and assess our progress so far. We have obtained an 
expression for 6* in terms of pjp „ given by Eq. (7.19). In turn, we have devel¬ 
oped an equation for pjp x in terms of d8*/dx, given by Eq. (7.20). These two 
equations provide the tools for analyzing the viscous interaction—the effect of 
the boundary layer on the outer inviscid flow [Eq. (7.20)], and the effect of the 
outer inviscid flow on the boundary layer [Eq. (7.19)]. However, the use of these 
two equations depends on whether we are dealing with the strong interaction or 
the weak interaction region as illustrated in Fig. 7.2. Let’s consider each of these 
separately. 


Strong Interaction 


In the region of strong interaction, d8*/dx is large. Since K = M a ,(d8*/dx), we 
therefore assume that K 2 g> 1. With this, Eq. (7.20) becomes 


P, 

P„ 


y(y+ y ) K i 


y(y + >) 


Ml 


■d8*Y 

dx ) 


2 


2 


(7.21) 
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To couple the boundary layer with the outer inviscid flow, substitute Eq. (7.21) 
into (7.19), obtaining 


or 


( dS*/dx ) 


S* dS* oc /— M„x dx 
jRc 


(7.22) 


Recalling that Re = V, rj x/M„_, Eq. (7.22) can be written as 

(5* dS* oc / C t‘“- M„x 1/2 dx (7.23) 

Y PoO K* 

Integrating Eq. (7.23), we obtain 

( (5*) 2 CC j-'—’y- M „ x 3/2 

V Poo 

or 

<5* oc ( l - ) ' Ml' 2 x 3,t (7.24) 

\,P.» 

Note an important physical result from Eq. (7.24). We are used to the conven¬ 
tional laminar boundary layer result that <5* grows parabolically, i.e., as x 1/2 . 
However, in the strong interaction region, Eq. (7.24) demonstrates that 


<5* cc x 3/4 


Differentiating Eq. (7.24), we obtain 


d&* ( Q i B 

dx V „ 

Hence, in the strong interaction region, 


1/4 


dd* 

dx 


OC x 1/4 


(7.25) 


(7.26) 


(7.27) 


Combining F.qs. (7.27) and (7.21), we also see in the strong interaction region 
that 


Pe 


P CO 


OC X 


1/2 


(7.28) 
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Hence, for strong viscous interaction, the variation of induced pressure with x 
sketched in Fig. 7.3 is an inverse square root variation. Finally, let us rewrite Eq. 
(7.26) as 


dS* 


dx 


C 

Re 


1/4 

MU 2 


(7.29) 


Hence 


K 2 




JVP 
• lrl 00 

7 ^ 




(7.30) 


Finally, substituting Eq. (7.30) into (7.20), we have (neglecting the l/K 2 term 
because K 1) 


Pe 

Pad 


1 + aa 


(7.31) 


where u, is a constant. Equation (7.31) is important. It demonstrates that, for 
strong viscous interaction: 

1. Pe/Pa, depends only on %. Hence, f is the governing similarity parameter for 
induced pressure changes, as sketched in Fig. 7.3. 

2. The induced pressure change varies linearly with %■ 


Note: In examining Fig. 7.3, keep in mind that, for given freestream conditions, 
yoc.v' 1 '' 2 . Hence, the abscissa of Fig. 7.3, which is the running length along the 
plate, can also be interpreted as a variation in %, where x decreases with increas¬ 
ing x, that is, at the leading edge, y. °o, and as x increases, x constantly 
decreases. For example, in a single wind tunnel test at a given set of free¬ 
stream conditions, one set of surface pressure measurements gives data over a 
range of y. 


Weak Interaction 

For weak viscous interactions, recall from Fig. 7.2 that dS*/dx is moderate. In 
fact, let us assume that dS*/dx is small enough that K = M m (d8*/dx) < 1, and 
hence K 2 <£ 1. With this, Eq. (7.20) can be written as 


Pe_ 

Poo 


= 1 + yK + 


y(y + Q K i 
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(7.32) 
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Since K < 1 and K 2 <? 1, Eq. (7.32) gives approximately pjp m as 1. Hence, from 
Eq. (7.19), 


and 


<5* 



(7.33) 



Ml JCx- 1 1 2 

P ooK* 


M k^c 

,/Re 


(7.34) 


This is consistent with the definition of weak viscous interaction illustrated in 
Fig. 7.2; there is no feedback of the changes in the inviscid flow to the boundary 
layer. Consequently, from Eqs. (7.33) and (7.34) we obtain the familiar results 
that 


and 


b* 


oc x 


1/2 


(7.34n) 


Also, 


db* 

— — OC .V 

dx 


(7.35) 


K = M 



,/Re 


(7.36) 


Note from Eq. (7.36) that, in contrast to strong interaction theory where 
K 2 <x y, we find that for weak interaction theory, K oc %■ Thus, from Eq. (7.32), 


Pe 

Poo 


+ f>d + h 2/ 2 


(7.37) 


If db*/dx, hence- K, is small enough, Eq. (7.37) can be further reduced to 


“'-=l+*>iZ (7-38) 

P on 

In summary, the analysis of this section has demonstrated that y ' s the 
governing parameter that dictates the induced pressure increment for hypersonic 
viscous interactions. Moreover, expressions for the induced pressures as a func¬ 
tion of y have been obtained. In a more detailed analysis, Hayes and Probstein 
(Ref. 46) have obtained the following results for air with y = 1.4: 

For an insulated jlat plate, 

— = 0.514* + 0.759 

Poo 


Strong interaction 


(7.39) 
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Weak interaction ? = 1 + 0.31x + 0.05y 2 (7.40) 

For a cold wall ease, where T„ ^ T aw , 

Strong interaction —- = 1 + 0.5jt (7.41) 

Pa i 

Weak interaction —- = 1 + 0.0782 (7.42) 

Pa: 

Note that a cold wall mitigates to some extent the magnitude of the viscous 
interaction. This makes sense, because for a cold wall the density in the bound¬ 
ary layer will be higher, hence the boundary layer thickness will be smaller, thus 
diminishing the root cause of the viscous interaction in the first place. Also note 
that the form of Eqs. (7.39)-(7.42) is consistent with that of Eqs. (7.31), (7.37), 
and (7.38). 

Some classical results are shown in Fig. 7.4, obtained from Ref. 46. Here, 
experimental data for p/p a , on an insulated flat plate (denoted by the circles and 



FIGURE 7.4 

Correlation of induced pressures. (From Hayes and Probslein , Ref. 46.) 
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triangles) are compared with both strong and weak viscous interaction theory 
(denoted by the curves). Note that the data are reasonably correlated by y, and 
that reasonable agreement is obtained between theory and experiment. Also 
note that, for all practical purposes, the strong and weak interaction regions 
appear to be described by 

Strong interaction y > 3 

Weak interaction y < 3 

Additional experimental and theoretical data are given in Fig. 7.5, obtained from 
Ref. 123. Here, the induced pressure increment is plotted versus y~ x for hyper¬ 
sonic flow over a flat plate. Measurements were made at Mach numbers of 5, 10, 
and 20. Looking at the right half of Fig. 7.5, we see again that the pressure data 
are correlated by y, and agree well with weak and strong viscous interaction 
theory. Along the abscissa, y is increasing from right to left, hence the left half of 
Fig. 7.5 corresponds to high values of y, dictated by the low Reynolds numbers 
associated with x locations near the leading edge of the plate. As the leading 
edge is approached more closely, “low-density” effects such as discussed in Sec. 
1.3E are encountered, i.e., the Knudsen number becomes large. Hence, in the 
immediate neighborhood of the leading edge, the continuum assumption breaks 
down, and the measured pressures decrease due to slip-flow effects. Of course, 
the continuum theory discussed in this chapter does not hold for such “low 
density” conditions. 



FIGURE 7.5 

Induced pressures on a flat plate. (From Ref. 79.) 
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7.4 OTHER VISCOUS INTERACTION RESULTS 

In Sec. 7.3, / was demonstrated to be the proper viscous interaction correlation 
parameter for the induced pressure change, p/p a „. In contrast, a different correla¬ 
tion parameter governs pressure coefficient and force coefficients. This is easily 
seen by considering the pressure coefficient in the form given by Eq. (2.13) writ¬ 
ten as 





Assuming that for hypersonic conditions p/p w §> 1, then the above becomes 

2 P 


C„ 


yMl Pa 


(7.43) 


From the results of Sec. 7.3, 


P - 

— * X = 'T=V C 
P=o ,/Re 


Substituting this into Eq. (7.43), we have 


C„ OC Jc=V 

yRe V 


(7.44) 


Hence, we see that the proper viscous interaction correlation parameter for C p is 
not M\ lS /ciyJ Re, but rather Re, defined as V in Eq. (7.44). More¬ 

over, since lift and wave drag coefficients are obtained by integrating C p over a 
given body surface, then viscous interaction effects on both C L and C Dw are also 
correlated by V, that is, 


Q=/,(F) 


C Dw =/ 2 (E) 

It is interesting to note that viscous interaction effects on skin friction and 
heat transfer coefficients are also correlated by V. Both skin friction and heat 
transfer are increased by viscous interaction. Sample results are shown in Fig. 
7.6, obtained from Ref. 79. Here the skin friction coefficient c f is plotted versus 
Re for hypersonic laminar flow over a flat plate. Conventional boundary layer 
theory shows that c f oc 1/ N /Re, and this variation is given as the double line 
which makes a slope of —0.5 on the log-log plot of Fig. 7.6. Experimental data 
is given by the symbols, and viscous interaction theory is given by the solid and 
dashed lines. Both the experimental data and the viscous interaction theory fall 
far above the conventional boundary layer theory, thus demonstrating the im¬ 
portant effect of viscous interactions on c f . The fact that viscous interaction 
effects on are correlated by V (rather than x) is demonstrated in Fig. 7.7, 
obtained from Ref. 79. Here, c f is plotted versus M o0 / N /Re (hence essentially F). 
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FIGURE 7.6 

Viscous interaction effect on skin friction. (From Ref. 79.) 



/Re' 


FIGURE 7.7 

Correlation of (he viscous interaction effect on skin friction. (From Ref. 79 .) 
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Note that experimental data obtained at different Mach and Reynolds numbers 
are correlated fairly well by this parameter. 

The previous discussion has centered on viscous interaction as it affects 
flow over a Hat plate. This is because a flat plate is a simple configuration which 
allows us to highlight the physical aspects of viscous interaction. However, 
viscous interaction is a basic phenomenon which affects the hypersonic flow 
over any configuration. Another simple geometry is a sharp cone. Figure 7.8 
gives experimental and theoretical data for the hypersonic flow over cones. Here, 
the induced pressure increment is plotted versus where p is the actual cone 
surface pressure, p c is the inviscid cone pressure, and y c is defined as 



where the subscript c denotes inviscid cone surface properties. Also, here 
C = (■ I' 1 Fig. 7.8, the circles denote experimental data obtained from 
Ref. 6, and the lines denote theoretical results from Refs. 124 and 125. These 
theoretical analyses are approximate techniques for estimating the viscous inter¬ 
action effect. Probstein (Ref. 124) obtained analytic results using a Taylor series 
expansion in powers of the slope of the boundary layer displacement thickness, 
Talbot’s method (Ref. 125) is an approximate graphical approach coupling the 
displacement thickness slope with the inviscid flow over a cone. The major point 
to be noted from Fig. 7.8 is that ~/ c is a reasonable parameter for correlating the 
induced pressure increment on cones. As y c increases (due to either or both 



FIGURE 7.8 

Induced pressure increment versus the hypersonic interaction parameter. (From Ref. 6.) 
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Mach number increasing and Reynolds number decreasing), the induced pres¬ 
sure increment increases. Moreover, this variation is linear, as seen in Fig. 7.8, 
and as consistent with the flat plate results discussed earlier. 

The overall effect of viscous interaction on a hypersonic flight vehicle is to 
reduce the lift to drag ration, L/D. This is illustrated in Fig. 7.9, obtained from 
Ref. 123, where maximum L/D is plotted versus M a> j s fKe (hence essentially V) 
for a number of different generic vehicle shapes ranging from blunt to slender 
bodies. In all cases, (L/D ) max decreases as V increases. This is because viscous 
interaction effects increase pressure (hence wave drag) and skin friction (hence 
friction drag), both increasing the overall drag of the body. The viscous inter¬ 
action effect on lift is minor, because the increased pressure due to viscous 
interaction acts on both the top and bottom of lifting surfaces, and hence tends 
to cancel in the lift direction. Thus the degradation of (L/D) max with increasing 
V shown in Fig. 7.9 is due primarily to an increase in D. 



FIGURE 7.9 

Viscous ellects on hypersonic maximum lift-to-drag ratio for five classes of vehicles correlated with 
the viscous interaction parameter. (From Stollery, Ref. 123.) 
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More recent work on viscous interaction correlations for force coefficients 
derived from the space shuttle program has identified a modified viscous interac¬ 
tion parameter as 


where 


V' = 


M, 


yRe 


n/C 7 


C = 


p'p' 

Pco Pco 


and where />' and are evaluated at a reference temperature T' within the 
boundary layer 

~ = 0.468 + 0.532 + 0.195 (7.45) 

The validity of V as a viscous interaction parameter for force coefficients is 
demonstrated in Fig. 7.10, obtained from Ref. 126. Here, experimental and flight 
data for the axial force coefficient for the space shuttle are correlated by four 
different parameters. In Fig. 7.10a the data are plotted versus a modified form of 
y, where the constant C is evaluated at the reference temperature given by Eq. 
(7.45). A poor correlation is obtained, as shown by the scattered data points. In 
Fig. 7.10/), the correlation parameter is V; again, the data are scattered. In Fig. 
7.10c, a simple MJ^J Re correlation is attempted, but it also fails, Finally, in 
Fig. 7.1 Or/, we see that the data collapse to the same curve when correlated 
versus V'. This is the desired result, and it confirms the use of V' as a force 
coefficient correlation parameter. 

Note that all of our discussion so far on viscous interaction has assumed a 
laminar boundary layer. This is usually the case that actually prevails; viscous 
interactions occur when y, V, or V' are large, and this corresponds to large M. 
and/or small Re. In turn, in Sec. 6.7 we saw that large M. and small Re pro¬ 
mote laminar flow. Hence, most viscous interaction theory is based on laminar 
flow. However, for the sake of completeness, we mention the work of Stollery 
(see Ref. 123) on studies of viscous interactions associated with turbulent flow. 
His analysis identified the following viscous interaction parameters for turbulent 
flow: 

Strong interaction 
Weak interaction 

This brings to an end our discussion of pressure-oriented viscous interac¬ 
tions. These viscous interactions are an important element of hypersonic viscous 
flow. By no means are all hypersonic flows dominated by viscous interactions. 
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FIGURE 7.10 

Viscous imenicinu? correlations of the axial force coefficient on lhe space shultlc. (From Wilhite a 
ill. Ref. 126.) 
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However, for those flow problems where % (or V, or V) are large, viscous inter¬ 
actions will play an important role. Therefore, when analyzing any hypersonic 
viscous-flow problem, it is important to examine the associated values of the 
interaction parameters in order to ascertain whether or not the inclusion of 
viscous interaction effects is necessary. 

7.5 HYPERSONIC SHOCK-WAVE/ 

BOUNDARY LAYER INTERACTIONS 

In this section we address a second type of viscous interaction, completely dis¬ 
tinct from the pressure interaction discussed in Sec. 7.1-7.4, namely, the inter¬ 
action that occurs when a shock wave impinges on a boundary layer. Such 
shock-wave/boundary-layer interactions are particularly important to hypersonic 
(low problems where aerodynamic heating is a major factor, because there can 
be local peaks of heat transfer in the interaction region that can be extremely 
severe. A graphical practical example of this interaction heating is provided by 
one of the final flights of the X-15 hypersonic airplane vehicle in the 1960s (see 
Fig. 7.11). For this flight, which occurred on October 3, 1967, a dummy ramjet 
was hung below the fuselage of the X-15, with a pylon connecting the dummy 
ramjet and the lower surface of the fuselage. On that day, test pilot Pete Knight 
flew the X-15 at virtually maximum speed, reaching Mach 6.72 at slightly over 
100,000 feet altitude. During the hypersonic flight, a shock wave from the ramjet 
nacelle impinged upon the pylon, and burned a hole through the pylon surface. 
A photograph of this damage is shown in Fig. 7.12, obtained from Ref. 127. The 
black bar which slashes across the bottom of the pylon is simply a graphical 
means of pointing out the burned interaction region. In addition, the bow shock 
wave from the pylon, impinging on the bottom surface of the X-15, also caused 
local heating damage, as seen at the top of Fig. 7.12. The ramjet model was 
burned completely off the pylon, and punched a hole in the X-15 that allowed 
the extremely hot boundary layer air to be rammed into the internal structure, 
thus weakening the aircraft. Fortunately, Knight was able to safely land the 
X-15; however, it was the worst case of damage caused by aerodynamic heating 



FIGURE 7.11 

The X-15 hypersonic test aircraft. 



FIGURE 7.12 

Damage to the X-1S due to shock-wave impingement. (From Neumann, Ref. 127.) 


throughout the test history of the X-15. (A detailed description of this flight is 
presented by Richard Hallion in Ref. 128.) Clearly from this example, shock 
wave-botindary-layer interactions can have serious effects on hypersonic vehi¬ 
cles. and this only becomes more severe as the Mach number increases. 

The qualitative physical aspects of a two-dimensional shock-wave/bound¬ 
ary layer interaction are sketched in Fig. 7.13. Here we see a boundary layer 
growing along a flat plate, where at some downstream location an incident 
shock wave impinges on the boundary layer. The large pressure rise across the 
shock wave acts as a severe adverse pressure gradient imposed on the boundary 
layer, thus causing the boundary layer to locally separate from the surface. 
Because the high pressure behind the shock feeds upstream through the subsonic 
portion of the boundary layer, the separation takes place ahead of the impinge- 
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ment point of the incident shock wave. In turn, the separated boundary layer 
induces a second shock wave, identified here as the induced separation shock. 
The separated boundary layer subsequently turns back toward the plate, 
reattaching to the surface at some downstream location, and causing a third 
shock wave called the reattachment shuck. Between the separation and rcattaeh- 
ment shocks, expansion waves are generated where the boundary layer is turn¬ 
ing back toward the surface. At the point of reattachment, the boundary layer 
has become relatively thin, the pressure is high, and consequently this becomes a 
region of high local aerodynamic heating. Further away from the plate, the 
separation and reattachment shocks merge to form the conventional “reflected 
shock wave" which is expected from the classical inviscid picture (see, for exam¬ 
ple, Ref. 4). The scale and severity of the interaction picture shown in Fig. 7.13 
depends on whether the boundary layer is laminar or turbulent. Since laminar 
boundary layers separate more readily than turbulent boundary layers (see, for 
example, Refs. 1 and 5), the laminar interaction usually takes place more readily 
with more severe attendant consequences than the turbulent interaction. How¬ 
ever, the general qualitative aspects of the interaction as sketched in Fig. 7.13 
are the same. 

The fluid dynamic and mathematical details of the interaction region 
sketched in Fig. 7.13 are complex, and the full prediction of this flow is still a 
state-of-the-art research problem. However, great strides have been made in 
recent years with the application of computational fluid dynamics to this prob¬ 
lem, and solutions of the full Navier-Stokes equations for the flow sketched in 



FIGURE 7.13 

Schematic of the shock-wave/boundary-layer interaction. 
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Fig. 7.13 have been obtained. Solutions of the full Navier-Stokes equations are 
described in Chap. 8. The purpose of the present section is simply to describe 
some basic physical aspects of the hypersonic shock wave/boundary-layer inter¬ 
action problem. 

Experimental and computational data for the two-dimensional interaction 
of a shock wave impinging on a turbulent flat plate boundary layer are given in 
Fig. 7.14, obtained from Ref. 108. In Fig. 7.14n, the ratio of surface pressure to 
free stream total pressure is plotted versus distance along the surface (nondimen- 
sionalized by <5 n , the boundary layer thickness ahead of the interaction). Here, 
x 0 is taken as the theoretical inviscid flow impingement point for the incident 




x - x 0 


KIGURK 7.14 

P.ITects of shock-wave/boundary-layer interaction on (a) pressure distribution, and (/>) shear stress, 
for Mach 3 (low over a flat plate. Turbulent flow. (From Ref 108.) 
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shock wave. The frec-stream Mach number is 3—not hypersonic, but certainly 
illustrative of the basic phenomena. The Reynolds number based on <5 0 is about 
10 6 . Note in Fig. 7.14u that the surface pressure first increases at the front of the 
interaction region (ahead of the theoretical incident shock impingement point), 
reaches a plateau through the center of the separated region, and then increases 
again as the reattachment point is approached. The pressure variation shown in 
Fig. 7.14« is typical of that for a two-dimensional shock wave/boundary layer 
interaction. The open circles correspond to experimental measurements of Reda 
and Murphy (Ref. 129). The curve is obtained from a numerical solution of the 
thin-layer Navier-Stokes equations (see Chap. 8) as reported in Ref. 108, and 
using the Baldwin-Lomax turbulence model discussed in Sec. 6.8. In Fig. 7.146 
the variation of surface shear stress is plotted versus distance along the wall. 
Note that in the separated region the shear stress plummets to zero, reverses its 
direction (negative values) in a rather complex variation, and then recovers to a 
positive value in the vicinity of the reattachment point. The two circles on the 
horizontal axis denote measured separation and reattachment points, and the 
curve is obtained from the calculations of Ref. 108. 

An axisymmetric shock wave/boundary layer interaction is illustrated in 
Figs. 7.15-7.17, obtained from Ref. 130. The experimental model and a sketch of 
the interaction region is shown in Fig. 7.15. Here, an ogive-cylinder is used as 
the test surface, and an annular shock wave generator is mounted concentric 
with the cylinder axis. Shock waves of two different strengths are generated by 
different annular rings, one beveled at a deflection angle of a = 7.5°, and the 
other with a= 15°. Test results obtained at M al = 1.2 and a free-stream unit 
Reynolds number of 10.9 x 10 6 per meter are shown in Fig. 7.16. Once again, x 0 
denotes the theoretical inviscid incident shock impingement point. Plotted in 
Fig. 7.16 are experimental results for p/p m , c f , and C u versus (x — x 0 )/S 0 . The 
boundary layer is turbulent. First, examine the results for the bevel angle 
a = 7.5", which produces a relatively weak shock wave. For this case, no flow 
separation can be seen. The pressure rises smoothly through the interaction 
region; the skin friction first decreases in the face of the adverse pressure gradi¬ 
ent but then increases in the rccompression region where the boundary layer 
becomes thinner. The heat transfer continually increases, following the same 
behavior as the pressure distribution. In contrast, the results for a 15°, which 
produces a stronger shock, show definite flow separation. The pressure distribu¬ 
tion has a local plateau in the separation region, the skin friction goes negative 
in this region, and the heat transfer rises continually through the interaction 
region. The decay in p/p x , c f , and C H downstream of the interaction region is 
due to the expansion wave from the annular ring (see Fig. 7.15). The experimen¬ 
tal results for a — 15° are repeated in Fig. 7.17, where they are compared with 
numerical calucations based on a solution of the Navier-Stokes equations. This 
solution uses MacCormack’s time-marching procedure, which was described in 
Sec. 5.3 for inviscid flows, but here is applied to the Navier-Stokes equations. 
(Again, note that Navier-Stokes solutions are the subject of Chap. 8.) Two sets 
of calculations are shown, each made with a different algebraic eddy viscosity 
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FIGURK 7.15 

Test model geometry and flowfield sketch for the shock-wave/boundary-layer interaction studied by 

Marvin cl al. (Rt'f, 130.) 


model for the turbulent flow (for details on the models, see Ref. 130). Neither 
calculation does a very adequate job in predicting the details of the turbulent 
shock wave/boundary-layer interaction, thus demonstrating that improvements 
are needed in the state of the art for this problem. 

Comparing the variations of p/p m and C H in Fig. 7.16, we have already 
noted that heat transfer tends to follow the pressure distribution. This is some¬ 
what to be expected on the basis of flat plate results, as follows. From Eq. (6.81) 
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FIG UR 10 7.17 

Comparison between computations and experiment for the shock-wave/boundary-layer interaction 
on a flat plate. (From Ref. 130.) 


From the equation of state, p — pRT, Fq. (7.48) becomes 

q w « s/p* (7-49) 

Equation (7.49) holds for a laminar flow. In contrast, for a turbulent flow, 


C„ cc 


1 

Re 1 ^ 


(7.50) 


and hence, in combination with Eq. (7.47) and the equation of state, we have 


P 


4/5 


(7.51) 
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P™, 

Pfp 


FIGURE 7.18 

Corrchilion of lurbulenl shock-wave/boundary-layer interaction on a flal plate, as given by Neu¬ 
mann. {lief. 127.) 


From [he results of Eqs. (7.49) and (7.51), it is no surprise that heat transfer and 
pressure tend to follow the same qualitative variations for a two-dimensional 
shock-wave/boundary-layer interaction. Indeed, Neumann (Ref. 127) suggests 
the following relation between maximum pressure in the interaction p m .„, maxi¬ 
mum heating q max , and the standard flat plate values p fp and q fp . 

flmax / P max 

( lfr \P/p 

where n = 0.5 for laminar flow and n = 0.8 for turbulent flow. To support this 
result, Neumann gives the correlation of turbulent shock wave/boundary-layer 
interaction data shown as a log-log plot in Fig. 7.18. The data are obtained from 
various experiments ranging from Mach 6 to 10. The straight line in Fig. 7.18 
has a slope of 0.8, and the data arc clustered around this line, thus confirming 
the variation given by Eq. (7.52). 

An example of a three-dimensional shock-wave/boundary-layer interaction 
is the flow configuration shown in Fig. 7.19. Here we see a sharp wedge 
mounted on a flat plate. The interaction between the oblique shock wave from 


(7.52) 
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FIGURE 7.19 

Three-dimensional shock-wave/boundary-layer interaction geometry; wedge on a flat plate. 


the leading edge of the wedge and the flat plate boundary layer is a complex, 
three-dimensional problem. This flow problem has been studied experimentally 
by Oskam et al. (Refs. 131 and 132), and numerically by Knight (Ref. 133). In 
particular, using MacCormack’s time-marching techique (see Sec. 5.3) to solve 
the complete Navier-Stokes equations, and the Baldwin-Lomax turbulence 
model (see Sec. 6.8), Knight obtained the results shown in Fig. 7.20. Here, the 
pressure distribution is given as a function of z (the distance from the wedge 
surface) at a given axial location, x/<5 ro — 14.1, for a Mach 3 free stream and a 
wedge tingle a = 9.72 degrees. In Fig. 7.20, z is nondimensionalized by <5„, the 
Hat plate boundary layer thickness at x = 0 (the location of the wedge leading 
edge). The arrow in Fig. 7.20 denotes the theoretical z coordinate of the i'nviscid- 
llow shock wave impinging on the flat plate surface. The solid curve represents 
Knight’s three-dimensional calculations, and the crosses are data from Oskam 
ct al (Refs. 131 and 132). Even in a three,dimensional flow, the pressure exhibits 
the familiar variation through the interaction region: (1) a rapid increase at the 
start of the interaction, (2) a plateau in the separated region, and (3) another 
rapid increase associated with reattachment and the near corner flow at the 
juncture of the wedge and the flat plate. The aerodynamic heating is shown in 
Fig. 7.21, where C„/C ;fuu is plotted versus z/5„; C lu is the flat plate value at 
x = 0 (recall that x = 0 is the location of the wedge leading edge at a given 
distance downstream of the flat plate leading edge). As in the previous figure, z 
is located at x/5 „ = 14.1. Note the rapid increase in C a through the interaction 
zone, and the severe drop and subsequent recovery as the corner is approached. 
Again, the solid curve represents the calculations of Knight, and the crosses 
correspond to the data of Oskam el al. It is rather remarkable in both Figs. 7.20 





FIGURE 7.20 

Three-dimensional shock-wave/boundary-layer interaction results; comparison between computa¬ 
tions and experiment for pressure distributions. (From Knight, Ref. 133.) 
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FIGURE 7.21 

Comparison between computations and experiment for heat transfer distributions in a three-dimen¬ 
sional shock-wave/boundary-layer interaction. (From Ref. 133.) 
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and 7.21 that fairly reasonable agreement is obtained between the calculations 
and experiment, considering the complexity of the three-dimensional interaction. 

With this, we end our discussion of the shock-wave/boundary-layer inter¬ 
action. Our purpose has been to describe the basic physical nature of the 
interaction, withoul delving into the theoretical complexities of the problem. The 
literature should be consulted for more details. 


7.6 SUMMARY 


Return for a moment to the roadmap given in Fig. 1.23. In the present chapter 
we have discussed hypersonic viscous interactions of two types: the pressure 
interaction that occurs between a rapidly growing hypersonic boundary layer 
and the inviscid flow (usually identified simply as “viscous interaction”); and the 
interaction between an incident shock wave and a boundary layer. Both of these 
interactions are listed in Fig. 1.23 near the bottom of the branch dealing with 
hypersonic viscous flows. Clearly, we are nearing the completion of our discus¬ 
sion of such flows. 

In the present chapter, we have shown that the laminar boundary layer 
thickness grows as the Mach number squared: 


<5 Ml 

- cc - r = 

x VRe 


(7.9) 


Hence, at hypersonic speeds the boundary layer thickness can be large. In turn, 
the rapidly growing boundary layer interacts with the outer inviscid flow, caus¬ 
ing an increase in pressure (induced pressure), skin friction, and heat transfer. If 
the inviscid flow is strongly affected, these changes feed back to the boundary 
layer itself, causing a strong viscous interaction. If the inviscid flow is only 
weakly affected, it has only a negligible feedback effect on the boundary layer, 
causing a weak viscous interaction. The governing parameter for the induced 
pressure increment due to both strong and weak viscous interaction is 

M 3 , - 

am 

where 

C = (7.11) 

PePe 

For an insulated flat plate 

Strong interaction ^ = 0.514 / + 0.759 (7.39) 

-- = 1 +0.31 x + 0.05 x 2 

P CO 


Weak interaction 


(7.40) 
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For a cold wall, where T„ <£ T a . 


Strong interaction 

p _ 

Poo 

1 + 0.15 2 

(7.41) 

Weak interaction 

P_ _ 

1 + 0.07 x 

(7.42) 


P». 


From a comparison of experimental data with theory, the strong and weak 
interaction regions can be identified by: 

Strong interact ion X > 3 

Weak interaction Z < 3 

The proper correlation parameter for viscous interaction effects on C p is 

V = Jc (7.44) 

v/Re 

V governs skin friction coefficient. More recent work derived from work on the 
space shuttle has identified a modified viscous interaction parameter that corre¬ 
lates the axial force coefficient: 


where 


V' = 


v'Re 


yc 7 


Pa ofc 

and where p' and /t' are evaluated at a reference temperature given by 

- T = 0.468 + 0.532 + 0.195{ !—!- 

T, \ 2 J " 

A second type of viscous interaction particularly important at hypersonic 
speeds is the shock-wave/boundary layer interaction. Such an interaction is 
characterized by an incident shock, an induced separation shock, a reattachment 
shock, an embedded expansion wave, and a separated flow region. Shock-wave/ 
boundary-layer interactions cause local peaks in aerodynamic heating which can 
have serious consequences on hypersonic vehicles. 


PROBLEMS 

7.1. Consider a flat plate of length equal to 10 meters. Assume this flat plate is flying the 
trajectory labeled as “high lift” (m/C, S = 50 kg/m 2 ) shown in Fig. 6.3. The wall 
temperature of the plate is held constant at 1C00K. (a) Plot the variation of •/. at 
0.5 m from the leading edge as a function of as the fiat plate flies this trajectory. 
(b) Repeal part (a), except calculate / at the trailing edge of the plate. For simplicity, 
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in the above assume that the angle of attack of the plate is essentially zero (although 
this violates the finite lift used in obtaining the trajectory in Fig. 6.3). The purpose of 
this problem is to obtain a “feel" for the values of y encountered by hypersonic 
vehicles during atmosphere flight. 

7.2. Consider a flat plate with a 5-meter length at zero angle of attack. The wall tempera¬ 
ture is 1200K. The free-stream conditions are M iX> = 25 at a standard altitude of 
280,000 ft. Calculate and plot the variation of pressure as a function of distance 
downstream of the leading edge. Compare this with the exact inviscid pressure. Com¬ 
ment on the impact of viscous interaction for this case. 



CHAPTER 
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COMPUTATIONAL 
FLUID 
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FLOWS 


Bui as no two ( theoreticians ) agree on this (skin friction ) or any 
other subject , some not agreeing today with what they wrote a 
year ago , l think we might pat down all their results , add them 
together, and then divide by the number of mathematicians , and 
thus find the average coefficient of error. 

Hiram Maxim, early aeronautical designer, 1908 


The advent of the electronic computer completely altered the 
nature of the facilities available for numerical calculations. An 
electronic computer can perform all the functions of a desk 
calculator but at much higher speeds and , in addition, it can 
largely replace the operator as well! 


K. N. Dodd, British mathematician, 1964 
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8.1 INTRODUCTION 

In tlie first quote above, Hiram Maxim, inventor of the machine gun and the 
designer and builder of a large flying machine in the 1890s, is venting his frustra¬ 
tion at the lack of applicability of mathematical theory to the practical problems 
of (light. In contrast, in the second quote above we have, just 56 years later, K. 
N. Dodd remarking about the revolution precipitated by the high-speed digital 
computer. In the 56 years between these quotes, mathematical theory was indeed 
successfully applied to the practical problem of flight (see the historical notes in 
Refs. I, 4, and 5), and in the 23 years that have ensued from Dodd’s quote, we 
have indeed seen a most remarkable revolution in computing. These quotes are 
relevant lo the present chapter, because here we discuss the most “exact” analy¬ 
ses of hypersonic Hows available, and these “exact” analyses are made possible 
only by the use of a high-speed computer. This chapter could not have been 
written 20 years ago; moreover, if he were alive today, Hiram Maxim would 
have to change his image of the theoretician. 

To be more specific, this chapter deals with the application of computa¬ 
tional fluid dynamics to hypersonic viscous flows. However, as in Chap. 5, our 
intent is not to elaborate on the details of CFD; the excellent book by Ander¬ 
son, Tannehill, and Pletcher (Ref. 52) serves this purpose. Instead, our objective 
here will be to present various approaches to the solution of hypersonic viscous 
flows which go beyond, and are more “exact” than, the boundary layer analyses 
discussed in Chap. 6. 

Thinking along another line, the weak and strong viscous interaction 
theories discussed in Chap. 7 are a product of the 1950s and 1960s, before the 
advent of computational fluid dynamics. They serve a useful purpose in provid¬ 
ing convenient correlations and prediction expressions, albeit based on an 
approximate theory. The approximations involved separate calculations of the 
boundary layer and outer inviscid flow, and then a coupling of these separate 
calculations to take into account the viscous interaction. Today, the viscous 
interaction effect can be calculated exactly, simply by treating the entire flow- 
field between the body and shock as fully viscous —no arbitrary division between 
a boundary layer and a inviscid How needs to be made. Indeed, this is the 
natural and physically proper approach. The fully viscous flow calculations are 
made with standard CKD techniques, to be discussed in the present chapter. 

There is another reason to favor a fully viscous shock-layer analyses over 
the conventional boundary layer approach. Recall from Sec. 6.4 that the deriva¬ 
tion of the hypersonic boundary layer equations by means of an order-of-magni- 
tude reduction of the Navier-Stokes equations did not preclude a finite normal 
pressure gradient through the boundary layer, i.e„ it is compatible with bound¬ 
ary layer hypothesis that dp/Sy A 0 at hypersonic speeds. However, the classical 
first-order boundary layer theory as discussed in Chap. 6 has no mechanism for 
computing dp/dy. Hence, for an analysis of a hypersonic viscous flow, it is inher¬ 
ently more appropriate to assume the flow is viscous throughout the entire flow- 
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field, and to compute this fully viscous flow by means of a system of equations 
more accurate than the boundary layer equations. This is ihe purpose of ihe 
present chapler. 

In the modern hypersonics of today, there are Ihree approaches to the 
solution of a fully viscous flow which have found widespread use. They are: 

1. “Viscous shock-layer” solutions 

2. Parabolized Navier-Stokes solutions 

3. Full Navier-Stokes solutions 

Each of three approaches listed above utilize systems of equations which are 
more accurate than the boundary layer equations; going from items 1 to 3, the 
system of equations is progressively more accurate, finally ending with the com¬ 
plete Navier-Stokes equations with no basic simplifications whatsoever. More¬ 
over. these CFD techniques go far beyond just the calculation of viscous 
interactions —they allow the detailed calculations of the complete flowfield over 
a body where the flow is assumed to be viscous at every point. Hence they 
provide everything about the flow, such as the shock shape, detailed flow vari¬ 
ables between the shock and the body, skin friction, heat transfer, lift, drag, 
moments, etc. In the following sections, we will examine individually the ap¬ 
proach taken by each of these methods, with the presentation of appropriate 
results. 

Finally, all the techniques discussed here are derived in some form or an¬ 
other from the complete Navier-Stokes equations given by Eqs. (6.1) to (6.6). ft 
is important to examine these equations again, and to review Sec. 6.2, before 
progressing further. 


8.2 VISCOUS SHOCK-LAYER TECHNIQUE 

Although all the techniques discussed in this chapter deal with fully viscous 
flows, one technique has acquired the official label as the “viscous shock-layer” 
method. We will follow this terminology here. Specifically, in 1970, the late Tom 
Davis introduced a solution of a set of equations which approximate the Navier- 
Stokes equations, and used them to solve for the fully viscous shock layer over 
a blunt body at hypersonic speeds. (See Ref. 134.) His technique has subse¬ 
quently become commonly known as the “viscous shock-layer” (VSL) tech¬ 
nique. Davis' viscous shock-layer equations are obtained by writing the full 
Navier-Stokes equations (see Sec. 6.2) in boundary layer coordinates (parallel 
and perpendicular respectively to the surface), and performing an order-of-mag- 
nitude analysis on the terms in the equations. Terms are kept up to second 
order in 1/ V /Rc. This leads to a system of equations which is more powerful 
than the boundary layer equations in that they hold across the entire shock 
layer, but which is far simpler than the full Navier-Stokes equations. Moreover, 
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Davis’ VSL equations are parabolic, and therefore allow a downstream-marching 
linite-difTerence solution, starting from some specified initial data plane. Of par¬ 
ticular distinction is that the VSL equations take into account a pressure gradi¬ 
ent in the normal direction to the surface, dp/dn ^ 0, in contrast to the familiar 
boundary layer assumption. We have already seen from Sec. 6.4 that, for hyper¬ 
sonic flow, accounting for such a nonzero pressure gradient is quite appropriate. 

The derivation and discussion of the basic equations ultimately used in the 
VSL technique can be found in Ref. 135. The details are beyond the scope of the 
present book. However, the important ideas are as follows. The Navier-Stokes 
equations are first written in boundary layer coordinates s and m parallel and 
perpendicular to the surface respectively, as shown in Fig. 8.1. The resulting 
equations are then nondimensionalized in two different ways: (1) one set of 
equations is obtained by forming nondimensional variables that are of order one 
near the body surface; and (2) a second set of equations is obtained by nondi- 
mensionalizing in terms of variables of order one in the nearly inviscid region 
far away from the surface. Terms in each of the two sets of equations that are 
third order or higher in terms of the inverse square root of the Reynolds number 
arc dropped. Finally, after a comparison of the two sets of equations, one set is 
found from them which is valid to second order in both the inner and outer 
regions. These equations, as they appear in Ref. 134, are displayed below (see 
also Ref. 52). 



FIGURE X.l 

Coordinate system for VSL equations. 
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Continuity equation 

c 8 

f(r* + m* cos </>)"7)*u*] + - . [(1 + h*n*)(r* + n* cos (ft) m p* i>*] = 0 (8.1) 
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Energy equation 
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In Eqs. (8.I)-(8.4), the nondimensional variables are defined as: 

. s . n x r 

s* = — n* = — r* = — 
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where, from Fig. 8.1, R is the nose radius, k is the longitudinal body curvature, 
V x . and p x . are the free-stream velocity and density, respectively, and T ref and 
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/( rci - arc reference values; T rcf — V\Jc Pai . Also, in Eqs. (8.2) and (8.4), £ is de¬ 
fined as 


c. = 


Pm K,R 


Do not be intimidated by the form of the above equations; their seeming 
complexity is really due to the curvilinear, boundary-oriented coordinate system. 
To recast them in the more familiar two-dimensional cartesian coordinate sys¬ 
tem, set m = 0, k* = 0, x* = s*, and y* = n*, and express the variables in 
dimensional form, obtaining: 


Continuity equation 
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( 8 . 6 ) 


(8.7) 


( 8 . 8 ) 


where h = c T. Examine Eqs. (8.5)- (8.8) closely, and compare them with the 
boundary layer equations given by Eqs. (6.27)-(6.30). We find that the viscous 
shock layer equations given by Eqs. (8.5)-(8.8) are essentially the boundary layer 
equations with two notable exceptions , as follows: 


11 Eq. (8.7) is a y-momentum equation which allows a finite value of Op/dy, 
unlike Eq. (6.29) for the classical boundary layer case. 

2. Equation (8.8) contains a normal pressure gradient term, v(0p/0y), which does 
not appear in the corresponding boundary layer energy equation, Eq. (6.30). 

Therefore, in our hierarchy of solutions for a fully viscous flow, we can visualize 
the VSL equations as “one notch up” from the boundary layer equations. How¬ 
ever, in being so, the VSL equations have the distinct advantage of allowing a 
normal pressure gradient in the flow, and hence can be integrated across the 
entire viscous flowfield. At the same time, the VSL equations retain the same 
convenience as the boundary layer equations, namely, they can be solved by 
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means of a downstream marching finite-difference procedure. An implicit meth¬ 
od is employed, similar to that discussed in Sec. 6.6 for nonsimilar boundary 
layers. Because the flow conditions behind the shock wave are the outer bound¬ 
ary conditions on the viscous flowfield, and the shock shape is not known in 
advance, a global iteration is needed (using mass continuity) to obtain the shock 
shape and location. The shock wave is treated as a discontinuity, with either the 
exact oblique shock relations holding across the wave (see Chap. 2), or for very 
low density cases, a shock “slip” condition is used. The solution starts at the 
stagnation streamline, where the VSL equations become ordinary differential 
equations, and then marches downstream, solving the viscous flow across the 
shock layer at each streamwise station. See Ref. 134 for details on the numerical 
solution. 

Some results obtained with the VSL equations are given by Davis in Ref. 
134. An analytical blunt-body shape was treated, namely a 45“ hyperboloid. The 
How conditions were M = 10, i: = 0.1806, y = 1.4, Pr = 0.7, and T w /T 0 = 0.2. 
Some results obtained from Ref. 134 are shown in Figs. 8.2-8.6. For example, in 
Fig. 8.2 we see the calculated variation of c f versus distance along the surface, 
starting at the stagnation point. Here, unlike the usual convention where c f is 
based on p t , and n e at the edge of the boundary layer, the skin friction coefficient 
in Fig. 8.2 is defined as z/\p m V aj . This is because the shock layer is being 
treated as fully viscous, and a distinct boundary layer is therefore not an easily 
distinguished item. Note that the shear stress is zero at the stagnation point, 
increases rapidly over the blunt nose, reaches a maximum value about one nose 
radius downstream, and then progressively decreases further downstream. Tan¬ 
gential velocity profiles are shown in Fig. 8.3. Here, u sh and n s)l are the velocity 
and shock layer coordinate immediately behind the bow shock wave; both u sU 
and m s/ , arc functions of location along the shock, i.e., are functions of s. In Fig. 
8.3, n/n s(l is plotted versus ii/u s „ in the same manner as we plotted boundary 
layer profiles in Chapter 6. Profiles are shown for different streamwise locations 



FIGURE 8.2 

Skin friction on a 45 hyperboloid; VSL calculations of Davis', Ref. 134. 
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FIGURE 8.3 
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FIGURE 8.5 

Heai iransfer disiribution over a 45 hyperboloid. Same conditions as Fig. 8.2. (From Ref. 134.) 


denoted by s. The stagnation streamline profile is given by x = 0. Note that, for 
the conditions shown, there are substantial velocity gradients all the way across 
the shock layer. This is just the type of flow for which a VSL solution is suited; 
a boundary layer calculation would not be appropriate. In the same region, Fig. 
8.4 shows temperature profiles across the shock layer, and the same comments 
can be made here. The heat transfer distribution is given in Fig. 8.5; note that 
C It monotonically decreases as a function of distance downstream of the stagna¬ 
tion point. The corresponding pressure distribution is shown in Fig. 8.6, which 



FIGURE 8.6 

Pressure dislribuiion on a 45° hyperboloid. Same conditions as Fig. 8.2. (From Ref. 134 .) 
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also shows the expected monotonic decrease with s. In Fig. 8.6, results are also 
shown for an inviscid-flow calculation using a blunt-body solution in the nose 
region and continuing downstream with the method of characteristics. Note that 
the pressure distribution from the viscous shock-layer calculation is consistently 
higher than the inviscid pressure distribution. This is a clear demonstration of a 
mild viscous interaction effect occurring on the blunt body. 

It is interesting to note that the VSL method has found wide application 
to chemically reacting viscous flows, as will be discussed in Part III. 


8.3 PARABOLIZED NAVIER-STOKES SOLUTIONS 


In this section we discuss a system of equations which contain more terms than 
the VSL equations, and hence are theoretically more accurate, but which still 
are simpler than the full Navier-Stokes equations. This system is called the pa¬ 
rabolized Navier-Stokes (PNS) equations. They are obtained from the full 
Navier-Stokes equations by dropping the viscous terms that involve derivatives 
in the streamwise direction. For example, the exact x component of the steady 
flow momentum equation is obtained from Eqs. (6.2) and (6.6) as 
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The parabolized form of this equation is obtained by neglecting the viscous 
terms that involve the x derivatives, obtaining directly 
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Of particular importance is the steady flow y momentum equation, given in its 
exact form by Eqs. (6.3) and (6.6) as 
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The parabolized form of this equation is also obtained by neglecting the viscous 
terms that involve the x derivatives, obtaining directly 
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Clearly, Eq. (8.12) takes into account a normal pressure gradient across the 
shock layer. Moreover, Eq. (8.12) is superior to the corresponding y momentum 
equation contained in the VSL system. This can be seen by comparing the two- 
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dimensional counterpart of Eq. (8.12), namely 
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with F.q. (8.7). Clearly, the PNS form given by Eq. (8.13) has a viscous term 
which is missing from the VSL form given by Eq. (8.7). 

In summary, the parabolized Navier-Stokes equations arc obtained from 
the full steady-flow Navier-Stokes equations (given by Eqs. (6.1) (6.6) with all 
lime derivatives set to zero) simply by neglecting all viscous terms which involve 
derivatives in the streamwise direction (in the x direction). For convenience, the 
resulting system of PNS equations is itemized below. 


Continuity equation 

dipu ) d(pv) d (pw ) 

dx dy dz 

x Momentum equation 


(8.14) 


( u VU VU V I VU \ VI VU 

PU dx + p ° Ty + PK ’ Yz = ~Yx + Yy YyJ + dz {“ Yz, 

y Momentum equation 


V'-'* ■ 


CV (T Ov 

PU - + pv + p\V : 

(X cv <)z 


Momentum equation 


cw 


dw 

'dz 


pu - 4- pv - + pw 

dx dy 

Energy equation 

pu L( e+y 2 ) + p \y 


dp o 
' h + Yy 


dp d 
dz ^ dv 


dv 

dw~j 

0 

1 

'dw di A 

(A + 2/t) — + A 
dy 

dzj 

+ dz 


J7y + dz)_ 


(8.16) 


fdw dv\ 

d 

„ „ dw , dv 

_\dy + dz)_ 

+ dz 

(A + 2/t) -- + A - 
dz dy 


(8.17) 


d ( f 2 \ d ( V- 

e+ 2} + pW Yz( e + -2 


: P<l + 


d f. dT\ d ( ST 
' dv ) + dz I dz 


dy l dy 


8 

l dt'M 

d 

1 


i 8 r 

+ dy 

L \djyj 

+ dz 


Y z )} 

+ 

-3M 

1- 


'd(pu) d(pv) d(pwj 

dx dy dz 


/dv 8w\ dv 
V \Yy + dz) + 2vp Yy 


d 

( 

'dw 

Ml 

d 

I 

'dw 

dvY] 

+ dz 

F//I 

py 

cji 

+ dy 


\dy 

+ A>J 

8 

- 

( dv 

dwA 

+ 2 wp 

dw~ j 



+ — 

U’/| 

— 

+ — 




<!Z 


Vdy 

Oz 

dz j 




(8.18) 


Equations (8.14)-(8.18) constitute the parabolized Navier-Stokes equations; 
with two exceptions, they are a mixed system of parabolic-hyperbolic partial 
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clifTcrcntial equations, and hence can be solved by a downstream marching pro¬ 
cedure starting from an initial data line across the flowfield. The two excep¬ 
tions are: 

1. The pressure gradient terms, dp/dx, allow the propagation of information up¬ 
stream through the subsonic portion of the viscous flow near the body sur¬ 
face. Hence, the downstream-marching procedure is not well posed in this 
region. In order to preserve the parabolic nature of the PNS equations, the 
assumption is usually made that, in the subsonic region, the pressure is con¬ 
stant in the direction normal to the surface, equal to its value at the first grid 
point at which supersonic flow exists. 

2. The volumetric heating term in Eq. (8.18), namely, pq can destroy the para¬ 
bolic behavior of the system. For example, in a three-dimensional radiating 
flow, if (/ includes radiative energy absorbed at a point from all directions in 
the flow, the problem becomes elliptic in nature, and downsteam marching is 
not valid. For flows where such volumetric heating does not occur, such a 
problem does not exist. 

Numerical solutions of the PNS equations are usually carried out using an 
implicit finite-different method similar to that discussed in Sec. 6.6. Details con¬ 
cerning the numerical solution are nicely described in Ref. 52, hence no further 
elaboration will be made here. 

An excellent illustration of solutions obtained with the PNS equations is 
found in the work of McWherter et al. (Ref. 136). These results also have the 
advantage of illustrating a modern calculation of ilowfields where viscous inter¬ 
action effects are important. In Ref. 136, the flows over slender blunt-nosed 
cones at small angles of attack are calculated by two methods: (1) a classical 
inviscid flow/boundary layer method, where the inviscid flow in the nose region 
is computed by means of the time-marching technique described in Sec. 5.3, the 
downstream inviscid llow is computed by means of the downstream marching 
procedure described in Sec. 5.5, and the boundary layer solution is an integral 
method following the inviscid, three-dimensional streamlines; and (2) a solution 
of the PNS equations as described earlier in this section. In the following figures, 
tpproach (I) will be labeled as 3DV, and approach (2) will be labeled PNS. 
Keep in mind that the 3DV method is a classical inviscid fiow/boundary-layer 
tpproach which does not adequately account for strong viscous interactions; it 
loes, however, contain an estimate of the induced pressure based on the dis- 
ilaeeinent thickness variation. In contrast, the PNS method is a fully viscous 
hock-layer approach wherein strong viscous interactions are automatically ac- 
ounted for, i.e., they essentially “come out in the wash” during the course of 
uch solutions. Emphasis is again made that, in the modern world of hyper- 
onics, the proper conceptual treatment of viscous interactions is to assume the 
hock layer is fully viscous, such as in the PNS case. 

Results for a relatively low Mach number hypersonic flow (M„ = 5.95) 
ith high Reynolds number (Re = 15.23 x 10 fi ) are shown in Fig. 8.7 for the 
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Pressure dislrihulions over a slightly blunled cone; comparison between experiment and computa¬ 
tions. (/'mm MclVIierter el ai. Ref. 136.) 

flow over a blunt-nosc 6° half-angle cone at an angle of attack a. = 4°. For this 
flow, the parameter M^J ^/Re = 0.054, hence viscous interaction effects should 
be negligible. In Fig. 8.7, the pressure distribution p/p m is plotted versus the 
nondimensional distance downstream from the nose, x/D n , where D„ is the nose 
diameter. Four curves are shown, each corresponding to a circumferential angle 
< j) around the cone measured from the windward ray, that is, <j> = 0 corresponds 
to the windward ray and if> = 180° corresponds to the leeward ray. The 3DV 
calculations are given by the solid curves, and the PNS calculations by the dot¬ 
ted curves. The solid symbols are experimental data obtained from Ref. 137. 
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Note the following information from Fig. 8.7: (1) On the windward side, the 
pressure rapidly expands over the blunt nose, overexpanding below the cone 
value, and then gradually recompressing further downstream. This overexpan¬ 
sion phenomena is analogous to that shown in Fig. 5.12. It should be noted 
that, because of the very low value of M 3 m / s fRe for these data, the actual pres¬ 
sure distribution over the blunted cone is mainly governed by inviscid-flow 
effects. (2) The 3DV and PNS calculations agree very closely with each other, 
another ramification of the negligible viscous effects for the low Mach number 
and high Reynolds number conditions for Fig. 8.7. (3) The calculations agree 
well with experiment. 

In contrast, results for a higher Mach number (M „ = 9.82) and lower 
Reynolds number (Re = 0.459 x 10 6 ) arc shown in Fig. 8.8. Here, a blunted 4° 
cone at an angle of attack of 2.97° is treated. For these conditions, Re = 

1.4, a high value which indicates that viscous interactions should be important. 
The experimental data shown in Fig. 8.8 is from Ref. 138. Note the following 
information from Fig. 8.8: (1) The PNS calculations predict higher pressures 
than the 3DV calculations. This is due to the strong viscous interaction effect 
which is automatically taken into account by the PNS method. The sizeable 
difference between the PNS and 3DV curves is indeed the viscous interaction 
phenomena. (2) The PNS results agree favorably with the experimental data, 
especially on the leeward side ( tf> = 180°), where the local Mach number is 
higher, the local Reynolds number is lower, and hence the viscous interaction 
effect is stronger. 

Results for an almost identical case are shown in Fig. 8.9. Here, the axial 
force coefficient C r1 is plotted versus angle of attack. The experimental data are 
from Ref. 139. Note that the PNS method predicts a much higher C A than the 
3DV method, again a graphic illustration of the viscous-interaction effect. Also 
note that the PNS results agree very well with experiment, thus demonstrating 
the superiority of a fully viscous shock-layer calculation in comparison to the 
classical inviscid-flow/boundary-layer method for conditions where strong 
viscous interactions are important. 

In summary, Figs. 8.7 8.9 illustrate an application of the PNS method to a 
basic hypersonic flow problem, as discussed in Ref. 136. The reader is encour¬ 
aged to study Ref. 136 closely for more details. Moreover, these figures demon¬ 
strate the value of a fully viscous shock-layer calculation for conditions where 
viscous interactions are strong; the PNS method is a good example of such a 
viscous shock layer analysis. However, following the old adage that you “cannot 
get something for nothing,” McWhertcr et al. in Ref. 136 point out the follow¬ 
ing, taken directly from their paper: 

The PNS solution generally requires a large amount of user interaction and the 
adjustment of various input parameters in order to obtain an accurate solution. 
The inviscid/boundary-layer solution is straightforward to obtain and is, thus, very 
well suited for a design environment where rapid job turnaround and low user 
interaction requirements are significant considerations. 
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x/D. 


FIGURE 8.8 

Pressure dislributions (as anecied try viscous interaction; over a slightly blunted cone; comparison 
between experiment and computations. (From Ref. 136.) 


In other words, even though the PNS solutions are more accurate, it takes a lot 
more effort to obtain such solutions. 

For a moment, let us consider the matter of flow separation. The classical 
boundary layer equations discussed in Chap. 6 do not allow the calculation 
of separated flows; such solutions “blow up” on the computer when zones of 
separated flow are encountered. Similarly, the VSL equations discussed in Sec. 
8.2 do not allow the calculation of separated flow. The basic reason in both 
cases is that separated flow involves upstream feeding of information in the 
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Alpha, degrees 


FIGURE 8.9 

Viscous interaction effects on axial force coefficient on slightly blunted cones; comparison between 
experiment anti compulations. (From Ref. 136.) 


Ilowfield, and downstream-marching methods, such as boundary layer and VSL 
calculations, do not allow or tolerate such upstream feeding. The same can al¬ 
most be said for the PNS method, with one notable exception. Because of the 
nature of the z momentum equation, Eq. (8.17), the PNS method can predict 
flow separation in the crossflow plane; it cannot, however, handle separation in 
the slreamwise direction. There are many problems where crossflow separation 
is the dominant mechanism, such as tin axisymmetric body at angle of attack, 
and for these the PNS method does a reasonable job of handling the separated 
flow. For example, Fig. 8.10 shows a blunt-nosc bent biconic body studied by 
GnolTo in Ref. 140. Solving the hypersonic flowfield over the body at a = 20" 
and M w — 6 by means of a PNS solution, GnofTo obtained the crossflow sepa¬ 
ration results shown in Fig. 8.11. Here, only a portion of the crossflow plane at 
x/R„ = 7 is shown; this portion is on the leeward side, near the top of the vehi¬ 
cle. We see the outer crossflow velocity vectors coming around the body from 
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Leeside C = t 




FICURK 8.1« 

Blunt and straight biconic configurations for the calculations of Gnoffo, Ref. 140. 


right to left, and crossflow separation with reversed flow taking place near the 
surface of the body. This velocity field is the computed result from Gnoffo’s 
PNS analysis. The separation lines agree well with experiment, as seen in Fig. 
8.12. Here, we are looking at the top view of the bent biconic. The crosses 
represent the separation lines computed from the PNS method, and the dashed 
lines are experimental results obtained from surface oil flow visualization. Figure 
8.12 also shows the computed and measured lines of local minimum pressure on 
the leeward surface. In all cases, agreement between experiment and the PNS 
calculations is very good. Hence, in Figs. 8.11 and 8.12 we see an important 
advantage of the PNS method over both the boundary layer and the VSL meth¬ 
ods, namely the ability to predict crossflow separation. However, we are re¬ 
minded that none of these downstream marching methods are capable of solving 
a separated flow in the streamwise direction. 
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FIGURE 8.11 • 

Cross-flow separation as predicted by the PNS calculations of Gnofto, 
Ref. 140. 


+ Calculated circumferential separation point 

o Calculated local pressure minimum 

-Oil flow separation lines 



FIGURE 8.12 

Separation points and pressure minima for the bent bieonic 
shown in Fig. 8.10; a =* 20 , M, = 6, Re*./. = 8.2 x 10 h ; com¬ 
parison between experiment and the PNS calculations. (From 

Ref 140.) 
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8.4 FULL NAVIER-STOKES SOLUTIONS 

The ultimate in hypersonic viscous-flow calculations is the solution of the com¬ 
plete Navier-Stokes equations, i.e., the solution of Eqs. (6. l)-(6.6) with no reduc¬ 
tion or simplification of any terms. Such full Navier-Stokes solutions were 
simply dreams in the minds of aerodynamicists as late as 1970. However, the 
modern techniques of computational fluid dynamics in combination with new 
supercomputers now allow the numerical solution of the Navier-Stokes equa¬ 
tions; all that is needed for most practical problems is plenty of computer 
storage and running time. Such matters arc the subject of this section. 

Examine Eqs. (6.1 )--(6.6) closely; they are a system of partial differential 
equations with a somewhat mixed hyperbolic, parabolic, and elliptic behavior. 
The elliptic behavior comes about due to the viscous terms in the x direction, 
which allow the upstream propagation of information via thermal conduction 
and viscosity. These are precisely the terms which are neglected in the PNS 
equations. Because of this elliptic nature, the full Navier-Stokes equations can¬ 
not be solved bv a downstream marching philosophy. However, recall that the 
problem with the inviscid blunt body case as discussed in Sec. 5.3 was the mixed 
hyperbolic and elliptic behavior of the flowlicld, and this problem was even¬ 
tually solved by using the time-marching technique, also described in Sec. 5.3. 
The same holds true for numerical solutions of the full Navier-Stokes equations; 
such solutions must be time-marching solutions in order to take into account 
the elliptic behavior. 

The time-marching solution of the Navier-Stokes equations is inherently 
straightforward, and is patterned after the philosophy given in Sec. 5.3. Let us 
write Eqs. (6.1)-(6.5) such that the time derivatives are on the left side and all 
spatial derivatives are on the right side of the equations, as follows: 
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Energy equation 
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The time-marching solution of these equations is conceptually carried out as 
follows: 


1. Cover the flowfield with grid points, and assume arbitrary values of all the 
dependent variables at each grid point. This represents the assumed initial 
conditions at time t = 0. 

2. Calculate the values of />, n, v, u>, and (e + V 1 /!) from Eqs. (8.19) (8.23) as 
function of time, using a time-marching finite-difference method. One such 
method is the explicit predictor-corrector technique of MacCormack de¬ 
scribed in detail in Sec. 5.3. (Indeed, the reader should review this technique 
as described in Sec. 5.3 before progressing further.) 

3. The final steady state llow is obtained in the asymptotic limit of large times. 
In most cases, this is the desired result. However, the time-marching proce¬ 
dure can also be used to calculate the transient behavior of viscous flows, as 
well. 


The numerical solution of the full Navier-Stokes equations for hypersonic 
Hows is a state-of-the-art research problem at present. Many numerical ap¬ 
proaches have been and arc being developed and studied, both using explicit 
and implicit finite-difi’erence methods. See Ref. 52 for an organized presentation 
of sucl) methods. Our purpose here is not to delve into any of these methods in 
detail, but rather to give the flavor of results obtained from such Navier-Stokes 
solutions. 

At the beginning of this section, we stated that the “ultimate” ih hyper¬ 
sonic viscous llow calculations is the solution of the complete Navier-Stokes 
equations, bet us expand this statement by saying that the “ultimate of the 
ultimate” would be a full Navier-Stokes calculation of the Howfield over a com¬ 
plete, three-dimensional airplane configuration. Such a calculation has recently 
been made, for the first time in the history of aerodynamics, by Joe Shang at the 
Air Force Flight Dynamics Laboratory, and is described in Ref. 141. Here, the 
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FIGURE 8.13 

Three-view of the X-24C hypersonie test vehicle. 


viscous flow is calculated over the X-24C hypersonic research vehicle at = 
5.95. A three-view of the X-24C is shown in Fig. 8.13. The calculation carried 
out by Shang has the following characteristics. 

1. The complete Navier-Stokes equations were used in a conservation form 
derivable from Eqs. (8.19)-(8.23). 

2. The Baldwin-Lomax turbulence model was employed (see Sec. 6.8). 

3. MacCormack’s explicit predictor-corrector finite-difference scheme in pre¬ 
cisely the same form as described in Sec. 5.3 was used for the numerical 
solution of the Navier-Stokes equations. 

4. The shock-capturing approach was taken (as defined in Sec. 5.5). 

5. A mesh system consisting of 475,200 grid points was distributed over the 
flowfield. 

Sample results from the calculation are shown in Figs. 8.14-8.17. In Figs. 8.14a 
and />, peripheral surface pressure distributions are given as a function of nor¬ 
malized arc length at various streamwise stations denoted by x/R„, where R„ is 
the nose radius. By peripheral distributions, what is meant is a distribution 
along a body surface generator that goes from the top to the bottom of the 
vehicle at a given streamwise station; these peripheral directions are clearly 
shown in Fig. 8.15, which is a perspective view of the X-24C. In Fig. 8.14, the 
normalized arc length is defined as the length measured from the top of the 
vehicle toward the bottom, divided by the total arc length of each individual 
cross section. For graphical clarity, each peripheral distribution at succeeding 
axial locations is displaced slightly to the right along the abscissa. Also in Fig. 
8.14, the computed results are compared with the experimental data of Ref. 142. 
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FIGURE 8.16 

Pitot pressure contours at the longitudinal station x/R N = 108; comparison between experiment and 
calculations. (From Ref. 141.) 
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FIGURE 8.17 

Computed surface streamlines over the X-24C. (From Kef. 141.) 


Note ihat very good agreement is obtained between the calculations and experi¬ 
ment. The pressure distributions in Fig. 8.14n pertain to the front part of the 
vehicle, from the nose region to downstream of the canopy. For example, for 
x/R n = 15 and 29.21, the pressures show a relatively constant value along the 
side of the vehicle, and a compression at the lower corner of the essentially 
trapezoidal cross section (see Fig. 8.13). For x/R„ = 43.25, the initial compres¬ 
sion is due to the canopy, then a relatively constant pressure along the side and 
bottom, with tile corner compression occurring again. In Fig. 8.146, the pressure 
distributions pertain to the back part of the vehicle, and the various pressure 
spikes correspond to fins or a strake protruding into the oncoming flow. In Fig. 
8.16, Pitot pressure contours are shown at x/R n = 108. The experimental data is 
obtained from Ref. 143. The outer contour corresponds to the shock shape 
wrapped around the vehicle; reasonable agreement between the measured and 
computed cross-sectional shock shape is obtained. Finally, the computed surface 
streamline pattern is shown in Fig. 8.17. The overall calculated aerodynamic lift 
and drag coefficients, obtained by integrating the calculated pressure and shear 
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stress distributions over the airplane surface, are compared with experimental 
measurements as tabulated below: 



C, 

c„ 


Experimental data 

3.676 x KT 2 

3.173 x 10' 2 

1.158 

Numerical results 

3.503 x 10" 2 

2.960 x 10" 2 

1,183 

Percent error 

4.71 

6.71 

2.t6 


Note that the errors in C, and C„ tend to cancel, giving a reasonably accurate 
estimate of !ift-to-drag ratio, L/D. 

The reader is strongly encouraged to study Ref. 141, not only because of 
its hallmark significance in hypersonic viscous flowfield calculations, but also 
because it contains some excellent color graphics presentations which cannot be 
suitably reproduced in black-and-white in the present book. 

Finally, a word about flow separation. Time-marching solutions of the 
complete Navier-Stokes equations allow the calculation of fully separated flows 
in any direction, not just the crossflow direction as in the case of the PNS equa¬ 
tions. This is a marked advantage of full Navier-Stokes solutions over the other 
methods presented in this chapter. A sample case is shown in Fig. 8.18, where 
the supersonic viscous flow over a rearward-facing step is calculated. The calcu¬ 
lations involve a time-marching finite-difference solution of the two-dimensional 
Navier-Stokes equations, as described in Ref. 144. The free-stream conditions 
above the step are = 4.08, T„ = 1046 K, y = 1.31 (to partially simulate dis¬ 
sociated air in a supersonic combustion ramjet environment), and Re = 849 
based on step height. The wall temperature is given by T„/T x = 0.2957. In Fig. 
8.18, the calculated pressure contours are given, which clearly show the expan¬ 
sion wave emanating from the top corner, the relatively constant pressure region 
in the recirculating separate flow behind the step, and the reattachment shock 
wave. Similar calculations can be found in Refs. 145 and 146. In all of this work 
(Refs. 144-146), the two-dimensional Navier-Stokes equations are solved using 
MacCormack’s time-marching, predictor-corrector, finite-difference scheme, as 
described in Sec. 5.3. 



F1GFRF. 8.18 

Calculated pressure contours for the supersonic, separated tlow over a rearward-facing step. Navier- 
Stokes calculations of Kuruvila and Anderson. (Ref. 144.) 
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8.5 SUMMARY AND COMMENTS 

This brings to an end our discussion of various categories of fully viscous hyper¬ 
sonic ilow calculations. In increasing order of accuracy and complexity, we have 
examined the following approaches: 

1. Viscous shock layer ( VSL) method. This approach uses a system of equations 
which is very much like the classical boundary layer equations, but which 
allows a finite normal pressure gradient via a more extensive y-momentum 
equation. The VSL method is a downstream-marching technique; it does not 
allow for any type of flow separation. The VSL method is in widespread use, 
and its relatively straightforward calculational procedure is appreciated by 
many engineers. 

2. Parabolized Navier-Stokes ( PNS ) method. This approach uses a simplified 
version of the Navier-Stokes equations wherein the viscous terms involving 
streamwise derivatives are neglected. The PNS method allows a finite normal 
pressure gradient via a j'-momentum equation which, unlike the VSL method, 
retains some viscous terms. The PNS method is a downstream-marching 
technique; it allows for How separation in the crossflow plane, but not in the 
streamwise direction. The PNS method is in very widespread use; indeed, it 
forms the basis of an industry-standard computer program which is used by 
virtually all major aerodynamic laboratories and companies. This PNS code 
is sophisticated, and requires much user effort to obtain accurate solutions; in 
this sense, it is a more demanding method than computer codes based on the 
VSL method. 

3. Pull Navier-Stokes method. Here, the complete Navier-Stokes equations are 
solved by means of a time-marching approach. This method is the ultimate in 
conceptual accuracy allowing for pressure gradients and flow separation to 
occur as would be the case in the natural flow problem. Such Navier-Stokes 
solutions, especially for three-dimensional flows, although carried out in prac¬ 
tice today, arc still state-of-the-art research calculations. Computer storage 
requirements and running times can be enormous for such calculations. 

Also, this brings to an end our discussion of hypersonic viscous (lows in 
general, and hence an end to Part 11. Return again to our roadmap in Fig. 1.23. 
Looking down the column under the heading “viscous flows,” we see that we 
have covered a number of important topics dealing with the combined effect of 
high Mach number and the transport phenomena of thermal conduction and 
viscosity. Recall that in Part II our intent has been to examine these effects 
without the extra complication of high-temperature effects. However, this is 
about as far as we should go along this route. In Part III to follow, we will 
examine such high-temperature effects, and we will revisit the problem of Hyper¬ 
sonic viscous flows, this time including the chemical reactions and possible 
radiative transfer effects that frequently dominate such flows in real life. 



PART 

III 


HIGH- 

TEMPERATURE 

GAS 

DYNAMICS 


I n Part III, we discuss high-temperature effects in fluid flows. This is inti¬ 
mately related to hypersonic flow, because any high-velocity flow will have 
regions where the temperature is high, and therefore physical-chemical processes 
can be strong enough to influence and even dominate the flow characteristics, in 
relation to our previous discussions, recall that in Part I we examined the ques¬ 
tion: what happens to the fluid dynamics of an inviscid flow when the Mach 
number is made very large? In Part II we addressed the next logical question: 
What happens in a high Mach number flow when the transport phenomena of 
viscosity and thermal conduction are included? Now, in Part 111, we consider 
the next logical question: What happens in a high Mach number flow when 
high temperatures are present? In this regard we will consider both inviscid and 
viscous high-temperature flows. However, the materia! in Part III goes beyond 
applications to just hypersonic flow; it is pertinent to any flow problem where 
high temperatures, hence physical-chemical processes, are important. Some ex¬ 
amples are combustion phenomena, high energy lasers, laser-matter interaction. 


1A1 
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llames, and rocket and jet-engine fiowfields. Moreover, much of the basic mate¬ 
rial presented in Part 111 does not depend on our previous discussions in Parts 1 
and 11; therefore, in this sense Part Ill stands as a self-contained presentation of 
high-temperature gas dynamics which can be studied in its own right. However, 
in the spirit of the present book, we will take many opportunities to relate the 
fundamentals of high-temperature gas dynamics to hypersonic flow. 



CHAPTER 

9 


HIGH- 

TEMPERATURE 

GAS 

DYNAMICS: 

SOME 

INTRODUCTORY 

CONSIDERATIONS 


In teaching , no doubt it is a good general principle ‘to begin at the 
beginning', but to carry out the same it is necessary to know where 
that beginning is. 

H. Middleton, British mathematician, 1883 
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9.1 THE IMPORTANCE OF 
HIGH-TEMPERATURE FLOWS 

On July 24, 1969, Apollo 11 successfully entered the atmosphere of the earth, 
returning from the historic first manned flight to the moon. During its return to 
earth, the Apollo vehicle acquired a velocity essentially equal to escape velocity 
from the earth, approximately l!.2km/s. At this entry velocity, the shock-layer 
temperature becomes very large. How large? Let us make an estimate based on 
the results of Chap. 2. The temperature ratio across a normal shock wave is 
given by F.q. (2.5). Let us assume that the temperature in the nose region of the 
Apollo lunar return vehicle is approximately that behind a norma! shock wave, 
i.e., as given by Eq. (2.5). Considering a given point on the entry trajectory, at 
an altitude of 53 km, the vehicle’s Mach number is 32.5. At this altitude, the 
free-stream temperature is = 283 K. From Eq. (2.5), this yields a shock-layer 
temperature behind the shock of 58,128 K —ungodly high , but also totally incor¬ 
rect. It is totally incorrect because Eq. (2.5), as many of the equations through¬ 
out all of the preceding chapters, is based on the assumption that the gas has 
constant specific heats. In our calculation above we have used for the ratio of 
specific heats, y = 1.4. In reality, at such high temperatures the gas becomes 
chemically reacting, and y no longer equal 1.4 nor is it constant. A more realistic 
calculation, assuming the flow to be in local chemical equilibrium (a term to be 
defined later), yields a shock-layer temperature of 11,600 K~also a very high 
temperature, but considerably lower than the 58,128 K originally predicted. The 
major points here are: 

1. The temperature in the shoek layer of a high-speed entry vehicle can be very 
high. 

2. If this temperature is not calculated properly, huge errors will result. The 
assumption of constant y = 1.4 does not even come close. 

One of the functions of Part III of this book is to show how to make proper 
calculations of the temperature, and indeed of all the properties of a high tem¬ 
perature, chemically reacting flow. Some of the basic physical characteristics of 
high temperature hypersonic flows are discussed in Sec. 1.3D; it is important for 
you to review Sec. 1.3D before progressing further. 

The considerations discussed above are reinforced by the results shown in 
Fig. 1.18, taken from Ref. 4. Here we see the temperature behind a normal shock 
wave in air plotted versus velocity at a standard altitude of 52 km. This temper¬ 
ature is indicative of the shock-layer temperature in the nose region of an at¬ 
mospheric entry vehicle. Indeed, the entry velocities for various types of vehicles 
are noted on the abscissa, varying from the lower speeds of intermediate range 
and intercontinental ballistic missiles (IRBMs and ICBMs), to the very high 
speed associated with the return of a space vehicle from Mars. Two curves are 
shown, one for a calorically perfect gas with constant y = 1.4, and the other for 
an equilibrium chemically reacting gas. The upper curve for a constant y = 1.4 
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shows an extremely rapid increase in temperature with velocity, leading to ex¬ 
traordinarily high predicted values of 7j at normal entry velocities. Of course, as 
described earlier, these predictions are totally incorrect. In contrast, the lower 
curve illustrates a calculation where the chemically reacting effects are properly 
taken into account. The temperatures here arc still high, but considerably lower 
than those predicted on the basis of constant y = 1.4. Note that the lower curve 
predicts, for the entry velocity of Apollo, a shock-layer temperature of about 
11,600 K — the realistic temperature mentioned earlier. Figure 1.18 illustrates two 
important points which, for emphasis, we reiterate here: (1) at high velocities, 
the shock-layer temperatures are high, and (2) it is essential that this tempera¬ 
ture be calculated properly. 

The applications of the material to be discussed in Part III of this book 
are widespread. The following are listed as just a few examples. 

1 Atmospheric Entry 

We have already discussed this application to some extent. Here, we will just 
note the high-temperature regions in the flowfield around a blunt-nosed entry 
body, as sketched in Fig. 9.1. The massive amount of flow kinetic energy in a 
hypersonic free stream is converted to internal energy of the gas across the 
strong bow shock wave, hence creating very high temperatures in the shock 
layer near the nose. In addition, downstream of the nose region, where the 
shock layer gas has expanded and cooled around the body, we have a boundary 



High-tempcraturc 
boundary layer 


FIGURE 9.1 

Schematic of the high-temperature regions in an entry-body flowfield. 
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layer with an outer-edge Mach number that is still high; hence, the intense fric¬ 
tional dissipation within the hypersonic boundary layer creates high tempera¬ 
tures, and can cause the boundary layer to become chemically reacting. Another 
aspect of entry-body flowfields occurs when ionization is present in the shock 
layer, hence providing large numbers of free electrons throughout the shock 
layer. This is illustrated in Fig. 9.2, where an entry body is sheathed in a flow 
with ions and free electrons. For air, the principle ionized species are NO + , 0 + 
and N + , along with the associated free electrons. The free electrons absorb 
radio-frequency radiation, and cause a communications blackout to and from 
the vehicle during parts of the entry trajectory. This is a serious problem, and 
therefore the accurate prediction of the electron number density in the plasma 
sheath around the vehicle is frequently of high priority. Yet another aspect of 
entry-body flowfields is sketched in Fig. 9.3. If the shock layer temperature is 
high enough, the fluid elements in the flow will emit and absorb radiation. This 
causes the flowfield to become nonadiabatic. Recall that throughout all of our 
inviscid flow considerations in Part I, we assume the flow to be adiabatic. How¬ 
ever, radiating shock layers will be nonadiabatic, and in such a case we lose 
some of the conceptual advantages we enjoyed in Part I. 


2 Rocket Engines 

A schematic of a rocket engine is shown in Fig. 9.4. Here, a fuel and oxidizer are 
burned in a combustion chamber, and a chemically reacting gas subsequently 
expands through the nozzle of the engine. For the proper design of the engine, 
and the accurate prediction of rocket thrust and specific impulse, we need to 
know the properties of the products of combustion in the combustion chamber, 
and the details of the chemically reacting flow through the nozzle. One question 
we can immediately ask is this: Since the contours of supersonic nozzles are 
usually designed by the method of characteristics, what happens to the method 
of characteristics when the flow is chemically reacting? This question will be 



FIGURE 9.4 

Schematic of a rocket engine. 
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addressed in Chaps. 14 and 15. The answers impact the proper design of rocket 
engine nozzles. 


3 High Enthalpy Wind Tunnels 

For hypersonic wind tunnel testing wherein the simulation of high-temperature 
Hows over bodies is desired, a conventional hypersonic wind tunnel is not suffi¬ 
cient. Such conventional tunnels frequently use electrical resistance heaters to 
heat the reservoir air to just enough temperature (typically 1500K) to avoid 
liquefaction of the air in the nozzle expansion and test section. In order to simu¬ 
late shock-layer temperatures in the range of 5000 to 11,000 K, specialized high- 
enthalpy facilities are required. One such example is sketched in Fig. 9.5. Here 
we see an arc tunnel , wherein air is heated to high temperatures by an electric 
arc discharge in the reservoir and then the chemically reacting air expands 
through a hypersonic nozzle into the test section, exiting through a hypersonic 
diffuser. Another high enthalpy device is the shock tunnel sketched in Fig. 9.6. 
Here, an incident shock moves from left to right in a shock tube, hitting the end 
wall, and reflecting back from right to left. (See Ref. 4 for a basic description of 
shock tubes and their associated flow phenomena.) The reflected shock wave is 
shown in Fig. 9.6. Behind the reflected shock wave, the gas is at high pressure 
and temperature. A diaphragm mounted in the end wall is broken by the high 
pressure (or broken by some independent mechanical or electrical device), thus 
allowing the high-pressure, high-temperature chemically reacting gas to expand 
through the nozzle and pass through the test section and diffuser. Very high 
enthalpy and temperature levels (T as high as 11,000 K) can be produced in 
such shock tunnels; however, this is an impulse device with useful test times in 
the test section only on the order of a few milliseconds. 

4 High-Power Lasers 

We are familiar with small, desk-top lasers that produce powers on' the order 
of milliwatts. However, if we wish to have a laser that produces megawatts of 
power, we simply cannot scale such conventional lasers to large enough sizes — 
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FIGURE *>.5 

Schematic of an arc tunnel. 
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Shock Tube 
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FIGURE 9.6 

Schematic of a shock tunnel. 


the physics works against us. Therefore, over the past two decades, several dif¬ 
ferent classes of lasers have been developed which can potentially produce 
megawatts of power. Such high-power lasers have obvious applications in the 
commercial world (welding, for example) and in the military world as laser 
weapons (antiaircraft and antisatellite defense, for example). These high-power 
lasers are essentially high-temperature flow devices, and hence are excellent 
applications of high temperature gas dynamics. For example, Fig. 9.7 illustrates 
the concept of a gas dynamic laser. Flere, a mixture of CO,, N 2 and F1 2 0 is 
heated to temperatures on the order of 1500K in the reservoir. This tempera¬ 
ture is high enough to vibrationally excite the molecules, but not high enough to 
cause chemical reactions. The vibrationally excited mixture expands rapidy 
through one or more supersonic nozzles; in this rapid expansion, the natural 
vibrational nonequilibrium processes turn the flow into a laser gas (with a popu¬ 
lation inversion). If reflecting mirrors are put on both sides of the test section 
(here called a laser cavity), an intense laser beam will be produced in a direction 
perpendicular to the page. Such a device is called a gas dynamic laser, and it is a 
very interesting application of some of the principles of high temperature gas 
dynamics. A gas dynamic laser is essentially a specialized supersonic wind tunnel 
that produces a high power laser beam. For more details on gas dynamic lasers, 
see Ref. 147. A second type of high power laser, called the electric discharge 
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FIGURE 9.7 

Schemalic of a gas dynamic laser. 
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Schematic of an electric discharge laser. 


laser, is sketched in Fig. 9.8. Here, a flow of C0 2 , N 2 and H ( , is passed through 
a duct, usually at subsonic speeds. An intense electric discharge is established 
across the flow, creating a vibrational nonequilibrium gas with laser properties. 
If mirrors are placed on both sides of the flow, a high-power laser beam will be 
produced in a direction perpendicular to the page. Such an electric discharge 
laser is essentially a specialized subsonic wind tunnel that produces a laser 
beam. Finally, a third type of high-power laser, a chemical laser, is sketched in 
Fig. 9.9. Here, a supersonic stream containing atomic fluorine, F, is mixed with a 
supersonic flow of H 2 . Downstream of the nozzles, in the chemically reacting 
zone, HF is produced in a vibrationally excited form via the chemical reaction 
H, + F->HF* + H, where the asterisk denotes a vibrationally excited species. 
The HF* may have a population inversion, and hence is a laser medium. If 
mirrors are placed on both sides of the flow, a high power laser beam can be 
produced. Such a chemical laser is again a special type of “supersonic wind 
tunnel’’ which produces a laser beam. The physical and gas dynamic aspects of 
these high power lasers are an excellent application of some of the fundamental 
material to be discussed in Part III. 



FIGURE 9.9 

Schematic of a chemical laser. 
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5 Ramjet and SCRAMjet Engines 

A conventional ramjet engine is sketched in Fig. 9.10. Here, the engine is essen¬ 
tially an open duct wherein free-stream air at high subsonic or supersonic speeds 
is compressed and slowed to a low subsonic Mach number at the entrance to a 
combustor. Fuel is injected into the combustor, and burning takes place in a 
subsonic stream. Such conventional ramjets have propulsion advantages over 
the standard gas turbine engines in the Mach number range from 2 to 5. How¬ 
ever, they have a serious drawback at hypersonic speeds. To sec this, consider a 
free stream at M, = 10 and Tj, = 300 K. Assume this stream is slowed adiabati- 
cally to a low subsonic velocity just in front of the combustor. We can make a 
crude estimate of the temperature of the air entering the combustor by using the 
adiabatic energy equation and assuming constant y — 1.4, that is, = 1 + 

[(y — 1)/2]M ; j (see, for example, Refs. 1, 4, and 5). From this, we calculate an 
air temperature T 0 = 6300 K entering the combustor. This is far above the adia¬ 
batic flame temperature of the fuel/air burning process in the combustor. There¬ 
fore, under these conditions, when the fuel is injected, it will simply decompose 
rather than burn, and the engine will be a drag device rather than a thrust 
device. To overcome this problem, the free-stream air is not slowed to a low 
subsonic speed in the combustor; rather, it must be kept flowing at some super¬ 
sonic speed where the temperature increase is not so great. Hence, the combus¬ 
tion process takes place in a supersonic stream. This is the essence of the 
supersonic combustion ramjet (SCRAMjet), sketched in Fig. 9.11. Here, a hyper¬ 
sonic free stream is slowed to supersonic speeds by an inlet compression. Fuel 
(usually H,) is injected into the supersonic stream, where it mixes and burns in 
a combustion region downstream of the fuel injector strut. The mixture of 
burned gases subsequently expands through a supersonic nozzle at the back end 
of the engine, producing thrust. It is virtually certain that hypersonic cruise air¬ 
craft flying above Mach 5 or 6 will have to be powered by SCRAMjet engines. 


Combustion zone 



injeciion 


FIGURE 9.10 

Schematic of a conventional ramjet engine. 
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FIGURE 9.11 

Schematic of n supersonic combustion ramjet engine (SCRAMjet). 


Such aircraft do not yet exist, but the transatmospheric vehicle (aerospace plane) 
described in Sec. 1.2 is an example of a major, on-going technology development 
program to create such a vehicle. 

Please note: All of the sketches shown in Figs. 9.1-9.11 are conceptual 
only, completely devoid of detail. Their purpose is to convey the general prin¬ 
ciple being discussed, and actual machines and devices will in reality be more 
complex. Our purpose in this discussion has been to describe some applications 
of high temperature gas dynamics. The intent is essentially motivational; as we 
proceed through Part III, keep in mind that everything we discuss; no matter 
how obtuse and unrelated it may seem, is in reality absolutely necessary for the 
understanding of such applications. Also, the applications discussed above are 
jitsl a small sample of the problems which demand an understanding of high 
temperature gas dynamics. By the time you finish Part 111, you will have a much 
better understanding of the physical and gas dynamic processes that are the 
foundation of all these applications—this, indeed, is our purpose here. 


9.2 THE NATURE OF 
HIGH-TEMPERATURE FLOWS 

In the following chapters, we will delve into the details of high-temperature 
effects in gas dynamics. However, at this stage, let us address the question: 
What, in general, makes high temperature flows any different to study than the 
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How of a gas with constant '/? The answer is as follows: 

1. The thermodynamic properties (e, h, p, T, p, s, etc.) are completely different. 

2. The transport properties (p and k) are completely different. Moreover, the 
additional transport mechanism of diffusion becomes important, with the 
associated diffusion coefficients, D, j. 

3. High heat transfer rates are usually a dominant aspect of any high-lempera- 
ture application. 

4. The ratio of specific heats, y = c p /c,„ is a variable. In fact, for the analysis of 
high-temperature flows, y loses the importance it has for the classical constant 
y flows, such as studied in Parts I and 11. From this point of view, all equa¬ 
tions derived in Parts 1 and 11 under the assumption of a constant y are not 
valid for a high temperature gas. Such equations represent the vast majority 
of our results in Parts I and II. In the process, we lose the ability for closed- 
form analyses using such equations. 

5. In view of the above, virtually all analyses of high temperature gas flows 
require some type of numerical, rather than closed-form, solutions. 

6. If the temperature is high enough to cause ionization, the gas becomes a 
partially ionized plasma, which has a finite electrical conductivity. In turn, if 
the flow is in the presence of an exterior electric or magnetic field, then 
electromagnetic body forces act on the fluid elements. This is the purview of 
an area called magnetohydrodynamics (MHD). 

7. If the gas temperature is high enough, there will be nonadiabatic effects due 
to radiation to or from the gas. 

For these reasons, a study of high-temperature flow is quite different from our 
previous considerations in Parts I and II. A major purpose of Part III is to 
discuss how high-temperature effects are properly accounted for in gas dynamic 
analysis, and to point out the differences in comparison to our previous work in 
Parts I and II. 

9.3 CHEMICAL EFFECTS IN AIR: 

THE VELOCITY-ALTITUDE MAP 

From the applications discussed in Sec. 9.1, it is clear that we are frequently 
concerned with air as the working gas. In future chapters, we will have frequent 
occasion to examine the chemical properties of high temperature air in detail. 
However, in this section, we simply ask the question: At what temperatures do 
chemically reacting effects become important in air? An answer is given in 
Fig. 9.12, which illustrates the ranges of dissociation and ionization in air at a 
pressure of 1 atm. Let us go through the following thought experiment. Imagine 
that we take the air in the room around us, and progressively increase the tem¬ 
perature, holding the pressure constant at 1 atm. At about a temperature of 
800 K, the vibrational energy of the molecules becomes significant (as noted on 
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FIG URIC 9.12 

Ranges of vibrational excitation, dissociation, and ionization for air at l-atm pressure. 


the right of Fig. 9.12). This is not ;t chemical reaction, but it does have some 
impact on the properties of the gas, as we will see in subsequent chapters. When 
(he temperature reaches about 2000 K, the dissociation of O, begins. At 4000 K, 
tlie O, dissociation is essentially complete; most of the oxygen is in the form of 
atomic oxygen, O. Moreover, by ail interesting quirk of nature, 4000 K is the 
lempcratttre at which N, begins to dissociate, as shown in Fig. 9.12, When the 
l cm pern turc reaches 9000 K, most of the N 2 has dissociated. Coincidentally, this 
s the temperature tit which both oxygen and nitrogen ionization occurs, and 
drove 9000 K. we have a partially ionized plasma consisting mainly of O, 0 + , N, 
N *, and electrons. Not shown in Fig. 9.12 (because it would become too dut- 
ered) is a region of mild ionization that occurs around 4000 to 6000 K; here, 
.mail amounts of NO tire formed, some of which ionize to form NO + and free 
lections, in terms of the overall chemical composition of the gas, these are 
mall concentrations; however, the electron number density due to NO ioniza- 
ion can lie snllicient to cause the communications blackout discussed in Sec. 
'.I. Reflecting upon Fig. 9.12, il is very useful to iix in your mind the "onset” 
empcralurcs: 800 K for vibrational excitation, 2500 K for O, dissociation, 
000 K for N 2 dissociation, and 9000 K for ionization. With the exception of 
ibrationai excitation, which is not affected by pressure, if the air pressure is 
nvered, these “onset” temperatures decrease; conversely, if the air pressure is 
tereased these “onset” temperatures arc raised. 
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The information on Fig. 9.12 leads directly to the velocity-altitude map 
shown in Fig. 9.13. (Recall that we have lead off Parts 1 and II with pertinent 
information on a velocity-altitude map; we do the same here.) In Fig. 9.13, we 
once again show the flight paths of lifting entry vehicles with different values of 
the lift parameters, m/C, S. Superimposed on this velocity-altitude map are the 
flight regions associated with various chemical effects in air. The 10 and 90% 
labels at the top of Fig. 9.13 denote the effective beginning and end of various 
regions where these effects are important. Imagine that we start in the lower- 
left corner, and mentally “rideup" the flight path in reverse. As the velocity 
becomes larger, vibrational excitation is first encountered in the flowlield, at 
about F = I krn/s. At the higher velocity of about 2.5 km/s, the vibrational 
mode is essentially fully excited, and oxygen dissociation begins. This effect 
covers the shaded region labeled “oxygen dissociation.” The 0 2 dissociation is 
essentially complete at about 5 km/s, wherein N 2 dissociation commences. This 
effect covers the shaded region labeled “nitrogen dissociation.” Finally, above 
10 km/s. the N, dissociation is complete, and ionization begins. It is most inter¬ 
esting that regions of various dissociations and ionization are so separate on the 
velocity altitude map, with very little overlap. This is, of course, consistent with 
the physical data shown in Fig. 9.12. In a sense, this is a situation when nature is 
helping to simplify things for us. Finally, we can make the following general 
observation from Fig. 9.13, The entry flight paths slash across major sections of 
the velocity-altitude map where chemical reactions and vibrational excitation 
are important. Indeed, the vast majority of any given flight path is in such 
regions. From this, we can clearly understand why high-temperature effects are 
so important to entry-body flows. 



K1GURK 9.0 

Velocity-amplitude map with superimposed regions of vibrational excitation, dissociation, and ion¬ 
ization. (l-'rom Ref. 79.) 
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9.4 SUMMARY AND COMMENTS 

In this chapter we have discussed the importance of high temperature gas 
dynamics by illustrating various practical engineering problems which are dom¬ 
inated by high-temperature effects. Moreover, we have examined in a very pre¬ 
liminary manner the basic nature of these effects. For air in particular, we have 
delineated various regions that are associated with different physical-chemical 
effects. The basic purpose of this chapter is simply to get the reader thinking 
about high-temperature flows, and to give some appreciation for the nature of 
the problem. 

At this stage in our discussion, it is worthwhile to return to our roadmap 
in Fig. 1.23, and chart our course. For the next few chapters, we will be dealing 
with the basic fundamentals of physical chemistry, statistical thermodynamics, 
and kinetic theory, all under the general heading of high temperature flows in 
Fig. 1.23. However, these early discussions will not deal with flow problems at 
all; rather, they will lay the physical fundamentals that will be necessary to 
understand high temperature effects in gases. Then, with these fundamentals in 
hand, we will tackle the analysis of high temperature flows, both inviscid and 
viscous, i.e., be prepared to study some chemistry and physics in the next few 
chapters, because it is absolutely necessary for our later applications to high 
temperature flow problems. However, as we delve into this chemistry and phys¬ 
ics, never lose sight of the fact that our ultimate purpose is to apply such chemi¬ 
cal and physical aspects to flows associated with practical problems such as 
described in this chapter. 



CHAPTER 

10 


SOME 
ASPECTS 
OF THE 
THERMODYNAMICS 
OF CHEMICALLY 
REACTING 
GASES 
(CLASSICAL 
PHYSICAL 
CHEMISTRY) 


Thermodynamics provides laws that govern the transfer of energy 
from one system fo another, the transformation of energy from one 
form to another, the utilization of energy for useful work , and the 
transformation of matter from one molecular, atomic, or nuclear 
species to another . 


Frederick D. Rossini, physical chemist, 1955 
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10.1 INTRODUCTION: DEFINITION OF 
REAL GASES AND PERFECT GASES 

In this chapter, we will deal with chemical thermodynamics from a classical 
point of view, i.e., we will deal, for the most part, with macroscopic properties of 
a system without appealing to the individual molecular and atomic particles that 
make up the system. This will be in contrast to Chaps. 11 and 12, where we will 
consider the microscopic picture, dealing with the system made up of individual 
particles, with the macroscopic properties of the system being given by suitable 
averages over the particles. 

To begin our chemical thermodynamic discussion, we have to distinguish 
between a real gas and perfect gas. These are defined as follows. Consider the air 
around you as made up of molecules that are in random motion, frequently 
colliding with neighboring molecules. Imagine that you pluck one of these 
molecules out of the air around you. Examine it closely. You will find that a 
force field surrounds this molecule, due to the electromagnetic action of the 
electrons and nuclei of the molecule. In general, this force field will reach out 
from the given molecule, and will be felt by neighboring molecules, and vice 
versa. Thus, the force field is called an intermoleadar force. A schematic of a 
typical intermolecular force field due to a single particle is shown in Fig. 10.1. 
Mere, the intermolecular force is sketched as a function of distance away from 
the particle. Note that at small distances, the force is strongly repulsive, tending 
lo push the two molecules away from each other. However, as we move further 
away from the molecule, the intermolecular force rapidly decreases, and becomes 



KIGURK 10.1 

Sketch of the intermotecular force variation. 
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a weak attractive force, tending to attract molecules together. At distances ap¬ 
proximately ten molecular diameters away from the molecule, the magnitude of 
the intermolecular force is negligible. Since the molecules are in constant mo¬ 
tion, and this motion is what generates the macroscopic thermodynamic proper¬ 
ties of the system, then the intermolecular force should affect these macroscopic 
properties. This leads to the following definition: 

Real gas—a gas where intermolecular forces 

are important and must be accounted for. 

On the other hand, if the molecules are spaced, on the average, more than ten 
moleculear diameters apart, the magnitude of the intermolecular force is very 
small (see Fig, 10.1) and can be neglected. This, for example, is the case for air at 
standard conditions. This leads to the next definition: 

Perfect gas—a gas where intermolecular forces are negligible. 

For most problems in aerodynamics, the assumption of a perfect gas is very 
reasonable. We have made this assumption throughout Parts I and II of this 
book. (The quantitative ramifications of a perfect gas are discussed in the next 
section.) Conditions that require the assumption of a real gas are very high 
pressures (p « 1000 atm) and/or low temperatures (T « 30 K.). Under these con¬ 
ditions the molecules in the system will be packed closely together and will be 
moving slowly with consequent low inertia. Thus, the intermolecular force 
has every opportunity to act on the molecules in the system, and in turn to 
modify the macroscopic properties of the system. In contrast, at lower pressures 
(px 10 atm, for example) and higher temperatures (T = 300 K, for example), 
the molecules are widely spaced apart, and are moving more rapidly with conse¬ 
quent higher inertia. Thus, on the average, the intermolecular force has little 
effect on the particle motion and therefore on the macroscopic properties of the 
system. Repeating again, we can assume such a gas to be a perfect gas, where 
the intermolecular force can be ignored. Deviations from perfect gas behavior 
tend to be proportional to p/T 3 , which makes qualitative sense based on the 
above discussion. Unless otherwise stated, in the present book, we will always 
deal with a perfect gas as defined herein; this is compatible with about 99 per¬ 
cent of all practical aerodynamic problems. 

10.2 VARIOUS FORMS OF THE 
PERFECT GAS EQUATION OF STATE 

Consider a thermodynamic system of a given volume V, as sketched in Fig. 10.2. 
Denote the total mass of the system by M, the total number of gas particles by 
N, and the total number of moles by Jf, (Recall from chemistry that one mole 
of a substance is an amount of mass of that substance equal to its molecular 
weight, i.e., if we were dealing with 0 2 which has a molecular weight of 32, then 
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FIGURE 10.2 
Thprmodynamic system. 


32 kg of 0 2 would constitute one kg-mole, 32 g of 0 2 would constitute one 
gm-mole, and 32 slugs of 0 2 would constitute one slug-mole. Note that the kg, 
g, and slug used above as identifiers of what type of mole is being considered are 
simple adjectives in front of the word “mole”; they are not separate units, and in 
a numerical calculation cannot be separately canceled, i.e., a kg-mole is one 
single entity, not a kg multiplying a mole.) The pressure and temperature of the 
system in Fig. 10.2 are p and T respectively. 

The equation of state relates the quantities shown in Fig. 10.2. This equa¬ 
tion cannot be derived from the principles of classical macroscopic thermody¬ 
namics; it must be considered as a given result—a postulate. Historically, it was 
first synthesized from laboratory measurements by Robert Boyle in the seven¬ 
teenth century, Jacques Charles in the eighteenth century, and Joseph Gay- 
Lussac and John Dalton around 1800. The empirical result which unfolded from 
these observations was 


pV = MRT 


( 10 . 1 ) 


where R is the specific pas constant, which has different values for different gases. 
In macroscopic thermodynamics, we take Eq. (10.1) as a given result. Moreover, 
since the empirical data on which Eq. (10.1) is based were obtained with gases 
at near standard conditions, where intermolecular forces are negligible, then Eq. 
(10.1) is called the perfect pas equation of state. In Chaps. 11 and 12, we will see 
the perfect gas equation of state can be derived from first principles, using the 
concepts of either statistical mechanics or kinetic theory, both disciplines being 
developed in the late nineteenth century and early twentieth century. These 
theories take a microscopic approach to the gas, in contrast to the macroscopic 
approach of classical thermodynamics, which we are discussing in this chapter. 

Several forms of Eq. (10.1) can be obtained as follows. Divide Eq. (10.1) by 
M , yielding 


pv = RT 


( 10 . 2 ) 
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where v is the specific volume, defined as the volume per unit mass. Divide Eq. 
(10.1) by V, obtaining 


p = pRT 


(10.3) 


where p is the density. Now consider the molecular weight of the gas denoted by 
Jl. From Eq. (10.1) we have 


M 

pV = -jWR)T 


(10.4) 


Keeping in mind that .// is the mass per mole, then M/J( is JT, the total 
number of moles in the system. Also, J/R is the universal gas constant, 9t. Note 
that 


R = --- 


(10.5) 


Hence, Eq. (10.4) becomes 


pV = jfmr 


( 10 . 6 ) 


Divide Eq. (10.6) by Jf. We obtain 


p-r = sit 


(10.6a) 


where "K is the molar volume, or volume per mole. Dividing Eq. (10.6) by V, we 
have 



(10.7) 


where C is the concentration, or moles per unit volume. If we divide Eq. (10.6) 
by the total mass M, we have 


pv = rjPJT 


( 10 . 8 ) 


where ij is the mole-mass ratio, or number of moles per unit mass. Finally, let 
N a denote Avogadro’s number, which is the number of particles per mole; for a 
kg-mole, N a = 6.02 x I0 26 particles per kg-mole. Using Eq. (10.6), we have 


pV = (J'N A )—T 


(10.8a) 



382 HIGll-TFMPr-RATUkF GAS DYNAMICS 


Iii Eq. (1O.Hu), . I 'jV is physically the number of particles in the system, (V. Also, 
ntf/iV A is the "gas constant per particle,” which is defined as the Boltzmann con¬ 
stant k. Thus, Eq. (IO. 80 ) becomes 


pV = NkT 


(10.9) 


Dividing Eq. (10.9) by V, we have 


p = nkT 


( 10 . 10 ) 


where n is the number tlenxiiy, or number of particles per unit volume. 

Starting with F.q. (10.1), review all the above equations that are in boxes. 
They represent nine different forms of the perfect gas equation of state. They all 
mean the same thing; the different forms are just expressed in terms of different 
quantities. Make certain that you feel comfortable with these equations, and 
with all the defined terms (such as mole-mass ratio, concentration, etc.) before 
progressing further. These equations arc good for a perfect gas consisting of a 
single chemical species, and they are also valid for a chemically reacting mixture 
of perfect gases. Equations (10.1) (10.10) hold whether or not the gas is chemi¬ 
cally reacting. For a nonreacting gas hence R from Eq. (10,5), is constant. In 
contrast, for a reacting gas, .// is a variable, hence 


«= // ( 10 . 11 ) 

is also a variable. However, even though R is a variable, Eqs. (10.1), (10.2), and 
(10.3) involving R are still valid as long as we are dealing with a chemically 
reacting mixture of perfect gases, i.e., a mixture where intermolecular forces are 
negligible. 

Do not be confused by the variety of gas constants that are associated 
with the above equations. They are easily sorted out as follows: 

1. When the equation deals with moles, use the universal gas constant ,lf, which 
is the “gas constant per mole.” It is the same for all gases, and equal to the 
following in the SI and English engineering systems of units respectively: 

= 8314.1/(kg • mol K) 

M = 4.97 x I0 1 2 * 4 (ft lb)/(slng. mol R) 

2. When the equation deals with mass, use the specific gas constant R, which is 
the “gas constant per unit mass.” It is different for dilferent gases, and is 
related to the universal gas constant through Eq. (10.11). Since air is of 
special importance to many high-temperature applications, we give the 
following data for air at standard conditions: 


R = 287 J/(kg K) 

R = 1716 (ft lb)/(slug ”R) 
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3. When the equation deals with particles, use the Boltzmann constant k, which 
is the “gas constant per particle." Values for k in the two systems of units are: 

k = 1.38 x 1CT 23 J/K 
k = 0.565 x 10 “ 23 (ft lb)/°R 

In all the above relations, p is the pressure of the gas mixture, which may 
consist of a number of different chemical species. Let us now introduce the con¬ 
cept of partial pressure by means of the following thought experiment. Imagine 
that you go to a store and buy a special vacuum cleaner that selectively 
"vacuums up" oxygen in the air. You come home, seal all the doors and 
windows in a given room (which is at an air pressure of 1 atm), and turn on the 
special vacuum. After all the 0 2 has been “vacuumed up,” only N 2 remains in 
the room (assuming air to consist of 20% 0 2 and 80% N 2 ). Question: What is 
the gas pressure in the room? Answer: Since 20 percent of the gas molecules 
have been taken out, the resulting pressure is 0.8 atm. Moreover, since the gas 
now consists of only N 2 , this 0.8 atm is defined as the partial pressure of N 2 , 
designated by /> N ,. Now, assume that you go to a different store, and buy a 
special vacuum cleaner that selectively “vacuums up” only N 2 . Assume that you 
go back to a scaled room containing air at 1 atm, and turn on this vacuum 
cleaner. After all the N, has been removed, only O, remains in the room, and 
the pressure will be 0.2 atm. This is defined as the partial pressure of 0 2 , desig¬ 
nated by /) 0 ,. This very simplistic thought experiment which, of course, could 
never be carried out in real life, is given only to introduce the general concept of 
partial pressure, which can be stated as follows. Consider a system of volume V 
consisting of a mixture of n different chemical species, each with a different 

number of particles, N ,, N _ _ N„, as sketched on the left of Fig. 10.3. Now 

consider a single species in the mixture, say the /'th species. By definition, the 
partial pressure of species, /, is the pressure that would exist in the system if 
all the other species were removed, and the iV, particles were the only ones 
occupying the whole system at the volume V and temperature T. This is illus¬ 
trated on the right of Fig. 10.3. Returning to the left side of Fig. 10.3, we 
now construe p to be the “total” pressure of the gas mixture, made up of the 



FIGURE 10.3 

Systems for Ihe ttefiniiion of parlial pressure. 
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individual partial pressures of the n species. Indeed, for a perfect gas (no inter- 
molecular forces), we have 


P = I Pi 


( 10 . 12 ) 


where the summation is carried out over all the chemical species in the mixture. 
Equation (10.12) is called Dalton’s Law of Partial Pressures. 

For a perfect gas, p i also obeys various equations of state, analogous to 
those discussed earlier for a gas mixture. For example, analogous to Eq. (10.1), 
we have 


p,y = 


(10.13) 


where /?; is the specific gas constant for species i, is the mass of species i in 
the system, and Kis the volume of the system, as usual. Dividing Eq. (10.13) by 
M h we have 


Pd’i = RJ 


(10.14) 


where t>, is the specific volume based on species i, that is, the volume per unit 
mass of species i; v t = F/M,-. Dividing Eq. (10.13) by F, we obtain 



(10.15) 


where /), is the density of species i, that is, the mass of species i per unit volume 
of mixture. Let Ji t be the molecular weight of species i, that is, the mass of i per 
mole of /. Then, from Eq. (10.13), 

M- 

Pi v = 


or 


| py^jT-^T 


( 10 . 16 ) 


where 


R, = -~ (10.17) 

' 

and A , is the number of moles of species i in the mixture. Dividing Eq. (10.16) 
by , V), we have 
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where t 
obtain 


is the volume per mole of species i. Dividing Eq. (10.16) by V, we 


p,- = C;.^T 


(10.19) 


where C, is the concentration of species /, that is, the number of moles of species 
/ per unit volume of mixture. Dividing Eq. (10.16) by the total mass of the 
system. A/, we have 


p,t! = rijiUfT 


( 10 . 20 ) 


where p, is the mole-mass ratio of species that is, the number of moles of i per 
unit mass of mixture. Recalling that N A is the number of particles per mole 
(Avogadro’s number), Eq. (10.16) can be written as 


r ,V = (.A.N A ) 


?A 


N A 


T 


or 


p.y = NjkT 

Finally, dividing Eq. (10.21) by K we have 

I Pi = n ikT 


( 10 . 21 ) 


( 10 . 22 ) 


where n, is the number density of species /, that is, the number of i particles per 
unit volume of the mixture. 

As tedious as it may seem, it is necessary for you to feel comfortable witli 
all the different forms of the equation of state as obtained above. Also it is 
important to have a clear understanding of the defined terms such as C,., 
etc. These equations and terms are used throughout the literature in high tem¬ 
perature reacting gases. They are presented in the detail shown above for your 
convenience and ease of understanding. 


10.3 VARIOUS DESCRIPTIONS OF THE 
COMPOSITION OF A GAS MIXTURE 

How do we describe the composition of a chemical reacting gas mixture? In 
other words, what terms are used to describe how much of each species i is 
present in the mixture? The most useful and frequently used terms are itemized 
below. 

1. The partial pressures p ; . If we know all the partial pressures of the mixture, 
the chemical composition is uniquely defined. 

2. The concentrations C,. If we know all the values of the chemical composi¬ 
tion is uniquely defined. 
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3. The mole-mass ratio i/ ( . If we know all the values of the chemical compo¬ 
sition is uniquely defined. 

4. The mole fraction X h defined as the number of moles of species f per mole of 
mixture. If we know all the values of X h the chemical composition is unique¬ 
ly defined. 

5. The mass fraction c- h defined as the mass of i per unit mass of mixture. From 
the definition, we can write 

= Pi 

P 

If we know all the values of c f , the chemical composition is uniquely defined. 

All of the quantities listed above are intensive variables, i.e., they do not depend 
on the extent of the system. Also, for gas dynamic problems, variables based on 
"per unit mass” are particularly useful. Thus, in our considerations to follow, we 
will be particularly interested in mass fraction, <■,, and mole-mass ratio, i/;. How¬ 
ever, if the chemical composition is given in terms of any of the above variables, 
we can always calculate directly the values of the other variables. For example, 
assume that the composition is described in terms of p ( . The mole fractious 
are obtained directly by dividing Eq. (10.16) by Eq. (10.6). 

p t V _ jVIStT 

pv ~ a rrr 


or 



where p = £iP,-. The mass fraction can be obtained from X : as 



(10.23) 


(10.24) 


Equation (10.24) is based just on the physical meanings of c ; . X t , Jl t , and Ji. 
(Work this through in your mind.) Equation (10.24) can also be formally ob¬ 
tained by dividing Eq. (10.15) by Ft]. (10.3), and using the relations given in Eqs. 
(10.11) and (10.17). Other relations arc the subject of homework problem 10.1. 
Note that, based on the definitions of c,- and X it the following relations 

hold: 




ind 


L*i= i 
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Before leaving this section, let us examine two related questions. First, how 
are R and R, related; the former is the specific gas constant for the mixture, and 
the latter is the specific gas constant for (he species i. From Eqs. (10.12), (10.3) 
and (10.15) we have 


P = Z Pi 

i 


P RT=Y jPi R i T 


R = r-'R I 

T P 


R=I c,R t 


(10.25) 


Hence, for a chemically reacting mixture, the value of R for the mixture can be 
obtained from a simple summation of the R,’s multiplied by their respective 
mass fractions. Secondly, how do we obtain the mixture molecular weight ,//. 
For example, this is needed in Eq. (10.24), and it also represents an alternate 
calculation of R through the relation R = An answer is obtained from Eq. 
(10.25) written as 


0t 



Solving for ,/i ' we have 


J/ =- 


(10.26) 


Equation (10.26) allows the calculation of Jt from the composition of the gas 
mixture given in terms of mass fraction c,. An alternative relation in terms of the 
mole fraction is 


J! = X *„//, 


(10.27) 


Equation (10.27) is based simply on the physical meaning of the terms involved; 
work it through yourself. 


10.4 CLASSIFICATION OF GASES 

For the analysis of gas dynamic problems, we can identify four categories of 
gases, as follows. 
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1 Calorically Perfect Gas 

By definition, a calorically perfect gas is one with constant specific heats c v and 
In turn, the ratio of specific heats y = c p /c L ., is constant. For this gas, the 
enthalpy and internal energy are functions of temperature, given explicity by 

h = c„T 

and 


e = c„ T 

The perfect gas equation of state holds, for example 

pv = RT 

where R is a constant. In the introductory study of compressible flow, the 
assumption of a calorically perfect gas is almost always made (see, for example. 
Refs. 4 and 5); hence the thermodynamics of a calorically perfect gas is probably 
quite familiar to you. Indeed, for the hypersonic analyses contained in Parts I 
and II of this book, the assumption of a calorically perfect gas was almost 
universally made, and many of the detailed formulas and results were obtained 
under the assumption of constant y. 

2 Thermally Perfect Gas 

By definition, a thermally perfect gas is one where c p and c„ are variables, and 
specifically tire functions of temperature only. 

<„ = /,( 7') 

c. =/ 2 (T) 

Differential changes in the h and e are related to differential changes in T via 

till = c p f/T 
tie = c„ dT 

Hence, h and e are functions of 7’only, i.e. 

I, - h(T) 
e = e(T) 

The perfect gas equation of slate holds, for example 

p i> = RT 

where R is a constant. In Chap. 11 we will demonstrate that the temperature 
variation of specific heats, hence the whole nature of a thermally perfect gas, is 
iue to the excitation of vibrational energy within the molecules of the gas, and 
o the electronic energy associated with electron motion within the atoms and 
nolecules. 
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3 Chemically Reacting Mixture of Perfect Gases 

Here we are dealing with a multispccies, chemically reacting gas where intermo- 
lecular forces are neglected, hence each individual species obeys the perfect gas 
equation of state in such forms as given by Eqs. (10.13) through (10.22). At this 
stage, we need to make a distinction between equilibrium and nonequilibrium 
chemically reacting gases. Our discussion here will be preliminary; a more fun¬ 
damental understanding of the meaning of equilibrium and nonequlibrium sys¬ 
tems will evolve in subsequent chapters. For the time being, imagine that you 
take the air in the room around you, and instantly increase the temperature to 
5000 K, holding the pressure constant at 1 atm. We know from Fig. 9.12 that 
dissociation will occur. Indeed, let us allow some time (maybe several hundred 
milliseconds) for the gas properties to “settle out,’’ and come to some steady 
state at 5000 K and I atm. The chemical composition that finally evolves in the 
limit of “large" times (milliseconds) is the equilibrium composition at 5000 K 
and 1 atm. In contrast, during the first few milliseconds immediately after we 
instantly increase the temperature to 5000 K, the dissociation reactions are just 
beginning to take place, and the variation of the amount of 0 2 , O, N 2 , N, etc. in 
the gas is changing as a function of time. This is a nonequilibrium system. After 
the lapse of a sufficient time, the amounts of 0 2 , O, N 2 , etc, will approach some 
steady values, and these steady values are the equilibrium values. It is inferred 
above that, once the system is in equilibrium, then the equilibrium values of c 0j , 
c N2 , £ 'o> ( 'ni etc - will depend only on the pressure and temperature; i.e., at 5000 K 
and 1 atm, the equilibrium chemical composition is uniquely defined. We will 
prove this later in the present chapter. In contrast, for the nonequilibrium 
system, c 0 ,, t N ,, c 0 . etc. depend not only on p and T, but also on time. If the 
nonequilibrium system were a fluid element rapidly expanding through a shock- 
tunnel nozzle, another way of stating this effect is to say that c 0l , c N;> etc. de¬ 
pend on the “history" of the flow. 

With these thoughts in mind, we can define a chemically reacting mixture 
of perfect gases as follows. Consider a system at pressure p and temperature T. 
For convenience, assume a unit mass for the system. The number of particles of 
each different chemical species per unit mass of mixture are given by N u N 2 , 
.... N„. For each individual chemical species present in the mixture (assuming a 
perfect gas), the enthalpy and internal energy per unit mass of i, /i,. and e f respec¬ 
tively, will be functions of T (i.e., each individual species, by itself, behaves as a 
thermally perfect gas). However, h and e for the chemically reacting mixture 
depend not only on /t, and <q, but also on how much of each species is present. 
Therefore, for a chemically reacting mixture of perfect gases, in the general non¬ 
equilibrium ease, we write 


h = h(T,N l ,N 2 ,N 3 ,...,N„) 
e = e(T.N 1 ,N 2 ,N 3 ,...,N n ) 
c„=MT,N 1 ,N 2 ,N 3 ,...,N„) 
c t ,=f 2 (T.N u N 2 .N 2 .....N„) 
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where, in general, N,, N 2 , N 3 , ..., N„ depend on p, T, and the “history of the 
gas how.” The perfect gas equation of state still holds: 

pv = RT 

However, here R is a variable because in a chemically reacting gas the molecular 
weight of the mixture .// is a variable, and R = 

For the special case of an equilibrium gas, the chemical composition is a 
unique function of p and T, hence N, =/, (p, T), N 2 = f 2 (p, t), etc. Therefore, the 
above results for It, e, c p , and c,. become 

h = h(T, P) 

= r'i (T,p) = e 2 {T,v) 

‘■r=fi(T,p)=MT,V) 

fn the above, it is frequently convenient to think of e and c,, as functions of T 
and v rather than T and p. It does not make any difference, however, because for 
a thermodynamic system in equilibrium (including an equilibrium chemically 
reacting system), the state of the system is uniquely defined by any tu'O slate 
variables. The choice of T and p, or T and v, above, is somewhat arbitrary in 
this sense. 

4 Real Gas 

Here, we must take into account the effect of intermolecular forces. We could 
formally consider a chemically reacting gas as well as a nonreacting real gas. 
However, in practice, a gas behaves as a real gas under conditions of very high 
pressure and low temperature—conditions which accentuate the influence of in- 
thcrmolecular forces on the gas. For these conditions, the gas is rarely chemically 
reacting. Therefore, for simplicity, we will consider a nonreacting gas here. 
Recall that for both the cases of a calorically perfect gas and a thermally, perfect 
gas, li and e were functions of T only. For a real gas, with intermolecular forces, 
h and e depend on p (or v) as well: 

/t = h(T,p) 

c = e(7; u) 

c P =fi(T,p) 

=./ 2 (T,u) 

Moreover, the perfect gas equation of state is no longer valid here. Instead, we 
must use a "real gas" equation of state, of which there are many versions. Per¬ 
haps the most familiar is the Van der Waals equation, given by 
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where a and /> are constants that depend on the type of gas. Note that Eq. 
(10.28) reduces to the perfect gas equation of state when a = b = 0. In Eq. 
(10.28) the terms afr 2 takes into account the intermolecular force effects, and b 
takes into account the actual volume of the system occupied by the volume of 
the gas particles themselves. 

In summary, the above discussion has presented four different categories of 
gases. Any existing analyses of thermodynamic and gas dynamic problems will 
fall in one of these categories; they are presented here so that you can establish 
an inventory of such gases in your mind. It is extremely helpful to keep these 
categories in mind while performing any study of gas dynamics. 

Also, to equate these different categories to a practical situation, let us 
once again take the case of air. Imagine that you take the air in the room 
around you, and begin to increase its temperature. At room temperature, air is 
essentially a calorically perfect gas, and it continues to act as a calorically per¬ 
fect gas until the temperature reaches approximately 800 K. Then, as the temper¬ 
ature increases further, we see from Fig. 9.12 that vibrational excitation becomes 
important. When this happens, air acts as a thermally perfect gas. Finally, above 
2500 K, chemical reactions occur, and air becomes a chemically reacting mixture 
of perfect gases. If we were to go in the opposite direction, that is reduce the air 
temperature considerably below room temperature, and/or increase the pressure 
to a very high value, say 1000 atm, then the air would behave as a real gas. 

Finally, it is important to note a matter of nomenclature. We have fol¬ 
lowed classical physical chemistry in defining a gas where intermolecular forces 
are important as a real gas. Unfortunately, an ambiguous term has evolved in 
the aerodynamic literature which means something quite different. In the 1950s, 
aerodynumicists were suddenly confronted with hypersonic entry vehicles at ve¬ 
locities as high as 26,000 ft/s (8 km/s). As discussed in Chap. 9, the shock layers 
around such vehicles were hot enough to cause vibrational excitation, dissocia¬ 
tion. and even ionization (see Fig. 9.13). These were “real” effects that happened 
in air in ''real life." Hence, it became fashionable in the aerodynamic literature 
to denote such eonditions as “real gas effects.” For example, the categories 
itemized above as a thermally perfect gas. and as a chemically reacting mixture 
of perfect gases, would come under the classification of “real gas effects” in some 
of the aerodynamic literature. But in light of classical physical chemistry, this is 
truly a misnomer. A real gas is truly one in which intermolecular forces are 
important, and this has nothing to do with vibrational excitation or chemical 
reactions. Therefore, in this book we will talk about hiyh temperature effects , and 
will discourage the use of the incorrect term “real gas effects.” 


10.5 THE FIRST LAW OF THERMODYNAMICS 

Classical thermodynamics is based on two fundamental laws, the first of which 
is described here. Consider a system of gas as sketched in Fig. 10.4. The system 
is separated from its surroundings by a boundary. The gas in the system is 
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Surroundings 



FIGURE 10.4 

System to illustrate the first law of 
thermodynamics. 


composed of molecules, each of which has a particular energy (to be discussed in 
Chap. 11). The internal energy, E , of the system is equal to this molecular energy 
summed over all the molecules in the system. A change in this internal energy, 
dE, can be brought about by: (1) adding heat, SQ, across the boundary of the 
system; and (2) doing work on this system, SW. This is sketched in Fig. 10.4. 
Here dE is an infinitesimally small change in internal energy, and SQ and SW 
arc small increments in heat and work. As you may recall from thermody¬ 
namics, dE is an exact differential, related just to the change in state of the 
system, whereas SQ and SW are not exact differentials because they depend on 
the process by which heat is added or work is done. With these items in mind, 
tlie //?-.s-r low oj thermodynamics is written as 


SQ + SW = dE 


(10.29) 


F.q. (10.29) holds for any type of gas, nonreacting or reacting, perfect or real. 

If we have no shaft work done on the system (no mechanical device stick¬ 
ing through the boundary of the system and performing work, such as a paddle 
wheel or turbine), then the work done on or by the system is due to the com¬ 
pression (dV negative) or expansion (dV positive) of the volume of the system. 
For example, imagine the system is the air inside an inflated balloon, Grab hold 
of the balloon and squeeze it with your hands. You are doing work on the air in 
the balloon, and in the process you are decreasing its volume. The amount of 
work associated with an infinitesimally small volume change dKis 

SW^-pdV (10.30) 

The derivation of Eq. (10.30) can be found in any good thermodynamics text, 
and is also given in Chap. 4 of Ref. 1. Equation (10.30) is based on purely 
mechanical reasoning; it is good for any type of gas, reacting or nonreacting, 
perfect or real. 

Combining Eqs. (10.29) and (10.30), we have 


SQ = dE + p dV 


( 10 . 31 ) 
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In gas dynamics, we like lo deal in terms of “per unit mass”; hence, considering 
Eq. (10.31) in terms of per unit mass, we write 


Sq = de + p lie 


(10.32) 


where Sq is the heal added per unit mass. Also, the definition of enthalpy is 


h = e + pv 


Hence, 


dh = de + p dv + v dp 


or 


de = dh — p dv — v dp 

Substituting Eq. (10.33) into (10.32), we obtain 


Sq = dh — v dp 


(10.33) 


(10.34) 


Equations (10.32 and (10.34) are very useful alternate forms of the first law of 
thermodynamics. We will have many occasions to refer to these forms. Also, in 
the spirit of distinguishing the fundamentals of chemical thermodynamics from 
the reader’s prior experience in classical thermodynamics, we will be constantly 
reminding the reader about what does, and what does not, apply to a chemically 
reacting gas. For example, the entire development in this section is based on a 
general thermodynamic system; hence everything in this section applies to any 
type of gas. 

A large number of basic thermodynamic relations can be obtained from 
the First Law. We will obtain one of them here, because it bears on the differ¬ 
ence between reacting and nonreacting gases. Specifically, we consider the rela¬ 
tion 


— c„ = R (10.35) 

Equation (10.35) is a familiar relation from elementary thermodynamics dealing 
with calorically perfect gases. Question.- Does Eq. (10.35) hold for a thermally 
perfect gas? A chemically reacting gas? A real gas? to answer this question, let 
us obtain a general expression for the difference in specific heats, c — c v , using 
the first law. Assuming an equilibrium system, we can write 

e = e(T, v) 

or, from the definition of a perfect differential 


de 


Be' 

BT 


dT + 


’de\ 

dv) r 


dv 


(10.36) 
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Recall from thermodynamics lhal c„ is defined as 


de' 
dT 


Substituting Eq. (10.37) into (10.36), we have 


de = £•„ dT + 


Be 

dv 


dv 


(10.37) 


(10.38) 


Substituting l'.q. (10.38) into the first law in the form given by Eq. (10.32), we 
have 


Bcj ~ £'i> </1 + 


dv 


+ p dv 


(10.39) 


Now 1 recall the definition of c p . In analogy with Eq. (10.37), we usually write 



(10.40) 


However, more fundamentally, we recall the basic definition of specific heat as 
the heat added per unit change in temperature, that is, Sq/dT. Since Sq can be 
added in an infinite number of different ways (different processes), the Sq/dT is 
not unique. However, if we stipulate that Sq is added at constant pressure, 
( Bq/dT ) p , then we have a unique quantity, and it is defined as c p . Thus, 


c 





(10.41) 


Considering a constant pressure process, Eq. (10.39) can be written as 


(Sq' 

W. 


I =<■„ + 


+ P 



(10.42) 


From the relation given by Eq. (10.41), we can then express Eq. (10.42) .as 



(10.43) 


Equation (10.43) is a general relation for the difference c — c„ for any type of 
gas, real or perfect, reacting or nonreacling. Specializing Eq. (10.43) we have, 
from the perfect gas equation of state, 

RT 

v = 

P 


For a nonreacting gas, where R is constant, this yields 

dv \ _ R 
0TJ P ~ p 


(10.44) 
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Substitute Eq. (10.44) into (10.43), obtaining 


R fde 

‘■" = R + pU 


(10.45) 


For both cases of a enlorically perfect gas and a thermally perfect gas, where e is 
a function of T only, (de/dr) r = 0, and Eq. (10.45) yields 

c P - f„ = R 

which is Eq. (10.35). However, for a chemically reacting gas, e is a function of 
both T and r, e = e(T, v), and therefore ( 0e/dv) T has a finite value. Thus, Eq, 
(10.43) must be used to obtain c p — c„ for a chemically reacting mixture. For a 
real gas, since Eq. (10.44) does not hold, we also have to use Eq. (10.43) to 
obtain the difference in specific heats. Thus, we have answered our question, 
namely, that the familiar relation given in Eq. (10.35) holds for a calorically 
perfect or a thermally perfect gas, but it does not hold for a chemically reacting 
gas or a real gas. 


10,6 THE SECOND LAW OF THERMODYNAMICS 

The second law of thermodynamics is involved with the concept of entropy, x, 
conventionally defined as 



Here, vve are considering a system originally in state 1 where the entropy is s,, 
undergoing an infinitesimal change to state 2, where the entropy is .sq = .sq + ds. 
The process by which this change is taking place may be reversible or irrevers¬ 
ible. (An irreversible process is one which involves the dissipative effects of 
viscosity, thermal conduction, or mass diffusion, and/or where the system is in 
nonequilibrium. A reversible process is one which involves none of the above.) 
This change from state 1 to state 2 is illustrated in Fig. 10.5. Here we see two 
possible paths by which the system can change from state 1 to state 2. State 1 is 
the same in both cases, and state 2 is the same in both cases. Since s is a stale 
variable, then ds is the same in both cases. At the top of Fig. 10.5, the change in 
state of the system is imagined as taking place due to the reversible addition of 
heat <5y rcv , and ds is given by Eq. (10.46). If the process were truly reversible, 
then by,,., would be the actual heat added. However, if the process is irreversible, 
the 5q, e , is not the actual heat added; rather by rcv is an “artificial” number 
contrived to satisfy Eq. (10.46). Thus, if the process shown at the top of Fig. 10.5 
is irreversible, then <5t/ rev is a number which is chosen to satisfy Eq. (10.46) for 
the given ds. A more satisfactory way of looking at this situation is sketched at 
the bottom of Fig. 10.5. Here we see the same two states, with the same entropy 
change, ds, as the upper sketch. However, now Sq denotes the actual heat added, 
no matter whether the process is reversible or irreversible. If the process were 
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reversible, the change in entropy, tls, would be due totally to Sq, which would be 
given by Sq = T els from Eq. (10.46). However, if the process is irreversible, then 
d, s' is due only in part to Sq, and is also due to the effect of any irreversibilities 
taking place in the system (due to friction, thermal conduction, diffusion, and/or 
nonequilibrium). For an irreversible process, the value of Sq is less than it would 
be for a reversible process, the difference being supplied by the irreversibilities. 
Thus, in contrast to Eq. (10.46), it is more satisfying to write the change of 
entropy as follows: 

(10.46a) 

In Eq. (10.46a), Sq is the actual amount of heat added during the process, and 
ds irrcv is the generation of entropy due to the dissipative phenomena itemized 
earlier. These dissipative phenomena always increase the entropy, hence 

r/s irre , > 0 

Therefore, from Eq. (10.46«), 

(10.47) 

If the process is adiabatic, where by definition Sq = 0, then 

(10.48) 

Equations (10.47) and (10.48) are statements of the second law of thermody¬ 
namics. Moreover, all the statements and equations in the section are very fun- 
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damental; they apply in general for nonreacting or reacting gases, and for 
perfect or real gases. The second law dictates that, no matter what process is 
acting on the system, the inequalities given in (10.47) or (10.48) must be sat¬ 
isfied. 


10.7 THE CALCULATION OF ENTROPY 

Since entropy is a state variable, it must be uniquely related to other state vari¬ 
ables. The purpose of this section is to obtain such a relationship. 

For a system in equilibrium, entropy can be expressed as a function of T 
and p. This is true for all the categories of gases discussed in Sec. 10.4. For 
example, even for calorically or thermally perfect gases, where enthalpy and in¬ 
ternal energy are functions of temperature only, the entropy still depends on 
both T and p. Indeed, a familiar expression for the entropy change between two 
states, .v, — s t , for a calorically perfect gas is 

s 2 - *i = In ^ R ln P - 2 (10.49) 

T t P i 

[The reader should cheek his or her memory bank, or standard texts such as 
Refs. 4 and 5, for Eq. (10.49).] If s 2 represents the entropy s at a given tempera¬ 
ture T = T 2 and p = p 2 , and if s, represents a reference value of entropy .s' rt . r at 
temperature T t = T rcf and pressure p t = p ref , then Eq. (10.49) can be written as 

s = c p ln ~ - R In -- + s„r (10.50) 

Lef P ref 

Keep in mind that Eq. (10.50) holds for a calorically perfect gas only. 

Let us obtain an expression somewhat analogous to Eq. (10.50) that holds 
for an equilibrium chemically reacting mixture. In the following, we will denote 
quantities per mole by capital letters, that is, S, H , E, etc. will hereafter denote 
the entropy, enthalpy, internal energy, etc. per mole. Let S, be the entropy of 
species i per mole of species i. Then we can write for the mixture, 

S = £X,S,- (1°-51) 

where ,8 is the entropy per mole of mixture, S, is the entropy of species i per 
mole of i, and X : is the mole fraction. Let us obtain an expression for S h and 
insert it into Eq. (10.51) to obtain the entropy of the reacting mixture. 

To begin with, consider a system with just the pure species i at the temper¬ 
ature T and pressure />,. Assume there is one mole of species i in the system, so 
that the entropy is S, and the enthalpy is Hj. From the first law in the form of 
Eq. (10.34), but written per mole, 


SQ = dH ; — y i dpt 


( 10 . 52 ) 
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From Eq. (10.46) written per mole, 

T dS i = SQ, ev (10.53) 


We can assume a reversible process, and combine Eqs. (10.52) and (10.53), 
obtaining 




(10.54) 


From Fq. (10.18), we have 


■r; _ m 

r " Pi 


(10.55) 


Substituting Eq. (10.55) into (10.54), we have 


(IS 


dill dp t 

r Pi 


(10.56) 


Species i by itself is a thermally perfect gas, where by definition C„ = f(T). 
From Sec. 10.4, we can write 


d!I : — C Pi dT (10.57) 

where C Pi is the specific heat at constant pressure for one mole of species i. 
Substituting Eq. (10.57) into (10.56), we have 


(IS, = C, 


dT 


dp-, 

P; 


(10.58) 


Integrating Eq. (10.58) between a reference condition with entropy S, rcr at refer¬ 
ence temperature T nl and reference pressure p rcl , and a state where the entropy 
is Sj at a temperature and pressure of T and p h respectively, we have 


r/S ; = 



(IT 

T 


’ p ’ ‘IPi 

Pru: Pi 


or 

Si= c p ‘---!»\n Pi - +S, rcf (10.59) 

Jr,,., ' P ref 

Eq. (10.59) is an expression for the entropy per mole of the pure species i. 

The entropy of tlie mixture is obtained by combining Eqs. (10.51) and 
(10.59) 


or 



+ I x,s,' 

i 


s = I x, 


dT 


Of In 


/W 


+ Srcr 


( 10 . 60 ) 
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where S ref is the reference entropy level for the mixture, given by S„ r = 
Equation (10.60) gives the entropy per mole of mixture for an 
equilibrium chemically reacting mixture, as a function of the temperature T, and 
the individual partial pressures p,. In turn, as we will see in Sec. 10.9, the indi¬ 
vidual p ?s are functions of the temperature T and the total mixture pressure p. 
Hence Eq. (10.60) for an equilibrium chemically reacting gas gives S = S(p, T), 
and is the direct analog of Eq. (10.50) for a calorically perfect gas. 


10.8 GIBBS FREE ENERGY, AND THE 

ENTROPY PRODUCED BY CHEMICAL NONEQUILIBRIUM 

In See. 10.7, we obtained an expression for the entropy of an equilibrium chemi¬ 
cally reacting mixture. Now consider two different equilibrium states of this mix¬ 
ture, where the temperatures and pressures are T 2 , p 2 and T, pj respectively. 
The corresponding change in entropy, S 2 — S lt can be found by using Eq. 
(10.60). Since entropy is a state variable, S 2 = S(T 2 , p 2 ) and S, = S(T,, p,). Once 
two states are specified, S, — S, is totally independent of any possible process 
by which state 1 is changed into state 2. However, we do know from Eq. 
(10.46(f) that, no matter what the process may be, in general part of the entropy 
change is due to heat exchange and the other part due to irreversibilities: 

SO 

dS = + (/S irrev (10.61) 

Although S, - S, is independent of the process between the two specified equi¬ 
librium states, it is sometimes very useful to know, for a specific process con¬ 
necting states 1 and 2, how much of the S 2 — Sj is due to irreversibilities during 
the process. This is particularly true when the irreversibilities are due to chemi¬ 
cal nonequilibriwn during the process. Therefore, the purpose of this section is to 
calculate the change in entropy due to a chemical nonequilibrium process. 

To accomplish this, let us introduce a new, defined thermodynamic vari¬ 
able, namely the Gibbs free energy per mole of mixture, denoted by G. By 
definition 


G = H - TS 


(10.62) 


Hence, 


dG = dll -T dS-SdT 


or 


dll = dG + T dS +SdT (10.63) 

Putting Eq. (10.63) “on hold” for a moment, return to Eq. (10.61). For SQ in 
this equation, wc have from the first law [Eq. (10.34)] 

SQ = dH -r dp 
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Hence, Eq. (10.61) is written as 

JS = d f- r f dp+dSm " 

or 

/' dS = dH — T' dp + T dS iIr ev (10.64) 

Now, combine Eqs. (10.63) and (10.64): 

T dS = cIG + T dS + S dT - r dp + T dS hrty 

The terms involving T dS cancel, leaving 

dG = -S dT + T' dp - T dS-„ m (10.65) 

Before examining Eq. (10.65) further note that, if we had an equilibrium mixture, 
since G is a state variable, we could write G = G(p, T). However, since we are 
treating a chemical nonequilibrium process here, where the number of particles 
of species i per mole of mixture N t is a function of not only T and p but also the 
timewise history of the process, we must write 

G = G(T, p, (V„ N 2 ,...,N i ,...,N„) (10.66) 

The total differential of Eq. (10.66) is 

dG = (a ?), dT + (S) T dp + $ d i i dN ‘ ( ,0 - 67 > 

Comparing Eqs. (10.65) and (10.67) term by term, we see that 


and 



(10.67a) 


- T rfS lrrBV = 2: rfAf, (10.68) 

Equation (10.67«) expresses two basic thermodynamic relations, and Eq. (10.68) 
gives the change in entropy due to the irreversible effect of nonequilibrium 
chemical reactions. Let us cast Eq. (10.68) in slightly different form. For a chem¬ 
ically reacting mixture, the value of G per mole of mixture is related to g' h which 
is defined as the Gibbs free energy of species i per particle through 

G = £ AM (10.69) 

I 

where, again IV, is the number of i particles per mole of mixture. Equation 
(10.69) is based on simple physical definitions, that is, g', is the Gibbs free energy 
of species i per particle of i, /V,r/' is then the Gibbs free energy due to species i 
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per mole of mixture, and the summation over all the species gives the Gibbs free 
energy of the mixture per mole of mixture. Noting that Eq. (10.69) can be ex¬ 
panded as 

G = N | c/, + /V 2 c /2 + ■'■ + ^ifJi + ••• + N n g n 


then, 


0G 


8N i 


= (h 


(10.70) 


Substituting Eq. (10.70) into (10.68), we have 


,1 fl'.dN, 


(10.71) 


Letting /V., dcnole Avogadro’s number (number of particles per mole), Eq. 
(10.71) becomes 


However: 


dS irtcv = - 


(10.71a) 


N A g\ = G i (Gibbs free energy of species i per mole of i) 
(IN- 

- = d.A r ; (change in the number of moles of /) 


N 


Then, Eq. (10.71a) becomes 


dS irrn = 


( 10 . 72 ) 


Equation (10.72) is the final result expressing the infinitesimal increase in en¬ 
tropy due to a nonequilibrium chemically reacting process to the corresponding 
infinitesimal nonequilibrium changes in the number of moles, dJ r l . From the 
second law (see Sec. 10.6) 


c/S irre , > 0 

On the other hand, if the change in thermodynamic state is taking place through 
an infinite number of local equilibrium states, the process is reversible, and we 
have 


dS lrrev = 0 (10.73) 

From Eq. (10.72) this implies an equilibrium relation between the such that 
G ; d. I ] is zero for an equilibrium mixture. This provides a mechanism for 
calculating the equilibrium chemical composition of the mixture, as discussed in 
the next section. 
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10.9 COMPOSITION OF EQUILIBRIUM 
CHEMICALLY REACTING MIXTURES: 

THE EQUILIBRIUM CONSTANT 

Let us review what we have stated about an equilibrium chemically reacting 
mixture: 

1. For any equilibrium thermodynamic system, any thermodynamic state vari¬ 
able is a function of any other two state variables, e.g. 

H = H(T, p) 

E = E(T, v) 

etc, 

2. For an equilibrium chemically reacting mixture, the chemical composition is 
also a unique function of any two state variables, e.g. 

N t = MT,p) = UT,v) = f 3 (T, S ) 

x, = ha />) = hi t, v) = ha s ) 

etc. 

The second statement above is certainly inferred by our discussion surrounding 
Fig. 9.12, where the ranges of dissociation and ionization are given in terms of 
temperature for a fixed pressure of 1 atm. In chemically reacting flows, it is 
particularly convenient to think in terms of the equilibrium chemical composi¬ 
tion as given by the local T and p. Hence, the purpose of the present section is 
to answer the following question: For an equilibrium chemically reacting mix¬ 
ture at a given p and T, what is the equilibrium chemical composition? The 
answer is derived from Eq. (10.72) applied to an equilibrium system where by 
definition dS irttv = 0. Hence, for an equilibrium chemically reacting mixture, 

(10.74) 

Tn order to solve for the equilibrium composition, we will use Eq. (10.74) 
in a slightly different form, as developed below. A general statement of a chemi¬ 
cal reaction is given by the following chemical equation: 

v',/1, + v’ 2 A 2 + + KA k -* v 'k+iA l+i + v' k + 2 A k + 2 + ■•■ + v'jAj (10.75) 

where A t , A 2 , etc. denote different chemical species and v, v' 2 , etc. are the 
stoichiometric mole numbers for each chemical species. By definition, the chemical 
species, A u A 2 ,...,A k on the left side of Eq. (10.75) are called the reactants, and 
A k + 1 , A k + 2 , • • •, A j on the right side are called the products. Another convention 
is to write Eq. (10.75) in the form 

o = X v i A t 

i = 1 



(10.76) 
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where v, is the stoichiometric mole number associated with species A : , and 
where v, is negative for the reactants and positive for the products. The symbol A, 
is simply a symbol for the chemical species i. I'or example, consider the follow¬ 
ing chemical equation: 

H 2 + O -► OH + H (10.77) 

In the terms of the convention set by Eq. (10.76), for this chemical equation we 
have: 

A { = H 2 v, = -1 

A 2 = 0 v 2 = -1 

A 3 = OH v 3 =I 

/l 4 = H v 4 = I 

Another example is: 

k0 2 -► O (10.78) 

where: 

A, = O, v, = —j 

A 2 = O v 2 = I 

In this section, we will adopt the convention of writing a general chemical equa¬ 
tion in the form of Eq. (10.76). Examine Eq. (10.76) more closely. Note that any 
change in the number of moles of species denoted by d.Af due to a specific 
chemical equation as represented by Eq. (10.76), must be proportional to V;. For 
example, if we had a chemically reacting mixture where Eq. (10.78) was the only 
reaction, then a 0.1 mole increase in O is accompanied by a 0.05 mole decrease 
in O,; the changes in molar composition arc in the ratio of v 2 : v, = 1 : — 2 . In 
general, for a system governed by Eq. (10.76), we can write: 

d.A\ : dJ' 2 :■■■ d^Vj = v, : v 2 ■ • • v 2 

Let the common proportionality constant be denoted by dS,\ such that 
d J'\ _ tLVj _ dJTj _ 

>’l V 2 Vj 

or 

d.A\ = v, dH 

dA r 2 = v 2 dt, (10.79) 

dJfj = Vj d£, 
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A physical interpretation of { can be obtained as follows. Integrate Eq. (10.79) 
from a reference condition where (; = 0 and rcf , to-Che condition where 

the corresponding quantities arc c, and . V], 

*'..re.f JO 

or 

(10.80) 

From Eq. (10.80), £ can be seen as an index which describes the degree to which 
the chemical reaction has advanced from the reference condition. For example, 
when l, — 0, the chemical composition is at the reference condition. When £, is 
greater than zero, the reaction has taken place to the extent that J'j has 
changed from to its current value, Hence, we can properly define c as 

the degree of advancement, because it is an index of the advancement of the mote 
fractions due to the chemical reaction given by Eq. (10.76), and where the quan¬ 
titative amount of advancement is given by Eq. (10.80). In turn, the differential 
r/£ is simply an infinitesimal change in the degree of advancement. Returning to 
Eq. (10.79), we can write for any species 

rU';=i<,-r/£ (10.81) 

where for a given reaction, dt; is the same common factor for all species appear¬ 
ing in the reaction. Also, please note that our discussion from Eq. (10.75) to here 
does not depend in any way on the system being in equilibrium; the above 
relations and concepts apply in general to both equilibrium and nonequilibrium 
systems. 

Let us now return to our discussion of equilibrium chemically reacting 
systems, and to Eq. (10.74) which describes such systems. Substituting Eq. 
(10.81) into (10.74), we have 

XG ; v,.r/c = 0 (10.82) 

Since iff; is the same for all species in a given chemical reaction, jt is a constant 
value in Eq. (10.82). Hence, from Eq. (10.82), 

<'?(£ G,v}j = 0 

or 

(10.83) 

Equation (10.83) is an alternate form of Eq. (10.74), and is therefore also a 
condition for equilibrium. Moreover, { has dropped out of Eq. (10.83); the con¬ 
cept of the degree of advancement was useful for the derivation of Eq. (10.83), 
but we will have no need for it in our future discussions. 
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The purpose of this section is to obtain a procedure for calcuating the 
composition of an equilibrium chemically reacting mixture. Equation (10.83) 
leads to that procedure, after the following development. From the definition 
given in Eq. (10.62) we write, for species i. 


G, = //, - TS; 


(10.84) 


where G,, H ( , and S, are the Gibbs free energy, enthalpy, and entropy of species 
/ per mole of /. Substituting Eq. (10.59) for S, into Eq. (10.84), we have 


G, = //, 


C P,^r ~ ' #ln + S i,rcf 

r rcl - 1 P,et 


(10.85) 


For a moment, assume that p, in Eq. (10.85) is one atmosphere, and let G[' ] 1 be 
the value of G, evaluated at p : = 1 atm. Then, from Eq. (10.85), 


Gf'* 1 =H t - T\ 


’ T dT „ ' 

C P . rf + •'# In p rcf + S, rcf 

r r „i 1 


(10.86) 


Combining Eqs. (10.85) and (10.86), we have 


G,. = Gf' = 1 + ®T In p t 


(10.87) 


Substituting Eq. (10.87) into the condition for equilibrium given by Eq. (10.83), 
we have 


X v,G, = X v,(Gf , = 1 + 3#T In Pi ) = 0 
X v ; Gf ,= 1 + SIT X v f In Pi = X v , G f' = 1 + X ln Pi' = 0 


or 


or 


X In pV = - X v i 


Gf 


StT 


n»r— 


( 10 . 88 ) 


Consider the physical meaning of Xi v i G f' = 1 > with Eq. (10.76) in mind. With v, 
negative for the reactants and positive for the products, Xi v i G f ,==l ' s simply the 
Gibbs free energy of the products minus the Gibbs free energy of the reactants 
for the given chemical equation, with all species evaluated at one atmosphere 
pressure. Denote this difference by A G p= 1 where, by definition, 

A G p ^' =X''; G f' = 1 = (G p= 1 for products) — (G p= 1 for reactants) (10.89) 


For example, for the reaction 

OH + H 2 


H 2 0 + H 
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the change in Gibbs free energy at 1 atm is given by 

AG’’ 1 = Gfi zC J + GJj ' — G&h 1 — Gjj 2 1 

and lor the reaction 

\ 0 2 - -> O 

we have 

AG ,,= 1 = Gff 1 - -JG&' 1 

Inserting the definition given by Eq. (10.89) into Eq. (10.88), we have 



(10.90) 


In Eq. (10.90), A G p 1 depends only on T. Hence 

e~ AUI " ‘ !J>I = f(T) = K p (T ) (10.91) 


where K p (T) is defined as the equilibrium constant for the given chemical reac¬ 
tion. Hence, Eq. (10.90) becomes 


n = K„(T) 

I 


(10.9 In) 


Emphasis is made that the equilibrium constant in Eq. (10.91) is strictly a func¬ 
tion of temperature only. For a given chemical reaction, K p (T) can sometimes 
be obtained from experiment, and can always be calculated from statistical 
thermodynamics, as discussed in Chap. I 1. 

liquation (10.9In) is the crux of the present section. It is a form of a gen¬ 
eral principle called the law of mass action , which essentially ensures the preser¬ 
vation of total mass during a chemical reaction. With it, we can establish a 
method for the calculation of the equilibrium composition of a chemically react¬ 
ing mixture, as follows. 

Assume that wc have a system of chemically reacting gases in equlibrium 
at a given p and 7’. For clarity, it is best to consider a specific case. Let us 
consider the combustion chamber of a rocket engine where EH is injected as the 
fuel and O, is injected as the oxidi/.er. The H, and 0 2 arc injected at a given 
ratio to each other, i.e., at a given fuel/oxidizer ratio. In the combustion 
chamber, the H, and 0 2 will chemically react through numerous different chem¬ 
ical equations. Assume that the products of combustion finally form an equilib¬ 
rium chemically reacting system at a specific p and T. Assume that we know p 
ind T by some independent means. Furthermore, assume that the products of 
xunbustion form an equilibrium chemically reacting mixture containing the fol- 
owing species: H 2 , H, 0 2 , O, OH, and H 2 0. Question: What amounts of these 
•pecies arc present in the system in equilibrium at the given p and T? To answer 
his question, consider the following chemical equations involving the mixture 
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species, along with the definitions of the respective equilibrium constants from 
Eq. (10.91). 



!h 2 — 

—> H: 

P H 

■JP»2 

= *P.t 

(10.92) 


lo, — 

— O: 

o' 1 , c 

= K ,>-i 

(10.93) 

H, 

+ o — 

—>■ OH + H 

PonPn 

- K,., 

(10.94) 




Ph 2 Po 



OH 

+ H — 

—► H,0 

Pn 2 o 

= K, 4 

(10.95) 


PonPn 


Equations (10.92) (10.95) are relations for the partial pressures that must be 
satisfied for this mixture. These equations constitute a set of four equations with 
six unknowns. In order to close the system, it is initially tempting to add two 
more chemical equations, with their associated equilibrium constant expressions. 
However, this would be inappropriate because the chemically reacting system, in 
addition to obeying Eqs. (10.92) (10.95), must satisfy two constraints. The first 
of these is Dalton's law of partial pressures, expressed by Eq. (10.12), that is, 
p = Pi- For the given system, this is' 

Ph 2 + Pit + Po 2 + Pa + Pan + Piho = P (10.96) 

where p is the given pressure of the mixture, i.e., the “total” pressure of the 
mixture. The second constraint is associated with the number of hydrogen and 
oxygen nuclei in the mixture, denoted by N H and N 0 respectively. Since we are 
not detiling with nuclear reactions, N n and N 0 remain constant in the mixture, 
and their ratio N H /N Q is a known quantity, fixed by the given fuel/oxidizer ratio 
at which the hydrogen and oxygen are being pumped into the combustion 
chamber. Eor convenience, let us assume a unit mass for the equilibrium chemi¬ 
cally reacting mixture; hence N n and N 0 represent the number of nuclei per unit 
mass of mixture. Also, note that each H 2 molecule contributes two hydrogen 
nuclei to the mixture, each H 2 0 molecule contributes two hydrogen nuclei, and 
the OH molecule and H atom contribute one hydrogen nucleus each. Therefore, 
to count the total number of hydrogen nuclei per unit mass of mixture, we write 

^ii = N.iC'hu + '/u + 2t/n, 0 + i)on) 

where ,Y , is Avogadro’s number (number of particles per mole) and i/ f is the 
familiar mole-mass ratio defined in Eq. (10.20), i.e., the number of moles of 
species i per unit mass of mixture. Similarly, to count the total number of 
oxygen nuclei per unit mass of mixture, we have 

= N , ( ( 2 )Jo 2 + ’lo + 7iho + Ion) 
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Hence, the ratio N n /N a is given by 

Wit _ N A {2p H l + Vh + 2 f/ » 2 o + >?qh) 
No N A (2i] 0l + tj o + tj H2 o + Ooh) 
However, when Eq. (10.20) in (he form of 

= ElL 
' h 0tT 

is substituted into Eq. (10.97), we obtain 


(10.97) 


N\\ _ N.i(2Phi + P h + 2pi i 2 o + Pon) 
N 0 N A (2p 02 + p 0 + P,i 2 o + Pon) 


(10.98) 


Important: Equations (10.92) (10.96), and (10.98) constitute six algebraic 
equations for the six unknown partial pressures. This determines the chemi¬ 
cal composition of the equilibrium chemically reacting mixture at the given 
T and p, which was the objective of this section 


In Eqs. (10.92) (10.95), the values of K p (T) for the given temperature can be 
obtained from the literature; Refs. 148 and 149 are excellent sources for such 
data. Moreover, K P (T) can be calculated directly from the results of statistical 
thermodynamics, to be discussed in Chap. 11. As a reminder, in Eq. (10.96), p is 
the given pressure of the mixture, and in Eq. (10.98), 1V„/1V 0 is a known ratio 
determined from the fuel/oxidizer ratio. Also, the chemical equations chosen in 
Eqs. (10.92)-(l0.95) must be independent, i.e., one cannot be obtained by adding 
or subtracting the others; this is to ensure that the system of the algebraic equa¬ 
tions is an independent system. Outside of this consideration, the choice of the 
chemical reactions used for Eqs. (10.92) (10.95) is rather arbitrary, just as long 
as they involve the relevant species, and the associated equilibrium constants 
can be obtained. Implicit in the above calculation is the proper choice of the 
relevant chemical species present in the mixture. In the above example, we 
assumed that the products of combustion were primarily H 2 , H, 0 2 , O, OH and 
11,0. In such an equilibrium calculation, we must be certain to assume all the 
relevant species that might be present; for example, if we had not included OH 
in the above calculation, the results would be different, and they would be defi¬ 
cient. There is no routine method that allows you to choose all the relevant 
species automatically. You have to make a good educated guess, based on prior 
knowledge of the system. A safe approach is to assume all species that are made 
up of all possible combinations of the various elements present; if many of these 
assumed species are negligible, then they will show up in the calculation as trace 
species only. 

In summary, in the present section, we have: 


I. Developed a method for calculating the chemical composition of an equilibri¬ 
um chemically reacting mixture. (Note that we have obtained the equilibrium 
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composition in terms of the partial pressures p,\ however, once the />,■’s are 
known, we can obtain the composition in whatever other terms we wish, as 
explained in Sec. 10.3.) 

2. Demonstrated that this equilibrium composition is a unique function of p and 
T because: 

a. Equations (I0.92)-( 10.95) require a knowledge of the Kf s, which are func¬ 
tions of T only; 

b. Equation (10.96) requires a knowledge of p. 

We will defer further considerations of the calculation of equilibrium chemical 
compositions until Chap. 11. 

10.10 HEAT OF REACTION 

An important term in chemical thermodynamics is the heat of reaction, to be 
defined in the present section. To introduce this concept, let us consider a 
specific example, as follows. Consider the chemical reaction given by 

H, + JO, -> OH + H (10.99) 

Assume that we have a system made up of one mole of H 2 and a half mole of 
0 2 , at a reference temperature T rcl . These are the reactants. The enthalpy of the 
reactants is 


(H h , + ‘ H 0 ,) 7ro1 = enthalpy of the reactants at T rcf 

Now allow the reactants to form the products OH and H as shown in 
Eq. (10.99); these represent the products of the reaction. Furthermore, carry out 
the reaction at constant pressure. Finally, extract or add enough heat from or to 
the system so that the products are also at the reference temperature T rcf . Then, 
the enthalpy of the products is given as 

(H oh + H M ) 7 rer = enthalpy of the products at T ret 

By definition, the heat that was added to or subtracted from the above system is 
called the heat of reaction for the chemical reaction at the reference temperature 
'If,. In turn, for the assumed constant pressure, from the first law in the form of 
Eq. (10.34), we know that the heal added or subtracted is equal to the change in 
enthalpy. Therefore, we will consider the heat of reaction at a given reference 
temperature T ri!f for a given chemical reaction to be denoted by Aand to 
be defined by 

A H fc*' = (enthalpy of the products at T ref ) — (enthalpy of the reactants at T ref ) 

For the chemical reaction given by Eq. (10.99) 

A Hj"' = (H oh + H h - H lt2 - ^ H 0j ) 7 '“ (10.100) 

(Note: Keep in mind in the above discussion that H, denotes the enthalpy of 
species f per mole of i.) 
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In general, consider the generic chemical reaction given by Eq. (10.76), 
repeated below 

0 = £ VjAt 
! — 1 

The heat of reaction for this chemical equation at the reference temperature is, 
by definition, 

Mil"* = X | (10.101) 


The values of A U\'“ r for various chemical reactions can be constructed from the 
data given in Refs. 148 and 149, and can also be calculated from the results of 
statistical thermodynamics discussed in Chap. 11. The concept of the heat of 
reaction is very important in evaluating the chemical energy changes that take 
place in chemically reacting flowfields, as we will see in subsequent chapters. 

10.11 SUMMARY 

Referring to our roadmap in Fig. 1.23, the present chapter represents just a start 
to our introduction to some basic effects from physical chemistry. In particular, 
we have discussed the macroscopic picture painted by classical thermodynamics. 
We have examined the different categories of gases: (a) calorically perfect gases; 
(/>) thermally perfect gases; (c) chemically reacting mixtures of perfect gases; and 
(d) real gases. We have presented a number of different forms for the perfect gas 
equation of state, applicable to chemically reacting mixtures as well as to indi¬ 
vidual species. Make certain to review carefully the earlier sections of this 
chapter so that you have these details well in mind. 

The two basic laws from classical thermodynamics are: 

(a) First Law of Thermodynamics 


Alternative forms Sq + fiw = de 

(10.29) 

dq = de + p do 

(10.32) 

<5 q = dh — v dp 

(10.34) 

h) Second l.a\v of Thermodynamics 


+ 

!! 

(10.46) 

.vherc ds Utvv > 0. Hence, 


3q 

(10.47) 

>r, for an adiabatic process, 

ds > 0 

(10.48) 
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Alt the above results apply to any general gas, real or perfect, reacting or non¬ 
reacting. 

For a chemically reacting mixture of perfect gases, we have the following 
results: 




( dI .'A In 
, T P „r 


+ ^ref 


(10.60) 


and 


<*S irrcv = --j'LG.djr, (10.72) 

where G, = H t — TSi. Using the fact that dS itrcv = 0 for an equilibrium system, 
we obtained 

Y\p'l‘ = K r (T) (10.91) 

where K p (T) is the equilibrium constant, a function of T only, where K p is 
given by 

K p {T) = e - f ‘ Gr ‘' ls * T (10.90) 

Along with other relations, the equilibrium constant allows the calculation of 
the equilibrium chemical composition. We have seen that the equilibrium com¬ 
position is a unique function of T and p for the mixture. 

The heat of formation at a reference temperature T re[ is defined for a given 
chemical reaction as: 

A//J'‘' = (enthalpy of products at T rc f ) — (enthalpy reactants at T ref ) 

For the generic chemical reactions given by 

o = £v,/i, 


we have 


= z v.h;™' (io.ioi) 

Finally, we note that classical thermodynamics must treat the equation of 
state as an empirically defined relation, or as a postulate; it cannot be derived 
from first principles in classical thermodynamics. Moreover, classical thermo¬ 
dynamics cannot provide values of K p from first principles; they must be ob¬ 
tained from measurement. In contrast, statistical thermodynamics can provide 
both the equation of state and values of K p from first principles; this is the 
subject of the next chapter. 

Note also that in the present chapter wc have derived an expression for 
entropy of a chemically reacting mixture, given by Eq. (10.60). However, we 
have not obtained analogous expressions for enthalpy H or internal energy E for 
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a chemically reacting mixture. This is intentional, because for a proper interpre¬ 
tation of H and E, we need to examine the principles of statistical thermody¬ 
namics. Mence, the calculation of II and E are deferred until Chap. 11. 


PROBLEMS 

10.1. At a given T and p, the composition of high-temperature air is given by: p Q = 
0.16.1 atm, p H , = 0.002 atm, p Nl = 0.33 atm, p N = 0.005 atm. Calculate for each spe¬ 
cies: (a) mole fraction, (/>) mass fraction, and (<•) mole-mass ratio. Also, obtain the 
molecular weight and ihe specific gas constant for the mixture. 

10.2. Consider the combustion chamber of a rocket engine using liquid H, and liquid 0 2 
as the fuel and oxidizer. For a fuel/oxidizer ratio of 0.1 by mass, and p = 10 atm 
and T = 3500 K, calculate the equilibrium chemical composition of the gas in the 
combustion chamber. Assume the following species are present: H,, H, O,, O, OH, 
H,0. (The equilibrium constants are intentionally not given here in order to give 
you the opportunity to look them up in any of the standard references, and thus 
become familiar with such references.) 

10.3. Derive the following relation between the equilibrium constant and the heat of reac¬ 
tion: 


cl In K„ _ &H„ 

<11 ~ <n' 

This equation is called Van’t Hoff’s equation. 

10.4. Consider a chemically reacting mixture. Let N, and N denote the number of parti¬ 
cles of species i and the total number of particles, respectively. The definition of 
mole fraction is then = NJN- Now let the mixture be perturbed slightly (say by a 
slight change in p and/or T). There will be corresponding changes in N t and N, 
given by t!N i and tIN, respectively. Prove that, although NJN = y,. 


Hence, there must be some mathematical caution in using relations involving cIN, 
and dy_i for a chemically reacting gas. 

10.5. There is a standard NASA computer program which uses a “Gibbs free energy 
minirfibation technique” for the calculation of equilibrium chemical compositions. 
Jusi on the basis of this label, how would you think such a “technique” is related to 
our calculation described in the present chapter? 
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11.1 INTRODUCTION 

In Chap. 10 we discussed some aspects of the thermodynamics of chemically 
reacting gases from a classical point of view. Note that in Chap. 10 we obtained 
relations between various thermodynamic properties; we did not explicitly calcu¬ 
late values of these properties from first principles. For example, Eq. (10.43) is a 
general relationship between c p , <•„, and R for a chemically reacting mixture of 
perfect gases; it does not enable us to calculate a value for cither c p or c„. 
Similarly, Eq. (10.60) is an expression for S as a function of T and the pfs. 
However, to obtain an actual number for S, we need the values of C Pi , which 
cannot be obtained from classical thermodynamic theory. For such properties, 
classical thermodynamics must rely on experimental data. 

In contrast, the results of statistical thermodynamics do allow the calcula¬ 
tion of thermodynamic properties from first principles, as long as we are dealing 
with equilibrium systems. The purpose of this chapter is to develop such results. 
In turn, we will see that these results are very accurate and extremely practical 
in the analysis of high-temperature flows. 

To elaborate, an essential ingredient of any high-temperature flowfield 
analysis is the knowledge of the thermodynamic properties of the gas. For 
example, consider again the llowlield over the X-24 shown in Fig. 8.17. Assume 
that the gas is in local thermodynamic and chemical equilibrium (concepts to be 
more fully examined later). The unknown llowtield variables, and how they can 
be obtained, are itemized as follows: 

p — density i Obtained from a simultaneous solution 

V — velocity l of the continuity, momentum, 

h — enthalpy I and energy equations 

T ■= T(/>, h) ) Obtained from the equilibrium thermodynamic 

/' = /'(/', h) I properties of high-temperature air 

In the above, we conceptually see that two thermodynamic variables p and h are 
obtained from the llowlield conservation equations, and that the remaining ther¬ 
modynamic variables T, p, e, s, etc., can be obtained from a knowledge of p and 
h. In general, for a gas in equilibrium, any two thermodynamic state variables 
uniquely define the complete thermodynamic state of the gas. The question 
posed here is that, given two thermodynamic state variables in an equilibrium 
high-temperature gas, how do we obtain values of the remaining state variables? 
Flic re me two answers. One is to measure these properties from experiment. 
However, it is very difficult to carry out accurate experiments on gases at tem¬ 
peratures above a few thousand degrees; such temperatures are usually achieved 
n the laboratory for only short periods of time in devices such as shock tubes, 
>r by pulsed laser radiation absorption. The other answer is to calculate these 
properties. Fortunately, the powerful discipline of statistical mechanics devel- 
iped over the last century, along with the advent of quantum mechanics in the 
arly twentieth century, gives us a relatively quick and extremely accurate 
icthod of calculating equilibrium thermodynamic properties of high-tempera- 
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ture gases. These concepts form the basis of statistical thermodynamics , the ele¬ 
ments of which will be developed and used in the following sections. 

Finally, much of this chapter is patterned after the material given in Chap. 
13 of Ref. 4, which should be consulted for more details. 


11.2 MICROSCOPIC DESCRIPTION OF GASES 

In the development of statistical thermodynamics, we concentrate on the micro¬ 
scopic picture of a gas; i.e., we assume the gas consists of a large number of 
individual molecules, and we examine the nature of these molecules. For exam¬ 
ple, a molecule is a collection of atoms bound together by a rather complex 
intramolecular force. A simple concept of a diatomic molecule (two atoms) is the 
“dumbbell” model sketched in Fig. 11.In. The molecule has several modes 
(forms) of energy, as follows: 

1. It is moving through space, and hence it has translational energy i:J,,, ns , as 
sketched in Fig. 11.1ft. The source of this energy is the translational kinetic 
energy of the center of mass of the molecule. Since the molecular translational 
velocity can be resolved into three components (such as V x , V r and V, in the 
.\yc cartesian space shown in Fig. 11.1 ft), the molecule is said to have three 
“geometric degrees of freedom” in translation. Since motion along each coor¬ 
dinate direction contributes to the total kinetic energy, the molecule is also 
said to have three “thermal degrees of freedom.” 

2. It is rotating about the three orthogonal axes in space, and hence it has 
rotational energy as sketched in Fig. 11.1c. The source of this energy is 
the rotational kinetic energy associated with the molecule’s rotational velocity 
and its moment of inertia. However, for the diatomic molecule shown in Fig. 
11.1c, the moment of inertia about the internuclear axis (the z axis) is very 
small, and therefore the rotational kinetic energy about the z axis is negligible 
in comparison to rotation about the .x and y axes. Therefore, the diatomic 
molecule is said to have only two “geometric” as well as two “thermal” de¬ 
grees of freedom. The same is true for a linear polyatomic molecule such as 
CO, shown in Fig. II.Id. However, for nonlinear molecules, such as H 2 0, 
also shown in Fig. 11.Id, the number of geometric (and thermal) degrees of 
freedom in rotation tire three. 

3. The atoms of the molecule are vibrating with respect to an equilibrium loca¬ 
tion within the molecule. For a diatomic molecule, this vibration is modeled 
by a spring connecting the two atoms, as illustrated in Fig. ll.le. Hence the 
molecule has ribratianal energy c' vib . There are two sources of this vibrational 
energy; the kinetic energy of the linear motion of the atoms as they vibrate 
back and forth, and the potential energy associated with the intramolecular 
force (symbolized by the spring). Hence, although the diatomic molecule has 
only one geometric degree of freedom (it vibrates along one direction only, 
namely that of the internuclear axis), it has two thermal degrees of freedom 
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(a) Diatomic molecule 


(ft) Translational energy 


(c). Rotational energy r' 0 



Source 

Translaiional kinetic energy of 
the center of mass (thermal 
degrees of freedom —3) 


Rotational kinetic energy; (thermal 
degrees of freedom— 2 for diatomic; 
2 for linear polyatomic; and 3 for 
nonlinear polyatomic) 


(d) 


O 


o 


Rotational energy about the 
inlernuclear axis for a diatomic 
molecule is negligibly small 

CO,; linear polyatomic molecule 



H 2 0; nonlinear polyatomic molecule 


( e ) Vibrational energy r.' vth 


1. Kinetic energy 

2. Potential energy 




(Thermal degrees of freedom —2) 


(/) nicctronic energy 


Nucleus 



1. Kinetic energy of electrons 
in orbit 

2. Potential energy of electrons 
in orbit 


HGURK 1U 

Modes of molecular energy. 


due to the contribution of both kinetic and potential energy. For polyatomic 
molecules, the vibrational motion is more complex, and numerous fundamen¬ 
tal vibrational modes can occur, with a consequent large number of degrees 
of freedom. 

4 . The electrons are in motion about the nucleus of each atom constituting the 
molecule, as sketched in Fig. 11.1/. Hence, the molecule has electronic energy 
There are two sources of electronic energy associated with each electron: 
kinetic energy due to its translational motion throughout its orbit about the 
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nucleus, and potential energy due to its location in the electromagnetic force 
field established principally by the nucleus. Since the overall electron motion 
is rather complex, the concepts of geometric and thermal degrees of freedom 
are usually not useful for describing electronic energy. 

Therefore, we sec that the total energy of a molecule c' is the sum of its 
translational, rotational, vibrational, and electronic energies: 

>■ = + Ci + Cb + <i (for molecules) 

For a single atom, only the translational and electronic energies exist: 

= cJ rjns -f i:j| (for atoms) 

The results of quantum mechanics have shown that each of the above 
energies is quantized, i.c„ they can exist only at certain discrete values, as sche¬ 
matically shown in Fig. 11.2. This is a dramatic result. Intuition, based on our 
personal observations of nature, would tell us that at least the translational and 
rotational energies could be any value chosen from a continuous range of values 
(i.e., the complete real number system). However, our daily experience deals with 
the macroscopic, not the microscopic world, and we should not always trust our 
intuition when extrapolated to the microscopic scale of molecules. A major 
benefit of quantum mechanics is that it correctly describes microscopic proper¬ 
ties, some of which are contrary to intuition. In the case of molecular energy, all 




FIGURE 11.2 

Schematic of energy levels for the different molecular energy modes. 
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modes ure quantized, even the translational mode. These quantized energy levels 
are symbolized by the ladder-type diagram shown in Fig. 11.2, with the vertical 
height of each level as a measure of its energy. Taking the vibrational mode for 
example, the lowest possible vibrational energy is symbolized by i;' 0v . b . The next 

allowed quantized value is i;' lvih , then e' 2vib ,..., Rj vib .The energy of the ith 

vibrational energy level is i:' v . b , and so forth. Note that, as illustrated in Fig. 
11.2, the spacing between the translational energy levels is very small, and if we 
were to look at this translational energy level diagram from across the room, it 
would look almost continuous. The spacings between rotational energy levels 
arc much larger than between the transitional energies; moreover, the spacing 
between two adjacent rotational levels increases as the energy increases (as we 
go up the ladder in Fig. 11.2). The spacings between vibrational levels are much 
larger than between rotational levels; also, contrary to rotation, adjacent vibra¬ 
tional energy levels become more closely spaced as the energy increases. Finally, 
the spacings between electronic levels are considerably larger than between vi¬ 
brational levels and the difference between adjacent electronic levels decreases at 
higher electronic energies. The quantitative calculation of all these energies will 
be given in Sec. 11.7. 

Again, examining Fig. 11.2, note that the lowest allowable energies are 
denoted by i:' W iiiiiii , f:' 0iill , i;' 0 , lb , and i:' ()ol . These levels are defined as the ground 
state for the molecule. They correspond to the energy that the molecule would 
have if the gas were theoretically at a temperature of absolute zero; hence the 
values are also called the zero-point energies for the translational, rotational, 
vibrational, and electronic modes, respectively. It will be shown in Sec. 11.7 that 
the rotational zero-point energy is precisely zero, whereas the zero-point ener¬ 
gies for translation, vibration, and electronic motion are not. This says that, if 
the gas were theoretically at absolute zero, the molecules would still have some 
finite translational motion (albeit very small) as well as some finite vibrational 
motion. Moreover, it only makes common sense that some electronic motion 
should theoretically exist at absolute zero, or otherwise the electrons would fall 
into the nucleus and the atom would collapse. Therefore, the total zero-point 
energy for a molecule is denoted by r/ 0 , where 

,: o = + B 0„i 

recalling that Co rji = 0. 

It is common to consider the energy of a molecule as measured above its 
z.ero-poinl energy. That is, we can define the translational, rotational, vibra¬ 
tional, and electronic energies all measured above the zero-point energy os ej lr „„,, 
i: tiiil , and r. ll: i , respectively, where 
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(Note that the unprinted values denote energy measured above the zero-point 
value.) In light of the above, we can write the total energy of a molecule as t:J, 
where 


+ + a Ulli + i:„^ t + 

All are measured above ihe 
zero-point energy, thus all 
are equal to zero at T - 0 K. 



This represents zero-potnt energy, 
a fixed quantity for a given 
molecular species that is equal 
to ihe energy of the molecule 
ill absolute zero. 


For an atom, the total energy can be written as 

e 'i = + K 0 

If we examine a single molecule at some given instant in time, we would 
see that it simultaneously has a zero-point energy c' 0 (a fixed value for a given 
molecular species), a quantized electronic energy measured above the zero-point 
c md , a quantized vibrational energy measured above the zero point, and so 
forth for rotation and translation. The total energy of the molecule at this given 
instant is i:\. Since a' is the sum of individually quantized energy levels, then cj 
itself is quantized. Hence, the allowable total energies can be given on a single 
energy level diagram, where r! 0 ,r,\, e' 2 ,..., c'-... are the quantized values of the 
total energy of the molecule. 

In the above paragraphs, we have gone to some length to define and 
explain the significance of molecular energy levels. In addition to the concept 
of an energy level, we now introduce the idea of an energy state. For example, 
quantum mechanics identifies molecules not only with regard to their energies, 
but also with regard to angular momentum. Angular momentum is a vector 
quantity, and therefore has an associated direction. For example, consider the 
rotating molecule shown in Fig. 11.3, Three different orientations of the angular 
momentum vector are shown; in each orientation, assume the energy of the 
molecule is the same. Quantum mechanics shows that molecular orientation is 
also quantized, i.e., it can point only in certain directions. In all three cases 



Same energy level 


FIGURE 11.3 

lllusi ration of different energy slaies for the same energy level. 
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shown in Fig. 11.3, the rotational energy is the same, but the rotational momen¬ 
tum has different directions. Quantum mechanics sees these cases as different 
and distinguishable slntes. Different slates associated with the same energy can 
also be defined for electron angular momentum, electron and nuclear spin, and 
the rather arbitrary lumping together of a number of closely spaced translational 
levels into one approximate “level” with many “states.” 

In summary we see that, for any given energy level i:' t , there can be a 
number of different states that all have the same energy. This number of states is 
called the degeneracy or statistical weight of the given level r.[, and is denoted by 
ft,. This concept is exemplified in Fig. 11.4, which shows energy levels in the 
vertical direction, with the corresponding states as individual horizontal lines 
arrayed to the right at the proper energy value. For example, the second energy 
level is shown with live states, all with an energy value equal to c',; hence </, = 5. 
The values of for a given molecule are obtained front quantum theory and/or 
spectroscopic measurements. 

Now consider a system consisting of a fixed number of molecules, N. Let 
Nj be the number of molecules in a given energy level r'j. The value Nj is defined 
as the population of the energy level. Obviously, 

(H.l) 

where the summation is taken over all energy levels. The different values of Nj 
associated with the different energy levels t:'j form a set of numbers which is 
defined as the population distribution. If we look at our system of molecules at 
one instant in time, we will see a given set of NJ s, that is, a certain population 
distribution over the energy levels. Another term for this set of numbers, synon¬ 
ymous with population distribution, is maerostate. Due to molecular collisions, 
some molecules will change from one energy level to another. Hence, when we 
look at our system at some later instant in time, there may be a different set of 
NJ s, and hence a different population distribution, or macrostate. Finally, let us 
denote the total energy of the system as F, where 

( 11 . 2 ) 


‘h = - 1 
it; = 5 
fir, =2 

‘to = 1 

FIGURE 11.4 

Illustration of statistical weights. 
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Energy levels: 
Statistical weights: 

Populations at 
one instant: 
Populations at the 
next instant: 


<-o 


F. 2 

E 

f/o 

ffl 

02 

t)j 

,Y — "> 
jN o — - 

' V 1 

= 3 N, = 5 

N j = 3 ■ ■ ■ 

One maerosluie 

[n 0 = 3 

N, 

= 1 N 2 = 3 

N t = 6 


Another macroslate 


FIGURE 11.5 
Illustration of macrostales. 


The schematic in Fig. ! 1.5 reinforces the above definitions. For a system of 
N molecules and energy E, we have a series of quantized energy levels, 

c'o, e'i,..., ... , with corresponding statistical weights, g 0 , gpj, _ At 

some given instant, the molecules are distributed over the energy levels in a 
distinct way, iV 0 , A/,,..., Nj,.. ., constituting a distinct macrostate. In the next 
instant, due to molecular collisions, the populations of some levels may change, 
creating a different set of iV/s, and hence a different macrostate. 

Over a period of time, one particular macrostale, i.e., one specific set of 
Nj s, will ocecur much more frequently than any other. This particular macro¬ 
state is called the most probable macrostate (or most probable distribution). It is 
the macrostate which occurs when the system is in thermoiQnamic equilibrium. In 
fact, this is the definition of thermodynamic equilibrium within the framework of 
statistical mechanics. The central problem of statistical thermodynamics, and the 
one to which we will now address ourselves, is as follows: 


Given a system with a fixed number of identical 
particles, N = al, and a fixed energy 
E = ,Nj, find the most probable macrostate 


In order to solve the above problem, we need one additional definition, 
namely that of a macrostate. Consider the schematic shown in Fig. 11.6, which 
illustrates a given macrostate (for purposes of illustration, we choose N 0 = 2, 
IV, = 5. N 2 = 3, etc.). Here, we display each statistical weight for each energy 
level as a vertical array of boxes. For example, under t;',, we have g, = 6, and 
hence six boxes, one for each different energy state with the same energy c\. In 
the energy level i:',, we have five molecules (N l = 5). At some instant in time, 
these five molecules individually occupy the top three and lower two boxes 
under g,. with the fourth box left vacant (i.e., no molecules at that instant have 
the energy state represented by the fourth box). The way that the molecules are 
distributed over the available boxes defines a microstate of the system, say 
microstate I as shown in Fig. 11.6. At some later instant, the IV, = 5 molecules 
may be distributed different by over the g l = 6 slates, say leaving the second 
box vacant. This represents another, different microstate, labeled microstate II in 
Fig. 11.6. Shifts over the other vertical arrays of boxes between microslates I 



Number of microstates ft 
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FIGURE ! 1.6 

Illustration of microstates. 
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FIGURE 11.7 

llustration of most probable macrostate as that macrostate that has the maximum num 

nicrostatcs. 


Same macrostate 
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and II arc shown in Fig. 11.6. However, in both cases, N t) still equals 2, N , still 
equals 5, etc. - i.e.. the macrostate is still the same. Thus, any one macrostate 
can have a number of different microstates, depending on which of the degener¬ 
ate stales (the boxes in Fig. 11.6) are occupied by the molecules. In any given 
system of molecules, the microstates are constantly changing due to molecular 
collisions. Indeed, it is a central assumption of statistical thermodynamics that 
each microstate of a system occurs with equal probability. Therefore, it is easy 
to reason that the most probable macrostate is that macrostate which has the 
maximum number of microstales. If each microstate appears in the system with 
equal probability, and there is one particular macrostate that has considerably 
more microstates than any other, then that is the macrostate we will see in the 
system most of the time. This is indeed the situation in most real thermody¬ 
namic systems. Figure 11.7 is a schematic which plots the number of microstates 
in different macrostates. Note there is one particular macrostate, namely macro¬ 
state D. that stands out as having by far the largest number of microstates. This 
is the most probable macrostate; this is the macrostate that is usually seen, and 
constitutes the situation of thermodynamic equilibrium in the system. Therefore, 
if we can count the number of microstates in any given macrostate, we can 
easily identify the most probable macrostate. This counting of microstates is the 
subject of Sec. 11.3. In turn, after the most probable macrostate is identified, the 
equilibrium thermodynamic properties of the system can be computed. Such 
thermodynamic computations will be discussed in subsequent sections. 


11.3 COUNTING THE NUMBER OF MICROSTATES 
FOR A GIVEN MACROSTATE 

Molecules and atoms are constituted from elementary particles—electrons, pro¬ 
tons, and neutrons. Quantum mechanics makes a distinction between two differ¬ 
ent classes of molecules and atoms, depending on their number of elementary 
particles, as follows: 

1. Molecules and atoms with an even number of elementary particles obey a 
certain statistical distribution called Bose-Einstein statistics. Let us call such 
molecules or atoms bosons. 

2. Molecules and atoms with an oclil number of elementary particles obey a 
different statistical distribution called Fermi-Dirac statistics. Let us call such 
molecules or atoms fermions. 

There is an important distinction between the above two classes, as follows: 

1. For bosons, the number of molecules that can be in any one degenerate state 
(in any one of the boxes in Fig. 11.6) is unlimited (except, of course, that it 
must be less than or equal to Nf. 
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2 . For fermions , only one molecule may be in any given degenerate state at any 
instant. 

This distinction has a major impact on the counting of microstates in a gas. 

First, let us consider Bosc-Einstein statistics. For the time being, consider 
one energy level by itself, say i-.f This energy level has a degenerate states and 
Nj molecules. Consider the i/j states as the i/j containers diagrammed below. 

12 3 4 (ij 

A V Y | X A | ' | X | ••• I '~X X 

Distribute the N ( molecules among the containers, such as three molecules in 
the first container, two molecules in the second, etc., where the molecules are 
denoted by x in the above diagram. The vertical bars are partitions which sepa¬ 
rate one container from another. The distribution of molecules over these con¬ 
tainers represents a distinct microstate. If a molecule is moved from container 1 
to container 2, a different microstate is formed. To count the total number of 
different microstates possible, first note that the number of permutations be¬ 
tween the symbols x and | is 


LNj + Ulj- 1 )]! 

This is the number of distinct ways that the Nj molecules and the r/j — I parti¬ 
tions can be arranged. However, the partitions are indistinguishable; we have 
counted them too many times. The r/j — 1 partitions can be purmuted — 1)1 
different ways. The molecules are also indistinguishable. They can be permuted 
Njl different ways without changing the picture drawn above. Therefore, there 
are fry, — 1)!/V,! different permutations which yield the identical picture drawn 
above, that is, the same microstate. Thus, the number of different ways that AL 
indistinguishable molecules can be distributed over states is 

(V, • ■/, D! 

Ulj D! V.! 

This expression applies to one energy level r' with population N Jt and gives the 
number of different microstates just due to the different arrangements within sj. 
Consider now the whole set of Nfs distributed over the complete set of energy 
levels. (Keep in mind that the given set of Nfs defines a particular macrostate.) 
Letting W denote the total number of microstates for a given macrostate, the 
above expression, multiplied over all the energy levels, yields 


ir = n 

j 


(Nj + g> — _!)! 

(a, iy.n,\ 


( 11 . 3 ) 


Note that W is a function of all the Nj values, W = W(N ,, N 2 , ..., Nj, ...). The 
quantity W is called the thermodynamic probability, and is a measure of the 
“disorder” of the system (as will be discussed later). In summary, Eq. (11.3) is 
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the way to count the number of microstates in a given macrostate as long as the 
molecules are bosons. 

Next, let us consider Fermi-Dirac statistics. Recall that, for fermions, only 
one molecule may be in any given degenerate state at any instant, i.e., there 
can be no more than one molecule per container. This implicitly requires that 
(Ij > N-. Consider the cjj containers. Take one of the molecules and put it in one 
of the containers. There will be g - choices, or ways of doing this. Take the next 
particle, and put it in one of the remaining containers. However, there are now 
only 11 ,- — 1 choices, because one of the containers is already occupied. Finally, 
placing the remaining molecules over the remaining containers, we find that the 
number of ways Nj particles can be distributed over g : containers, with only one 
particle (or less) per container, is 

(IjUli- 1 )Ulj — 2) • • ■ 1(1 j — (Nj~ 1)] EE ^ i,j ' v 

However, the Nj molecules are indistinguishable; they can be permitted Nj\ 
different ways without changing the above picture. Therefore, the number of 
different microstates just due to the different arrangements with r.'j is 

__ 

(gj - Nj)\Nj\ 


Considering all energy levels, the total number of microstates for a given mac¬ 
rostate for fermions is 


ir = n 


Uij 


(Ij- 


(11.4) 


In summary, if we are given a specific population distribution over the 
energy levels of a gas, i.e., a specific set of NJ s that is, a specific macrostate, Eq. 
(11.3) or (11.4) allows us to calculate the number of microstates for that given 
macrostate for bosons or fermions, respectively. It is again emphasized that W is 
a function of the NJ s, and hence is a different number for different macrostates. 
Moreover, as sketched in Fig. 11.7, there will in general be a certain macrostate, 
i.e., a certain distribution for NJs, for which W will be considerably larger than 
for any other macrostate. This, by definition, will be the most probable macro¬ 
state. The precise solution for these NJs associated with the most probable 
macrostatc is the subject of Sec. 11.4. 


11.4 THE MOST PROBABLE MACROSTATE 

The most probable macrostate is defined as that macrostate which contains the 
maximum number of microstates, i.e., which has kK max . Let us solve for the most 
probable macrostate, i.e., let us find the specific set of NJs which allows the 
maximum IK 

First consider the case for bosons. From Eq. (11.3) we can write 
In W= £ [In (Nj + gj - !)! - In (g s - 1)! - In N3] 


(11.5) 
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Recall that we are dealing with the combined translational, rotational, vibra¬ 
tional, and electronic energies of a molecule, and that the closely spaced transla¬ 
tional levels can be grouped into a number of degenerate states with essentially 
the same energy. Therefore, in Eq. (11.5), we can assume that A/, > 1 and gj 5> 1, 
and hence that Nj + y, — 1 % N } + g, and y, — 1 « g y . Moreover, we can em¬ 
ploy Sterling’s formula 

In a! = a In a — a (11.6) 


for I he factorial terms in Eq. (11.5). Consequently, Eq. (11.5) becomes 
In W = £ l(Nj + gj) In (N ; + gj) - (N t + gj - In g t + g } - N } In N } + Nj] 


Combining terms, this becomes 
In W = £ 


N, m(i + &)+,,>(")+>) 


(11.7) 


Recall that In W= f(Njs) =f(N 0 , A/,, N 2 , ■ ■ •, Nj ,...). Also, to find the maxi¬ 
mum value of W, 


d (In W) — 0 

From the chain rule of differentiation 


( 11 . 8 ) 






Combining Eqs. (11.8) and (11.9), 


W) = £ d -^dNj = 0 


From Eq. (11.7) 


B (In W) 
~ Wj~ 



Substituting Eq. (11.11) into (11.10), 


rf (In 1F) = £ 


In ( 1 + 


llN: = 0 


(11.9) 


( 11 . 10 ) 


( 11 . 11 ) 


( 11 . 12 ) 


In Eq. (11.12), the variation of Nj is not totally independent; dNj is subject to 
two physical constraints, namely, 


1. At = ZjN, ■— const, and hence 


0 (11-13) 
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2. E = Yjfi'j Nj = const, and hence 

0 (11.14) 


Letting a and // be two Lagrange multipliers (two- constants to be determined 
later), Eqs. (11.13) and (11.14) can be written as 

-Y.*‘lNj=0 (11.15) 

j 

>.>v/.v, 0 (11.16) 


Adding Eqs. (11.12), (11.15), and (11.16), we have 


E 


In 1 + 


« - P'-j 


dN , = 0 


(11.17) 


From the standard method of Lagrange multipliers, a and f! are defined such 
that each term in brackets in Eq. (11.17) is zero, i.e., 


or 


or 


ln ( 1 + |r;) - “ - = 0 


i + - 9 ± _ e “ e f r 'i 


N j 



(11.18) 


The asterisk has been added to emphasize that Nf corresponds to the maximum 
value of W via Eq. (11.8), that is, Nf corresponds to the most probable distribu¬ 
tion of particles over the energy levels c'.. Equation (11.18) gives the most prob¬ 
able macrostate for bosons. That is, the set of values obtained from Eq. (11.18) 
for all energy levels 


NJ, Nf, Nf,..., Nf, 


is the most probable macrostate. 

An analogous derivation for fermions, starting from Eq. (11.4), yields for 
the most probable distribution 


N? 


9j 

+ 1 


(11.19) 


which differs from the result for bosons [Eq. (11.18)] only by the sign in the 
denominator. The details of that derivation are left to the reader. 
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11.5 THE LIMITING CASE: 
BOLTZMANN DISTRIBUTION 


At very low temperature, say less than 5 K, the molecules of the system are 
jammed together at or near the ground energy levels, and therefore the degener¬ 
ate states of these low-lying levels are highly populated. As a result, the differ¬ 
ences between Bose-Einstein statistics [Eq. (11.18)] and Fermi-Dirac statistics 
[Eq. (11.19)] are important. In contrast, at higher temperatures, the molecules 
are distributed over many energy levels, and therefore the states are generally 
sparsely populated, that is, Nj 4, g r For this case, the denominators of Eqs. 
(11.18) and (11.19) must be very large 


-- 1 js> 1 

and 

-f 1 =?> 1 


Hence, in the high-temperature limit, the unity term in these denominators can 
be neglected, and both Eqs. (13.18) and (13.19) reduce to 



This limiting case is called the Boltzmann limit, and Eq. (11.20) is termed the 
Boltzmann distribution , named after the famous nineteenth-century physicist, 
Ludwig Boltzmann (1844-1906). Since all gas dynamics problems generally deal 
with temperatures far above 5 K, the Boltzmann distribution is appropriate for 
all our future considerations. That is, in our future discussions, we will deal with 
Eq. (11.20) rather than Eqs. (11.18) or (11.19). 

We still have two items of unfinished business with regard to the Boltz¬ 
mann distribution, namely a and p in Eq. (11.20). The link between classical and 
statistical thermodynamics is /(. It can readily be shown (for example, see page 
118 of Ref. 150) that 


1 


kf 


where k is the Boltzmann constant [see Eq. (10.9)] and T is the temperature of 
the system. We will prove this relation in Sec. 11.6. Hence, Eq. (11.20) can be 
written as 


Nf = gje~ a e~‘' ,lkT (11.21) 

To obtain an expression for a, recall that N = Y,jN*- Hence, from Eq. (11.21), 
N = X = e"“ X (ije-‘‘ ltr 

i j 

Here 

N 


' i/ “' 


( 11 . 22 ) 
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Substituting I^q, (11.22) into (11.21), we obtain 

(11.23) 


The Boltzmann distribution, given by Eq. (11.23), is important. It is the most 
probable distribution of the molecules over all the energy levels i:'- of the system. 
Also, recall from Sec. 11.2 that ct is the total energy, including the zero-point 
energy. However, Eq. (11.23) can also be written in terms of r.j, the energy mea¬ 
sured above the zero point, as follows. Since e'- = Cj + r. 0 , then 

v -r.'j IkT e -(r.j + n)lhT g -r.,JkT 0 -r.,/kT 

I dp’ = I g]e^ + l ^ T = = Y i ci j c ‘' u 

J j j } 

Hence, Eq. (11.23) becomes 

(11.24) 


where the energies are measured above the zero point. Finally, the partition 
function Q (or sometimes called the “state sum”) is defined as 

Q = I dje- jlkT 

j 

and the Boltzmann distribution, from Eq. (11.24), can be written as 

(11.25) 

The partition function is a very useful quantity in statistical thermodynamics, as 
we will soon appreciate. Moreover, it is a function of the volume as well as the 
temperature of the system, as will be demonstrated later: 

Q = J(T, V) 

In summary, the Boltzmann distribution given, for example, by Eq. (11.25), 
is extremely important. Equation (11.25) should be interpreted as follows. For 
molecules or atoms of a given species, quantum mechanics says that a set of well- 
defined energy levels r.j exists, over which the molecules or atoms can he distributed 
at any given instant, and that each energy level has a certain number of degenerate 
states, j 7 j. For a system of N molecules or atoms at a given T and V, Eq. (11.25) 
tells its how many such molecules or atoms, NJ, are in each energy level Ej when 
the system is in thermodynamic equilibrium. 
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11.6 EVALUATION OF THERMODYNAMIC PROPERTIES 
IN TERMS OF THE PARTITION FUNCTION 

The preceding formalism will now be cast in a form to yield practical thermo¬ 
dynamic properties for a high-temperature gas. In this section, properties such 
as internal energy will be expressed in terms of the partition function. In turn, in 
Sec. 11.7, the partition function will be developed in terms of T and V. Finally, 
in Sec. 11.8, the results will be combined to give practical expressions for the 
thermodynamic properties. 

First consider the internal energy E, which is one of the most fundamental 
and important thermodynamic variables. From the microscopic viewpoint, for a 
system in equilibrium, 


* = £cjNj* 


(11.26) 


Note that in Eq. (11.26) E is measured above the zero-point energy. Combining 
Eq. (11.26) with the Boltzmann distribution given by Eq. (11.25), we have 


ft ,/» L ii kr N 

E = Y r.jN (,J = Y g,c,e-^ tT 

r e ey 

Recall from the previous section that 

8 = Y t/,c ' •*' = J\K T) 

j 

Hence 


(~9:\ = _L V u. v . e - c il kT 

\dTj„ kT 2 j 


(11.27) 


V -nkr 
) q.r.jc = kT~ „ 

1 V' r/ A 


Substituting Eq. (11.28) into (11.27), 


E= N kT 2 ( llQ 
Q 1ST 


(11.28) 


E = NkT 2 


d In Q 
"dT 


(11.29) 


This is the internal energy for a system of N molecules or atoms. 
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If we have 1 mol of atoms of molecules, then N = N A , Avogadro’s number. 
Also, N t k = jf, the universal gas constant. Consequently, for the internal energy 
per mole, Eq. (1 1.29) becomes 


E = MT 2 1 


'S In g\ 

. ST l 


(11.30) 


In gas dynamics, a unit mass is a more fundamental quantity than a unit 
mole. Let A7 be the mass of the system of N molecules, and m be the mass of an 
individual molecule. Then M = Nm. From Eq. (11.29), the internal energy per 
unit mass, e is 


E _NkT 2 fd In Q\ 
M ~ Nm \ I /, 


(11.31) 


However, k/m = R, the specific gas constant, and therefore Eq. (11.31) becomes 


e = RT 2 i 


'3 In Q 
3T~ 




The specific enthalpy is defined as 

/i = e + pv = e + RT 

Hence, from Eq. (11.32), 


h = RT + RT 2 1 


'3 hi Q 

3T 


V 


(11.32) 


(11.33) 


Note that Eqs. (11.32) and (11.33) are “hybrid" equations, i.e., they con¬ 
tain a mixture of thermodynamic variables such as e, h, and T, and a statistical 
variable Q. 

Similar expressions for other thermodynamic variables can be obtained. 
Indeed, at this point we introduce the major link between classical thermody¬ 
namics and statistical thermodynamics, as follows. In Chap. 10 we introduced 
entropy in the classical sense, defined by Eqs. (10.46) or (10.46u). Now, we 
broaden the concept of entropy by considering S as a measure of the disorder of 
a system. The word "disorder” is used in a somewhat qualitative sense. We 
know that nature, when left to her own desires, always tends toward a state of 
maximum disorder. (Parents know that childrens’ bedrooms, when left to them¬ 
selves, tend to a state of maximum disorder, and it takes work to put the rooms 
back in order. The average child’s room is a “high entropy” system.) What do 
we mean by “disorder" in a thermodynamic system? Consider the following 
examples. First, examine the air around you. At atmospheric pressure, the mean 
distance between molecules is about 10 molecuiar diameters. If you are search¬ 
ing for some specific molecules, say those with a velocity near 300 m/s, you have 
to search a certain volume of the system before finding them. Now, increase the 
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pressure to 10 atm. Because of the higher pressure, the molecules are packed 
more closely together; the average spacing between the molecules in this case is 
reduced to about 5 molecular diameters. Now, when you search for a certain 
number of molecules with a velocity near 300 m/s, you only have to search a 
smaller volume before finding them—an easier task than before. In this sense, 
the higher pressure system with its molecules packed more closely together has a 
higher state of order, or a lower state of disorder. Connecting entropy with 
disorder, this implies that, as p increases, S decreases. This is indeed confirmed 
by Eqs. (10.50) and (10.60). As a second example, imagine that we take the air 
around us, and simply increase the temperature. The molecules will move faster. 
Once again, if we are searching for some specific molecules, they become harder 
to find as they move faster. Hence, the higher temperature system has more 
“disorder” to it. Once again, associating S with disorder, this implies that S 
increases with an increase in temperature. This is confirmed by Eqs. (10.50) and 
(10.60). So we have a case for associating the classically defined entropy with the 
amount of disorder in the system. With this in mind, we ask the question: What 
represents an index of disorder in terms of statistical thermodynamics. The 
answer lies in the concept of microstates ; a system with a certain number of 
microstates has a certain amount of “disorder.” The larger the number of micro¬ 
states, the more is the disorder. Therefore, it makes sense to postulate a func¬ 
tional relationship between S and the maximum number of microstates, as given 
by the thermodynamic probability defined in Sec. 11.3 


S = S(fK„J (1134) 

Moreover, if we have two systems with S,, W,, and S 2 , W 2 , respectively, and 
we add these systems, the entropy is additive, S, + S 2 , but the thermodynamic 
probability of the combined systems is the product of the two individual sys¬ 
tems, W 1 W, (because each microstate of the first system can exist in the com¬ 
bined system with each one of the microstates of the second system). This 
suggests that Eq. (11.34) should be of the form 

S = (const) In W m!lx (11.35) 

Equation (11.35) was first postulated by Ludwig Boltzmann, and the constant is 
named in his honor, namely 


S = k In lV ma , 


(11.36) 


where k is the familiar Boltzmann constant. Equation (11.36) is the bridge be¬ 
tween classical thermodynamics (represented by S) and statistical thermodynamics 
(represented by W). It is so important to the modern world of physics that it is 
inscribed on Boltzmann’s tombstone in Vienna, as indicated by the “quotation” 
given just below the title of this chapter. (Return to page 413 and take note.) 

Let us insert into Eq. (11.36) an expression for the thermodynamic proba¬ 
bility obtained in the Boltzmann limit, defined in Sec. 11.5 as the case where 
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Nj cjj. Using the approximate result that In (1 + x) « x for x <| 1, Eq. (11.7) 
becomes, in the Boltzmann limit. 


In W = £ 


N : In (,J + N : 

N .i 


-ZNjUn 


Uj 
' N, 


(11.37) 


Considering the maximum value of W, namely W mai , Nj is given by N* obtained 
from the Boltzmann distribution derived in Sec. 11.5. In particular, from Eq. 
(11.25), and reverting to the use of // as given in Eq. (11.20), we have 


or 


= Q e ^ 
Nf N 


Substituting Eq. (11.38) into (11.37), we have 


In = £ N* In 

j 


Q 

N 


+ I NJ + £ NjpBj 


or 


In VV 




In “ + N + flE 


or 


In W m = IV (V? + 1^) + PE 

Substituting Eq. (11.39) into (11.36), we have 

S = kN f In ^ + 1 ) + kfJE 


(ii.: 


(11-39) 


(11.40) 


Note that, in our reversion to /l, we are treating p as an unknown. We are 
now at a point where we can prove that p = \/kT, which was just stated in Sec. 
11.5. Consider the classical relation given in Eq. (10.31), combined with Eq. 
(10.46): 

TdS = dE + pdV (11.41) 

From Eq. (11.41), we can form the partial derivative 


1_ 

r 


VIS' 
<7 E 


(11.42) 
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Similarly, from Eq. (11.40), we have 


£).-* 


(11.43) 


Equation (11.42) is from classical thermodynamics; Eq. (11.43) is from statistical 
thermodynamics. Equating the right-hand sides of Eqs. (11.42) and (11.43), we 
find 

/*= ' (11.44) 


which was stated without proof in Sec. 11.5. 

With this result, Eq. (11.40) can be written as 

S = fc/V (In — + 1 ) + — 
\ N J T 

Combining Eqs. (11.45) and (11.29), we have 


(11.45) 


S - m ('"N + ') + mT (-'k Q 


(11.46) 


Equation (11.46) is the statistical thermodynamic result for entropy in terms 
of Q- 

Returning to Eq. (11.41), we form the partial derivatives 

T (fr),-©, + '’ <IU71 

Note that we are dealing with a single chemical species, and that the gas is 
thermally perfect. Thus ( dE/dV) r = 0, and from Eq. (11.47) 


(11.48) 


From F.q. (I 1.45), 

f-f) + U°- E ) : 

\dVjr \ Jr T\dV) r 
Combining Eqs. (I 1.48) and (11.49), we have 


(11.49) 


p = NkTi 


' V sv j T . 

Fquat’nn (11.50) is the statistical thermodynamic result for pressure in terms 
of Q. 

In all of the above equations, Q is the key factor. If Q can be evaluated as 
a function of V and T, the thermodynamic state variables can then be calcu¬ 
lated. This is the subject of Sec. 11.7. 
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11.7 EVALUATION OF THE PARTITION 
FUNCTION IN TERMS OF T AND V 

Since the partition function is defined as 

Q = Y. (ij^ cjlkT 

j 


we need expressions for the energy levels r.j in order to further evaluate Q. The 
quantized levels for translational, rotational, vibrational, and electronic energies 
are given by quantum mechanics. We state these results without proof here; see 
the classic books by Herzberg (Refs. 151 and 152) for details. 

Recall that the total energy of a molecule is 

f ' = '’Irons + 4>t + 4b + 4 
In the above, from quantum mechanics, 

, = h 2 _ (n\ n\ nf\ 
n '"" 8m a\ a\j 


where ij,, n 2 , n } are quantum numbers that can take the integral values 1, 2, 3, 
etc., and a 2 , and are linear dimensions which describe the size of the 
system. The values of <i t , a 2 , and a 3 can be thought of as the lengths of three 
sides of a rectangular box. (Also note in the above that h denotes Planck's 
constant, not enthalpy as before. In order to preserve standard nomenclature in 
both gas dynamics and quantum mechanics, we will live with this duplication. It 
will be clear which quantity is being used in our future expressions.) Also, 


h 2 

Hn 2 I 


J(J + 1) 


where J is the rotational quantum number, J = 0, 1, 2, etc., and / is the moment 
of inertia of the molecule. For vibration, 

4b = + 2 ) 

where 11 is the vibrational quantum number, n = 0, 1, 2, etc., and v is the funda¬ 
mental vibrational frequency of the molecule. For the electronic energy, no sim¬ 
ple expression can be written, and hence it will continue to be expressed simply 
as 

In the above, 1 and v for a given molecule are usually obtained from spec¬ 
troscopic measurements; values for numerous different molecules are tabulated 
in Ref. 152, among other sources. Also note that i:' lranb depends on the size of the 
system through a,, <i 2 , and u 3 , whereas c' ot , c' vib , and i:(., do not. Because of this 
spatial dependence of i 3rans , Q depends on V as well as T. Finally, note that the 
lowest quantum number defines the zero-point energy for each mode, and from 
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the above expressions, the zero-point energy for rotation is precisely zero, 
whereas it is a finite value for the other modes. For example, 

, _ h 2 / 1 _ J_ 1 \ 

I'ro'u ^ 

<a.„ = ill'’ 


In the above r:' trani() is very small, but it is finite. In contrast, e' vibo is a larger finite 
value and f:' clo , although we do not have an expression for it, is larger yet. 

Let us now consider the energy measured above the zero point: 


~ h2 ( n2 i+ n i+ n2 ±\ 

~ 8m a\ a\) 


(Here, we are neglecting the small but finite value of f, ranS(1 .) 


h 2 

l J col ^'rot I’rolo ^ ^ 


£ vib ~~ l'v‘ 

i: el = c cl — 


Therefore, the total energy is 


r -' - t'irans + ); ro. + Nib + Nl + £ 0 

Now, let us consider the total energy measured above the zero point a, where 

a = r! — r, n = a trans + a r01 + a vib + f: el 

Sensible energy, i.e.. All measured above the zero-point 
energy measured above energy. Thus, all are equal to zero 
zero-point energy. at T = 0 K. 

Recall from Lqs. (11.24) and (11.25) that Q is defined in terms of the sensible 
energy, i.e., the energy measured above the zero point: 

Q = Z 0j^ CJ,kT 


where 


£ j - + £ i,„, + Nvib + e Ut 


Hence, 


Q = I S X I 0i0j0n0l £X P 


kT 


( £ i,„„, + % o, + £ » vtb 
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or 


Q = 




I^ ex p( - 


X 


Z ( 1 „ exp 


kT 


Z Oi exp 


kT 


(11.51) 


Note that the sums in each of the parentheses in Eq. (11.51) are partition func¬ 
tions of each mode of energy. Thus, Eq. (11.51) can be written as 

Q = QtransQrc«2vib2el 

The evaluation of Q now becomes a matter of evaluating individually Q, riln5 , 
Q ,op Q, ii,. and Q,,. 

First, consider Q, ra „,: 


<2,ra„ s = Z 9i .exp ( - 


In the above, the summation is over ail energy levels, each with states. There¬ 
fore, the sum can just as well be taken over all energy states, and written as 


= Z cx p( - 


kT 


= Z Z Z ex P 

M| = I M2 — 1 M3 = 1 


h 2 (n\ 


_ 3 3 

%mkT \a\ a\ aj 


Z ex P 


Ir 


Z exp - 


SmkT aj 
h 2 


Z exp ( - 

.M2 = 1 


h 1 n.2 

%mkT fl? 


8 mkT a\ 


(11.52) 


If each of the terms in each summation above were plotted versus n, an almost 
continuous curve would be obtained because of the close spacings between the 
translational energies. As a result, each summation can be replaced by an inte¬ 
gral, resulting in 


Qirans 


y/2nmkT yJlnmkT yflnmkT 


or 


Ctrans 


'InmkTY 2 

- 


( 11 . 53 ) 


where V = flifl 2 a 3 = volume of the system. 



438 HIGH-TF.MI^RATURr: (IAS DYNAMICS 


To evaluate the rotational partition function, we use the quantum mechan¬ 
ical results t/j ~ 2J + I. Therefore, 

Q„ - I Sj «r (- g) - i OJ -M) «r [- m * ')_ 

Again, if the summation is replaced by an integral, 

(11.54) 

To evaluate the vibrational partition function, results from quantum 
mechanics give c/„ = 1 for all energy levels of a diatomic molecule. Hence, 

CO 

6,ib = I y,i e ~ e " lkT = I e~ n, " lkT 

h n = 0 

This is a simple geometric series, with a closed-form expression for the sum: 

(11.55) 

To evaluate the electronic partition function, no closed-form expression 
analogous to the above results is possible. Rather, the definition is used, namely, 

CO 

Qe, = I e,e-‘ ,lkr = f/o + (he- ctlkT + 0 2 e- ,tltr + ••• (11.56) 

1 = 0 

where spectroscopic data for the electronic energy levels, iq, s 2 , etc., are inserted 
directly in the above terms. Usually c, for the higher electronic energy levels is so 
large that terms beyond the first three shown in Eq. (11.56) can be neglected for 
T < 15,000 K. 

Many results have been packed into this section, and the reader without 
previous exposure to quantum mechanics may feel somewhat uncomfortable. 
However, the purpose of this section has been to establish results for the parti¬ 
tion function in terms of T and V; Eqs. (11.53) through (11.56) are those results. 
The discussion surrounding these equations removes, we hope, some of the mys¬ 
tery about their origin. 

11.8 PRACTICAL EVALUATION 
OE TH Eli MO DYNAMIC PROPERTIES 
EOR A SINGLE CHEMICAL SPECIES 

We now arrive at the focus of all the preceding discussion in this chapter, 
namely, the evaluation of the high-temperature thermodynamic properties of a 
single-species gas. We will emphasize the specific internal energy e; other proper¬ 
ties are obtained in an analogous manner. 
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First, consider the translational energy. From Eq. (11.38), 


In £>,„„„ = 2 >n T + | In -p- + In V 


Therefore, 


/ ln 2m,„s\ = 3 1 

\ ' ST Jy 2 T 

Substituting Eq. (11.57) into (11.32), we have 

e = RT 2 - — 

c Ujhs 1 2 J 

e «™ = I -RT 

Considering the rotational energy, we have from Eq. (11.54) 


In 2 rot 


, TJ _, 8 n 2 lk 
ln T + ln ~-- 2 - 


(11.57) 


(11.57a) 


Thus 


2 In Q ro , = 1 
ST T 

Substituting Eq. (11.58) into (11.32), we obtain 


e, M = RT 


Thus 


ln2vib= —In (1 -e-* , '* r ) 


? In Q vlb = hv/k T 1 
ST e kvlkT - 1 


(11.58) 


(11.59) 


(11.60) 


Substituting Eq. (1.60) into (11.32), we obtain 


hv/kT 

‘S'ib — ht)kr _ 


RT 


(11.61) 


Let us examine the above results in light of a classical theorem from kinet¬ 
ic theory, the '‘theorem of equipartition of energy”. Established before the turn 
of the century, this theorem states that each thermal degree of freedom of the 
molecule contributes [kT to the energy of each molecule, or \RT to the energy 
per unit mass of gas. For example, in Sec. 11.2, we demonstrated that the trans¬ 
lational motion of a molecule or atom contributes three thermal degrees of free¬ 
dom; hence, due to equipartition of energy, the translational energy per unit 
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mass should be 3 (\RT) = iRT. This is precisely the result obtained in Eq. 
(11.57o) from the modern principles of statistical thermodynamics. Similarly, for 
a diatomic molecule, the rotational motion contributes two thermal degrees of 
freedom; therefore, classically <? rot = 2(\RT) — RT, which is in precise agreement 
with Eq. (11.59). 

At this stage, you might be wondering why we have gone to all the trouble 
of the preceding sections if the principle of equipartition of energy will give us 
the results so simply. Indeed, extending this idea to the vibrational motion of a 
diatomic molecule, we recognize that the two vibrational thermal degrees of 
freedom should result in (' vih = 2(\RT) = RT. However, this is not confirmed by 
Eq. (11.61). Indeed the factor (/rv//cT)(e' ,v/ltr — 1) is less than unity except when 
T -> co, when it approaches unity; thus, in general, e vlh < RT, in conflict with 
classical theory. This conflict was recognized by scientists at the turn of the 
century, but it required the development of quantum mechanics in the 1920s to 
resolve the problem. Classical results are based on our macroscopic observations 
of the physical world, and they do not necessarily describe phenomena in the 
microscopic world of molecules. This is a major distinction between classical 
and quantum mechanics. As a result, the equipartition of energy principle is 
misleading. Instead, Eq. (11,61), obtained from quantum considerations, is the 
proper expression for vibrational energy. 

In summary we have, for atoms, 


= i RT + 


Internal energy per unil Translational 

mass measured above zero- energy 
point energy (sensible 
energy) 


Electronic energy 
obtained directly 
from spectroscopic 
measurement. 


and for molecules 


(11.62) 


= s’ RT 


RT 


hv/kT 

„h\i/kT _ I 


RT + 


Translational 

energy 


Rotational 

energy 


Vibrational 

energy 


Electronic 

energy 


1.63) 


In addition, recalling the specific heat at constant volume, c v = (5ejdT) v , Eq. 
(11.62) yields for atoms 


2 R + 


dT 


(11.64) 


and Eq. (11.63) yields for molecules 


iR + R + >- 


(hv/kT) 2 e 


2 JivIkT 


__ ,)2 


—R + 


de., 

dT 


(11.65) 
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In light of the above results, we are led to the following important conclu¬ 
sions: 

1. From Eq. (11.62) through (11.65), we note that both e and c v are functions of 
Tonly. This is the case for a thermally perfect, nonreacting gas, as defined in 
Sec. 10.4, that is, 

t = MT) and c v = f(T). 

This result, obtained from statistical thermodynamics, is a consequence of our 
assumption that the molecules are independent (no intermolecular forces) 
during the counting of microstates, and that each microstate occurs with 
equal probability. If we included intermolecular forces, such would not be the 
case. 

2 . For a gas with only translational and rotational energy, we have 

c,, = | R (for atoms) 

c,, = |R (for diatomic molecules) 

That is, c ,, is constant. This is the case of calorically perfect gas, as also de¬ 
fined in Sec. 10.4. For air at or around room temperature, c„ = § R, c = c„ + 
R = lR, and hence y = c p /c v = y = 1.4 = const. So we see that air under nor¬ 
mal conditions has translational and rotational energy, but no significant vi¬ 
brational energy, and that the results of statistical thermodynamics predict 
y = 1.4 = const —which we have assumed in all the preceding chapters. How¬ 
ever, when the air temperature reaches 600 K or higher, vibrational energy is 
no longer negligible. Under these conditions, we say that “vibration is ex¬ 
cited”; consequently c„ = f(T) from Eq. (11.65) and y is no longer constant. 
For air at such temperatures, the “constant y" results from the previous 
chapters are no longer strictly valid. Instead, we have to redevelop our gas 
dynamics using results for a thermally perfect gas such as Eq. (11.65). This 
will be the subject of subsequent chapters. 

3. In the theoretical limit of T -> oo, Eq. (11.65) predicts c„ -> \R, and again we 
would expect c,, to be a constant. However, long before this would occur, the 
gas would dissociate and ionize due to the high temperature, and c„ would 
vary due to chemical reactions. This case will be addressed in subsequent 
sections. 

4 . Note that Eqs. (11.62) and (11.63) give the internal energy measured above 
the zero-point. Indeed, statistical thermodynamics can only calculate the sen¬ 
sible energy or enthalpy; an absolute calculation of the total energy is not 
possible because we cannot in general calculate values for the zero-point en¬ 
ergy. The zero-point energy remains a useful theoretical concept especially for 
chemically reacting gases, but not one for which we can obtain an absolute 
numerical value. This will also be elaborated upon in subsequent sections. 

5. The theoretical variation of c„ for air as a function of temperature is sketched 
in Fig. 11.8. This sketch is qualitative only, and is intended to show that, at 
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I IGURE I t.H 

Schematic of the temperature variation of the specific heat for a diatomic gas. 


very low temperatures (below 1 K), only translation is fully excited, and hence 
c,, = III. (We are assuming here that the gas does not liquefy at low tempera¬ 
tures.) Between I and 3 K, rotation comes into play, and above 3 K rotation 
and translation are fully excited, where c„ = ^R. Then, above 600 K, vibration 
comes into play, and <■,, is a variable until approximately 200 K. Above that 
temperature, chemical reactions begin to occur, and c v experiences large vari¬ 
ations, as will be discussed later. The shaded region in Fig. 11.8 illustrates the 
regime where all our previous gas dynamic results assuming a calorically per¬ 
fect gas are valid. The purpose of Part III of this book is to explore the high- 
lempcrature regime where y is no longer constant, and where vibrational and 
chemical reactions effects become important. 


Consider again the perfect gas equation of state, discussed in Sec. 10.2. In 
Chap. 10, we emphasized that, within the framework of classical thermodynam¬ 
ics, the equation of state had to be postulated—it could not be obtained from 
first principles. However, within the framework of statistical thermodynamics, 
the equation of state can be obtained from lirst principles, as follows. Consider 
Fq. (11.50) repeated below: 

l ’- MT (% a ) r <"*» 
Examining the partition functions in Sec. 11.7, the only one that depends on Kis 
2ira„s- Hence, from Eq. (11.53) 


(0 In Q 

\ Yv 


S In Q, r .„A = 1 
Jr V 


T 





ELEMENTS OF STATISTICAL THERMODYNAMICS 443 


Substituting this result into Eq. (11.35), we have 


p = NkT\ 


1 

V 


or 

pV = NkT 

However, this is precisely the perfect gas equation of state given by Eq, (10,9). 
Hence, the formalism of statistical thermodynamics leads directly to a derivation 
of the perfect gas equation of state. 

Question: Since the perfect gas equation of state holds for a gas where 
intermolecular forces are negligible, where have we made such an assumption 
within our development of statistical thermodynamics? The answer is in the im¬ 
plicit assumption that the particles in our statistical thermodynamic system are 
independent and indistinguishable. If there were intermolecular forces acting on 
the particles, they could not be treated as independent and, for example the 
quantum mechanical expressions for energy in Sec. 11.7 would not be valid. 
Indeed, our assumption of specific energy states for each particle, unperturbed 
by outside influences, is analogous to ignoring intermolecular forces. 

11.9 THE CALCULATION 
OF THE EQUILIBRIUM CONSTANT 

The concept of the equilibrium constant was introduced in Sec. 10.9 from a 
classical thermodynamic point of view. However, classical thermodynamics does 
not provide a theoretical calculation of values for K p from first principles; statis¬ 
tical thermodynamics, on the other hand, does. The purpose of this section is to 
develop such a calculation. 

Note that the theory and results obtained in the previous sections apply to 
a single chemical species. However, most high-temperature gases of interest are 
mixtures of several species. Let us now consider the statistical thermodynamics 
of a mixture of gases; the results obtained in this section represent an important 
ingredient for our subsequent discussions on equilibrium chemically reacting 
gases. 

First, consider a gas mixture composed of three arbitrary chemical species 
A, Ik and AB. The chemical equation governing a reaction between these 
species is 

AB ' A + B 

Assume that the mixture is confined in a given volume at a given constant 
pressure and temperature. (We have already seen from Chap. 10 that p and Tare 
important variables in dealing with chemically reacting mixtures.) We assume 
that the system has existed long enough for the composition to become fixed, 
i.e., the above reaction is taking place an equal number of times to both the 
right and left (the forward and reverse reactions are balanced). This is the case 
of chemical equilibrium. Therefore, let N AB , N A , and N B be the number of AB, A, 
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FIGURE 11.9 

Schematic of energy levels for three dilTerent chemical species. 
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and B particles, respectively, in the mixture at chemical equilibrium. Moreover, 
the A, B , and AB particles each have their own set of energy levels, populations, 
and degeneracies: 
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A schematic of the energy levels is given in Fig. 11.9. Recall that, in most cases, 
wc do not know the absolute values of the zero-point energies, but in general, 
we know that r'o ^ r.' 0 B ^ ft o' 1 ®. Therefore, the three energy level ladders shown in 
Fig. 11.9 are at different heights. However, it is possible to find the change in 
zero-point energy for the reaction 

AB — d_+_B 

Reactant Products 



Change in zero- 


zero-point energy 


"zero-point energy 


point energy 


of products 


of reactants 


Aft 0 

= 

(c'o 4 + O 

- 

yAB 

L o 

Thi: 

s relationship is illustrated in Fig. 11.10. 
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(«o + E'o") 


FIGURE 11.10 

Illustration o! the meaning of change in zero-point 

energy. 


The equilibrium mixture of A, B, and AB particles has two constraints: 
1. The total energy E is constant: 

j j 

fi B = E *7^ = 1 *?(«? + «*) 

j J 

E AB = Y = X NfU'.f + ^ B ) 

/ j 


E = E a + E" + E ab = const 


( 11 . 66 ) 


2. Total number of A particles, N A , both free and combined (such as in AB), 
must be constant. This is essentially the same as saying that the total number 
of A nuclei stays the same, whether it is in the form of pure A or combined in 
AB. We are not considering nuclear reactions here—only chemical reactions 
which rearrange the electron structure. Similarly, the total number of B parti¬ 
cles, N B , both free and combined must also be constant: 


Y Nf + Y ^j B = N a — const 

j j 

(11.67) 

Y Nf + Y Nf B = N B = const 

j j 

To obtain the properties of the system in chemical equilibrium, we must 
find the most probable macrostate of the system, much the same way as we 
proceeded in Secs. 11.3 and 11.4 for a single species. The theme is the same; 
only the details are different. Consult Refs. 150 and 153 for those details. 
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From this statistical thermodynamic treatment of the mixture, we find 


N A = N A 


A'.-tjAirr 




,.B,, — e jBIkT 

Nj = N * 


Q B 


(ll,68a) 


(11.68ft) 


and 


( ,<<V 

AH -h L 


CjAB/kT 
-) Alt 


/V'/V" 

n a1, 


Q A Q* 


(11.68c) 


(11,69) 


Recall that N A , N B , and N A1 ‘ are the actual number of A, B, and AB particles 
present in the mixture; do not confuse these with N A and N„, which were de¬ 
fined as the number of A and B nuclei, 

Equations (1 !.68a) through (11.68c) demonstrate that a Boltzmann distri¬ 
bution exists independently for each one of the three chemical species. More 
important, however, Eq. (11.69) gives some information on the relative amounts 
of A, B, and AB in the mixture. Equation (11.69) is called the law of mass 
action, and it relates the amounts of different species to the change in zero-point 
energy At:,, and to the ratio of partition functions for each species. 

For gas dynamic calculations, there is a more useful form of Eq. (11.69) as 
follows. From Sec. 10.2, we can write the perfect gas equation of state for the 
mixture as 

P V=NkT (11.70) 


For each species /, the partial pressure p, can be written as 

p,V = N t kT 


(11.71) 


The partial pressure is discussed at length in Sec. 10.2; it is the pressure that 
would exist if N i particles of species i were the only matter filling the volume V. 
Letting N, equal N A , N’\ and N AI! , respectively, and defining the corresponding 
partial pressures, p A , p B , and p AII , Eq. (11.71) yields 


N A N_ B = p A p B V 
N AB ~ Pab kT 


(11.72) 


Combining Eqs. (11.72) and (11.69), we have 


PaPb = I<T kr Q*Q B 
Pab V Q AB 


(11.73) 
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Recall from Eqs. (11.52) and (11.53) that Q is proportional to the volume V. 
Therefore, in Eq. (11.73) the E’s cancel, and we obtain 


- ^ = f(T) 

Pad 

This function of temperature is the equilibrium constant for the reaction AB 
A+B, K p (T ), as defined in Eqs. (10.90) and (10.91). 


PaPd 

Pad 


K P (T) 


(11.74) 


In Eq. (10.90), K p is given in terms of A G p = l , which from classical thermody¬ 
namics must be treated as a measured quantity. In contrast, in Eq. (11.73), K p is 
given in terms of the partition functions and the change in zero-point energy, 
Ai: 0 . Theoretical expressions for the partition functions are given in Sec. 11.7. 
The treatment of A t: 0 will be discussed in Sec. 11.12. 

Generalizing the above results, consider the chemical equation 


0 = X v,A, 


(11.75) 


as first discussed in Sec. 10.9. Recall that v, is the stoichiometric mole number 
for species / and A, is the chemical symbol for species i. In Eq. (11.75) v f is 
positive for products and negative for reactants. Then the equilibrium constant 
is obtained from Eqs. (11.73) and (11.74) as 


= n pv 


kT' 

V 




(11.76) 


Equation (11.76) is another form of the law of mass action, and it is extremely 
useful in the calculation of the composition of an equilibrium chemically react¬ 
ing mixture. Some typical reactions, with their associated equilibrium constants, 
are 

N, 2N: 

P n 2 

H 2 0 2 2 H + 20: K„ Hl0l = -~~ (Po) - 


In summary, we have made three important accomplishments in this sec¬ 
tion: 


1. We have obtained the equilibrium constant. Eqs. (11.74) or (11.76), from the 
formal approach of statistical thermodynamics. 

2. We have shown it to be a function of temperature only, Eq. (11.74). 
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3. We have demonstrated a formula from which it may be calculated based on a 
knowledge of the partition functions, Eq. (11.76). Indeed, tables of equilibri¬ 
um constants for many basic chemical reactions have been calculated, and are 
given in Refs. 148 and 149. 

In perspective, the first part of this chapter has developed the high-temper- 
ature properties of a single species. Now, in order to focus on the properties of a 
chemically reacting mixture (such as high-temperature air), we must know what 
chemical species are present in the mixture, and in what quantity. After these 
questions are answered, we can sum over all the species and find the thermo¬ 
dynamics properties of the mixture. These matters are the subject of the next few 
sections. 


11.10 CHEMICAL EQUILIBRIUM- 
SOME FURTHER COMMENTS 

Consider air at normal room temperature and pressure. The chemical composi¬ 
tion under these conditions is approximately 79% N 2 , 20% 0 2 , and 1% trace 
species such as Ar, He, CO,, H 2 0, etc., by volume. Ignoring these trace species, 
we can consider that normal air consists of two species, N 2 and 0 2 . However, if 
we heat this air to a high temperature, where 2500 K < T < 9000 K, chemical 
reactions will occur among the nitrogen and oxygen. Some of the important 
reactions in this temperature range are 


Or 

^-1 20 

(11.77n) 

n 2 

2N 

(11.776) 

N + O 

^-1 NO 

(11.77c) 

N + O 

NO + + e~ 

(11.77d) 

at high temperatures, we 

have present in the 

air mixture not only 0 2 


and N 2 , but O, N, NO, NO + , and e~ as well. Moreover, if the air is brought to 
a given- T and p, and' then left for a period of time until the above reactions are 
occurring an equal amount in both the forward and reverse directions, we ap¬ 
proach the condition of chemical equilibrium. For air in chemical equilibrium at 
a given p and T, the species 0 2 , O, N 2 , N, NO, NO + , and e~ are present in 
specific, fixed amounts, which are unique functions of p and T. Indeed, for any 
equilibrium chemically reacting gas, the chemical composition (the types and 
amounts of each species) is determined uniquely by p and T, as we discussed in 
Sec. 10.9. 

From a statistical thermodynamic point of view, a system is in chemical 
equilibrium when it is characterized by the maximum number of microstates, i.e., 
when the thermodynamic probability is maximum, VF ma( . This helps to broaden 
our concept of chemical equilibrium; namely, in an equilibrium chemically react- 
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ing mixture, the particles of each chemical species are distributed over their re¬ 
spective energy levels according to a local Boltzmann distribution for each 
species [Eqs. (I1.68u) (11.68c)]. 


11.11 CALCULATION OF THE 
EQUILIBRIUM COMPOSITION FOR 
HIGH-TEMPERATURE AIR 

In Sec. 10.9, we established a procedure for the calculation of the chemical com¬ 
position for an equilibrium chemically reacting gas; the material in that section 
was illustrated by considering a system of hydrogen and oxygen. In Sec. 11.9, 
the concept of chemical equilibrium and the equilibrium constant were devel¬ 
oped from a statistical thermodynamic point of view; these concepts lead to 
results and methods which are identical to those from the classical viewpoint 
discussed in Sec. 10.9. 

In the present section, we will review the calculational procedure for ob¬ 
taining the equilibrium composition of a chemically reacting gas as discussed in 
Sec. 10.9. Moreover, due to the importance of high-temperature air in many 
practical applications, we will utilize a N 2 -0 2 system in our example here. 

Consider a system of high-temperature air at a given T and p , and assume 
that the following species are present; N 2 , 0 2 , N, O, NO, NO + , e~. We want to 
solve for p 0 , /> v ,, p N , p NO , p NO ,, and p e - at the given mixture temperature 
and pressure. We have seven unknowns, hence we need seven independent equa¬ 
tions. The first equation is Dalton’s law of partial pressures, which states that 
the total pressure of the mixture is the sum of the partial pressures (recall that 
Dalton’s law holds only for perfect gases, i.e., gases wherein intermolecular 
forces are negligible): 


I- P — Po, + Pa + Pn 2 + P N + /No + Pno+ + Pe- (1 1-78) 

In addition, using Eq. (11.76) we can define the equilibrium constants for the 
chemical reactions (11.77u) through {W.lld) as 


11. 

iPo) = *Wn 

P Or 

(11.79) 

III. 

iP " y = M N ,(T) 

/’n. 

(11.80) 

IV. 

Pn ° = K,.no(T) 

PnPo 

(11.81) 

V. 

PbiO Pe — /- 'T , \ 

— &p. NO + ( * ) 

PsPo 

(11.82) 


In Eqs. (1 1.79) through (1 1.82), the equilibrium constants K p are known values, 
calculated from statistical mechanics as previously described, or obtained from 
thermodynamic measurements. They can be found in established tables, such as 
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the JANAF tables (Ref. 149). However, Eqs. (11.78) through (11.82) constitute 
only live equations—we still need two more. The other equations come from the 
indestructibility of matter, its follows. 


Fact. The number of O nuclei, both in the free and combined state, must remain 
constant. Let N () denote the number of oxygen nuclei per unit mass of mixture. 

Fact. The number of N nuclei, both in the free and combined stale, must remain 
constant. Let N n denote the number of nitrogen nuclei per unit mass of mixture. 


Then, from the definition of Avogadro’s number N A , and the mole-mass 
ratios jj- 

N A (2t7o, + ijo + i]no + *7no* ) = ^o 0 1-83) 

^a(2'?n, + '/n + '/no + 'JnoO = (I 1-84) 

However, from Eq. (10.20), 


ii 


>h 


Pi ; # T 


(11.85) 


Dividing Eqs. (11.83) and (11.84), and substituting Eq. (11.85) into the result, we 
have 


yi 2 p 0z + p 0 + p N „ + p N0 * _ N 0 (11 86) 

2/' Ni + Pn + Pno + /W N n 

Equation (11.86) is called the mass-balance equation. Here, the ratio /V 0 /N n is 
known from the original mixture at low temperature. For example, assuming at 
normal conditions that air consists of 80% N, and 20% 0 2 , 


N 

N 


o 

N 


0.2 

0.8 


= 0.25 


Finally, to obtain our last remaining equation, we state the fact that electric 
charge must be conserved, and hence 


'Ino* = '/<■- 

substituting Eq. (11.85) into (11.87), we have 


(11.87) 


v 11. /w =/>,-■ 


( 11 . 88 ) 


n summary , Eqs. (11.78) through (11.82), (11.86), and (11.88) are seven nonlinear, 
hnnltuncoiis , algebraic equations that can be solved for the seven unknown partial 
ressures. Furthermore, Eq. (11.78) requires pressure p as input, and Eqs. (11.79) 
hrough (11.82) require the temperature Tin order to evaluate the equilibrium 
onstants. Hence, these equations- clearly demonstrate that, for a given chemi- 
ally reacting mixture, the equilibrium composition is a function of T and p, as 
ais discussed at length in Chap. 10. 
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The above procedure, carried out for high-temperature air, is an example 
of a general procedure which applies to any chemically reacting mixture in 
chemical equilibrium. In general, if the mixture has £ species and 0 elements, 
then we need £ —0 independent chemical equations [such as Eqs. (11.77a) 
through (11.77</)] with the appropriate equilibrium constants. The remaining 
equations are obtained from the mass-balance equations and Dalton’s law of 
partial pressures. In the above example for air, £ = 7 and 0 = 3 (the elements 
are O, N, and e"). Therefore, we needed £ — 0 = 4 independent chemical equa¬ 
tions with four different equilibrium constants. These four equations were Eqs. 
(11.77a) through (11.770). 

The calculation of a chemical equilibrium composition is conceptually 
straightforward, as indicated in this section. However, the solution of a system 
of many nonlinear, simultaneous algebraic equations is not a trivial undertaking 
by hand, and today such calculations are almost always performed on a high¬ 
speed digital computer using custom-designed algorithms. 

Also, let us emphasize a point made in Sec. 10.9, namely that the specific 
chemical species to be solved are chosen at the beginning of the problem. This 
choice is important; if a major species is not considered (for example, if N had 
been left out of our above calculations), the final results for chemical equilibrium 
will not be accurate. The proper choice of the type of species in the mixture is a 
matter of experience and common sense. If there is any doubt, it is always safe 
to assume all possible combinations of the atoms and molecules as potential 
species, then, if many of the choices turn out to be trace species, the results of 
the calculation will state so. At least in this manner, the possibility of overlook¬ 
ing a major species is minimized. 

An example of results obtained from the above analysis is given in Fig. 
11.11. Here, the equilibrium composition of high-temperature air (in terms of 
mole fraction) is given as a function of Tat p = 1 atm. Note the following trends 
from Fig. 11.11—trends that we have mentioned in Chaps. 9 and 10. 

1. The O, begins to dissociate above 2000 K, and is virtually completely disso¬ 
ciated above 4000 K.. 

2. The N, begins to dissociate above 4000 K, and is virtually completely disso¬ 
ciated above 9000 K. 

3. The NO is .present between 2000 and 6000 K, with a peak mole fraction 
occurring about 3500 K. 

A point should be made about the variation of X 0 as shown in Fig. 11.11. The 
curve for ,Y 0 has a local maximum around 5000 K and then decreases at higher 
temperatures in the range from 5000 to 9000 K. This does not mean, however, 
that the total amount of O atoms is decreasing in this range. Rather, it is a 
consequence of the definition of mole fraction; since X 0 = where is 

the number moles of O and .Y is the total number of moles, then X 0 decreases 
between 5000 and 9000 K simply because the total number of moles of the mix¬ 
ture .4 ' is increasing (due to the dissociation of N 2 , for example). 



Mole fraction 
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FIGURK 11.11 

Composition of equilibrium air versus temperature at 1 atm. 

It is important to keep in mind the effect of pressure on these results. If the 
pressure were increased to, say, 10 atm then all the curves in Fig. 11.11 would 
qualitatively shift, to the right, i.e., the various dissociation processes would be 
delayed to higher temperatures. On the other hand, if p were decreased to, say, 
0.1 atm then all the curves in Fig. 11.11 would qualitatively shift to the left, i.e., 
dissociation would occur at lower temperature. Hence, raising the pressure de¬ 
creases the amount of dissociation, and lowering the pressure increases the 
amount of dissociation. In a very qualitative sense, it is convenient to keep in 
mind that, in an equilibrium chemically reacting mixture, an increase in pressure 
“squee?.es out” some of the amount of dissociation. 

Extensive calculations of the equilibrium properties of high-temperature 
air, including the equilibrium composition, can be found in Ref. 154. Indeed, the 
data plotted in Fig. 11.11 were obtained from the detailed tabulations found in 
Ref. 154. 
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11.12 THERMODYNAMIC PROPERTIES 
OF AN EQUILIBRIUM CHEMICALLY 
REACTING GAS 

In perspective, to this point in our discussion of the properties of high-tempera¬ 
ture gases we have accomplished two major goals: 

1. From Secs. 11.2 through 11.8, we have obtained formulas for calculating the 
thermodynamic properties of a given single species. 

2. From Secs. 11.9 through 11.11 and Sec. 10.9, we have seen how to calculate 
the amount of each species in an equilibrium chemically reacting mixture. 

In this section, we now combine the above knowledge to obtain the thermo¬ 
dynamic properties of an equilibrium chemically reacting mixture. Because of its 
importance to gas dynamics, we will concentrate on the enthalpy of the mixture. 

For a chemically reacting mixture, we have seen that the enthalpy of the 
mixture per unit mass of mixture is given by 

h = Zc i h i = Zl i H l (11.89) 

i i 

where t\ is the mass fraction of species i, h { is the enthalpy of species i per unit 
mass of i, i/, is the mole-mass ratio, and H t is the enthalpy of species i per mole 
of;. We can also write for the enthalpy of the mixture per mole of mixture 

H = '£ i X,H 1 (11.90) 


where A, is the mole fraction of species i. 

Let us now examine the meaning of H,- more closely: 

Hi , = , (H-E q), + fi 0 , 

Absoluie enthalpy Sensible enthalpy Zero-point energy 
of species i per of species i per of species i per 
mole of i mole of i mole of i 


(11.91) 


The sensible enthalpy is obtained from statistical mechanics, as we have alfeady' 
seen from Sec. 11.8. 

(H - E 0 ) t = (E - Eo), + 0T 


3 hv/kT 

(H — E 0 )j = - PAT + SAT + -- SAT + SAT + electronic energy 


Translation Rotation Vibration 


(11.92) 


Note that (II — E 0 ), is a function of T only. Also, E 0 . is the zero-point energy of 
species /, that is, the energy of the species at T = OK; it is a constant for a given 
chemical species. The relationship is schematically shown in Fig. 11.12. As dis¬ 
cussed in Secs. 11.2 and 11.7, the absolute value of E 0l usually cannot be calcu¬ 
lated or measured; nevertheless it is an important theoretical quantity. For 
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FIGURE 11.12 

Schematic showing the contrast between sensible enthalpy and zeropoint energy. 


example, in a complex chemically reacting mixture, we should establish some 
reference level from which all the energies of the given species can be measured. 
Many times there is some difficulty and confusion in establishing what this level 
should be. However, by carrying through our concept of the absolute zero-point 
energy £ 0 ., the choice of a proper reference level will soon become apparent. 

Since the absolute value of E 0 . generally cannot be obtained, how can we 
calculate a number for h from F.q. (11.89) or H from Eq. (11.90)? The answer 
lies in the fact that we never need an absolute number for h. In all thermody¬ 
namic and gas dynamic problems, we deal with changes in enthalpy and inter¬ 
nal energy. For example, in Chap. 2 dealing with shock waves, we were always 
interested in the change h 2 — h x across the shock. In the general conservation 
equations from Parts I and II, we dealt with the derivatives dh/dx , dh/Oy, dhjdz, 
dh/fit , which are changes in enthalpy. Letting points 1 and 2 denote two different 
locations in a flowfield we have, from Eq. (11.89), 

lh = X ('/,",). = X MH - £' 0 )j] i + X ( f /, £ o i )i 
« 


or 


/'! = 'kens, +e 0 , (1L93) 

where /i MMi and e 0i are the sensible enthalpy and zero-point energy, respectively, 
per unit mass of mixture at point 1. Similarly, at point 2, 

= X 2 = X L f h(H — £o)J 2 + X Oli^O.X 

I 


or 


^2 — I , sens 2 + e 0 2 


( 11 . 94 ) 
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Subtracting Eq. (11.93) from (11.94, we have 

/'2 - /-i = (/-sens,. - + (e n? - e 0t ) 

Change in Change in sensible Change in zero- 
enthalpy enthalpy point energy 


or 


Ah = A/i scns + Ae 0 


(11.95) 


It is important to note that in Eq. (11.95) we have circumvented the need to 
know the absolute value of the zero-point energy; rather, what we need now is a 
value for the change in zero-point energy, Ae 0 . The value of Ac 0 can be obtained 
from measurements, as discussed below. 

The change in zero-point energy is related to the concept of the heat of 
formation for a given species. When a chemical reaction represents the formation 
of a single chemical species from its “elements” at standard conditions, the heat 
of reaction (as discussed in Sec. 10.10) is called the standard heat of formation. 
The standard conditions arc those of the stable “elements” at the standard tem¬ 
perature, 7( = 298.16 K.. (The quotation marks around the work “elements” 
above reflects that some “elements” at the standard conditions are really dia¬ 
tomic molecules, not atoms. For example, nitrogen and oxygen are always found 
at standard conditions in the form N 2 and 0 2 , not N and O.) To illustrate, 
consider the formation of H.O from its “elements” at standard conditions: 


H, + 2 0 2 -► H 2 0 

At v; At v; 

Then, by definition 

(A//,)£„ = 

Standard heat Enthalpy of the product minus 
of formation the enthalpy of the reactants. 
ofl-UO all at 7; 

In an analogous fashion, let us define the heat of formation at absolute zero. 
Here, both the product and reactants are assumed to be at absolute zero. For 
example. 


H, +\0 2 -► H 2 0 

At 7 = OK At r-OK 


Letting (A//pj' ll0 denote the heat of formation of H 2 0 at absolute zero, we have 

(A//;)h i0 s Hh z0 - H° H2 - ' W^ 2 (11.96) 

However, the enthalpy of any species at absolute zero is, by definition, its zero- 
point energy. Hence, Eq. (11.96) becomes 


(AH/)a ; o — (Eo)ino 


(Eo )„ 2 2 (^0)02 


(11.97) 
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Note that the above expressions are couched in terms of energy per mole. How¬ 
ever, the heat of formation of species / per unit mass (Ah f ) h is easily obtained as 


(AM, = 


(A Mi 


Also, the heats of formation for many species have been measured, and are tabu¬ 
lated in such references as the JANAF tables, and NASA SP-3001 (see Refs. 149 
and 148, respectively). 

We now state the following theorem: 


Theorem. In a chemical reaction, the change in zero-point energy (zero-point 
energy of the products minus the zero-point energy of the reactants) is equal to the 
difference between the heats of formation of the products at T = 0 K and the heats 
of formation of the reactants tit T — 0 K. 


Proof of the above theorem is obtained by induction from examples. For exam¬ 
ple, consider the water-gas reaction: 

CO, + H 2 —a h 2 o + CO 

By definition of the change in zero-point energy, 

AF 0 = (E 0 ) ltlO + (E 0 ) co - (£ 0 ) c02 - (E 0 ) iU (11.98) 

By definition of the heat of formation at absolute zero, we have 


h, + to,— 

—> H,0: 

(All y)n 2 o ~ (^o)itio ““ (^* 0)112 

~ 2 ( ^'())o 2 

(11.99) 

c + to,— 

— ► CO: 

(AHf)c o ~ (^o)co (^o)c ~ 

o 

O 

Sr 

(11.100) 

C -l- o 2 — 

—.CO,: 

(A///) c02 = (/io)co 2 ~' f^o)c 

— (E-o)o 2 

(11.101) 

1-1,— 

—> H,: 

(Mi r y; h0 = o 


(11.102) 


Adding Eqs. (11.99) and (1 1.100), and subtracting (11.101) and (11.102), we have 

(A // / )||, 0 + (A llfX’o — (AlIf)co, ~~ (A//,)i, ; = 

+ (to)co — Ao)co 2 — Ao)h 2 — Ah u 

Thus, for the water-gas reaction, we have just shown that 

A F ( ) = (A + (A///)(-,, — (A//y)co, — (A/fj)n, (11.103) 

This is precisely the statement of the above theorem! 

Compare Eqs. (11.98) and (11.103). It appears that the terms (£ 0 )h 2 o> 
(E„) vo , (k’o)co 2 > anc * (E<>)h 2 can be replaced in a one-to-one correspondence by 
(AWjOujo, (AW y -)co> (AW/)co 2 and (A H f )1 h . Therefore, let us reorient our think¬ 
ing about the enthalpy of a gas mixture. We have been writing 

h = £ t/,A = £ >1,(11 - E 0 ) t + £ //Ac, 


Sensible enthalpy Zero-point energy 
of the mixture of the mixture 


(11.104) 
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Let us replace the above with 


h= 'ZUH-EA + 

Z 7, (A H f y; 

Sensible enthalpy, 

“Effective” zero- 

obtained for example 

point energy, 

from statistical 

obtained from 

mechanics 

tables 


(11.105) 


Equations (11.104) and (11.105) yield different absolute numbers for h; however, 
from the above theorem the values for changes in enthalpy, Ah, will be the same 
whether Eq. (11.104) or (11.105) is used. Therefore, we are led to an important 
change in our interpretation of enthalpy; namely, from now on we will think of 
enthalpy as given by Eq. (11.105) with the term involving the heat of formation at 
absolute zero as an “effective ” zero-point energy. In terms of enthalpy per unit 
mass, we write 

h = Z C A- 

i 

where 


Thus 


b; = (h - <?„); + (A h f )° 

h = 'Z c,(h - e 0 ), + X cfAh f )° ( 11.106) 


[Note that in Eqs. (11.105) and (11.106), the effective zero-point energy 
Y 1 iil i (All f y i = y i c i (Ah f ) < ; is sometimes called the “chemical enthalpy" in the 
literature.] 

With the above, we end our discussion on the calculation of the thermo¬ 
dynamic properties of an equilibrium chemically reacting mixture. In summary, 
we have shown that 


1. The sensible enthalpy of a mixture can be obtained from the following: 

a. The sensible enthalpy for each species as given by the formulas of statisti¬ 
cal mechanics, for example, Eqs. (11.62), (11.63), and (11.92). 

b. Knowledge of the equilibrium composition described in terms of p h X h 
or 

2. The zero-point energy can be treated as an “effective” value by using the 
heats of formation at absolute zero in its place. Therefore, Eq. (11.105) or 
(11.106) can be construed as the enthalpy of a gas mixture. 


11.13 EQUILIBRIUM PROPERTIES 
OF HIGH-TEMPERATURE AIR 

As discussed in Chap, 9, many applications in high-temperature gas dynamics 
involve high-temperature air. Therefore, in this section we will highlight the 
equilibrium thermodynamic properties of high-temperature air. 
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For a moment, return to the discussion in Sec. 11.1 concerning the calcula¬ 
tion of a flowfield in local thermodynamic and chemical equilibrium (terms to 
be made more precise in subsequent chapters), Note that in order to solve such 
an equilibrium flowlield, we need to express two thermodynamic state variables 
(such as T and p) in terms of two other state variables (such as p and h). The 
choice of convenient dependent and independent variables is somewhat deter¬ 
mined by the way that the flowfield solution is set up, and generally varies from 
one application to another. In any event, the high-temperature thermo¬ 
dynamic properties of any equilibrium chemically reacting mixture, air or other 
mixtures, are obtained from statistical thermodynamic calculations as discussed 
in the previous sections. However, in what manner arc these high-temperature 
thermodynamic properties actually entered into a flow calculation? Or, another 
way to ask the same question is: In what form can you actually find these 
properties in the literature so that you can use them for a flow calculation? 

For high-temperature air, the answer to the above questions is as follows. 
There are several options: 

1. The equations from statistical thermodynamics, given in this chapter, can be 
entered directly in the How calculations, and the thermodynamic properties 
can be generated “from scratch” internally in the calculation. 

2. Tables of thermodynamic properties of high-temperature air exist; an excel¬ 
lent source of such tabulated data is the work of Hilsenrath and Klein (Ref. 
154). These tables were calculated from the methods discussed in this chapter. 
In turn, the tabular data can be fed into a computer, and can be used in 
numerical flowfield calculations via a “table look-up" procedure which inter¬ 
polates between discrete entries from the tables. Also, the tables in Ref. 154 
are useful for approximate hand calculations of simple problems. 

5. Also useful for hand calculations are graphical plots of high-temperature air 
properties. Indeed, a large Mollier diagram is helpful in such cases. A small 
section of the Mollier diagram for air is given in Fig. 11.13. 

4. The tabulated data discussed in item 2 above can be cast in the form of 
polynomial correlations which are easy and convenient to apply within the 
framework of a flowfield calculation. An excellent and frequently used set of 
correlations for high-temperature air was obtained by Tannehill and Mugge 
as given in Ref. 155. Because of their convenience, these correlations are given 
in detail later in this section. 

Ml of the four options listed above have been used in calculations of equilibrium 
tir chemically reacting fiowfields; the choice of any particular option is a func- 
ion of the particular problem and the inclination of the user. However, for gas 
nixtures other than air, such as hydrocarbon mixtures associated with combus- 
ion or ablation problems, there are usually no tabulations available. (Since an 
nlinite number of different mixtures can exist, it makes no sense to construct an 
nlinite number of different tables.) Hence, there are no Mollier diagrams or 



F.LEMFNTS OF STATISTICAL THERMODYNAMICS 459 



FIGURE 11.13 

Mollier diagram for high-lemperature equilibrium air. 


polynomial correlations for the mixture properties. In this case, option I above 
is the only recourse. 

Let us make some important comments about the physical variations of 
high-temperature properties as reflected in the Mollier diagram in Fig. 11.13. A 
Mollier diagram is a plot of enthalpy versus entropy, where the various curves 
on the diagram correspond to constant temperature, constant density, or some 
other constant stale variable. In Fig. 11.13, note that, at low temperatures (be¬ 
low 2000 K), the constant-temperature line (isothermal line) is essentially hori¬ 
zontal, indicating that II depends only on T. In light of our definitions in Sec. 
10.4, this demonstrates that air is thermally perfect below about 2000 K. In con¬ 
trast, at higher temperature (say 8000 K), the isothermal line is clearly not hori¬ 
zontal; we see in Fig. 11.13 that H increases rapidly with S, even though T is 
constant. This is a characteristic of a chemically reacting gas. Question:. Why 
does H increase, even though T is constant? The answer can be constructed by 
following one of the high-temperature isothermal lines in Fig. 11.13, say the line 
for T = 4000 K. Note that, as .8 increases, the density (and hence the pressure) 
decreases along this line. In turn, as the pressure decreases, the relative amount 
of dissociation increases along this isothermal line (recall our discussion about 
the effects of pressure on dissociation in Sec. 11.11). This means that more 
atoms are present in the mixture. As noted earlier in Fig. 11.10, two atoms have 
a combined zero-point energy that is higher than the zero-point energy of the 
original single molecule. Hence, as pressure decreases at constant T, the effective 
zero-point energy of the mixture increases, and since H in Fig. 11.11 includes this 
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effective zero-point energy (obtained from the heats of formation as discussed in 
Sec. 11.12), then II increases at constant T. 

Finally, let us repeat that a particularly convenient method of entering 
high-temperature equilibrium air properties into a flowfield calculation is by 
way of polynomial correlations of the calculated and tabulated data. Because 
the correlations of Tannehill and Mugge (Ref. 155) are widely used they are, in 
part, itemized below. In terms of pressure as a function of internal energy and 
density 

P = P(e , p) 

we have 


P = peiy - 1) (11.107) 

where y is given by 

y ~ a, + a 2 Y + a 2 Z + a 4 YZ + a 5 Y 2 + a 6 Z 2 + a 7 YZ 2 + a % Z 3 

_ c hoj +ji 11 Z + a, 2 YZ _ |Qg. 

1 + exp [(a I3 + a l4 Y)(Z + a l5 Y + a [6 )] 

and where Y = log (p/1.292) and Z = log (6>/78408.4). The units for p are N/m 2 , 
the units for p are kg/m 3 , and the units for e are m 2 /s 2 . The coefficients 
o 2 ,...,u 1< j are given in Table 11.1. (The coefficients K in Table 11.1 pertain to 
the speed of sound, to be discussed later.) In terms of temperature as a function 
of internal energy and density, 


we have 


T = T(e, p) 


!°g ( 15 ] 78 ) = '’i + h 2 Y + b i z + YZ + y2 + b f>2 2 + bi Y2 ' z + h s YZ 2 

+ (iU09) 

I +exp[(h u y+&, 5 )(Z + &i 6 )] ' 

where Y = log (p/1.225), X = log (p/1.0314 x 10 5 ), Z = X - Y, and the pressure 
p is first found from Eq. (11.107). The units for p are newtons/m 2 , and the units 
for T are K. The coefficients b x , b 2 ,..., b l6 are given in Table 11.2. In terms of 
specific enthalpy as a function of pressure and density, 

h = h(p , p) 

wc have 


h 



( 11 . 110 ) 


y = Cj + c 2 Y + c 3 Z + c 4 rz + 


c 5 + c 6 Y + c 7 Z + c 8 yz 
+ exp lc 9 (X + c 10 y+ c,,)] 


( 11 . 111 ) 


where 




Coefficients for Eqs. (11.107) and (11.108): p = p{e, p ) (From Ref. 155) 
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Coefficients for Eqs. (11.110) and (11.111): h = h(p, p ) (From Ref. 155) 
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TABLE 11.4 

Coefficients for Eq. (11.112): T = T(p. p) (From Ref. 155) 
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Temperature ratio, T/T 0 
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Pressure ratio, pfp 0 


FIGURE 11.14 

Comparison of curve fits with tabulated data for high temperature air. (From Ref. 155.) 


and where Y = log (p/1.292), X = log (p/1.013 x 10 5 ), and Z — X — Y, The coef¬ 
ficients c,, £•,, are tabulated in Table 11.3. In terms of temperature as a 

function of pressure and density, we have 

log ^ = d t + d 2 Y + d 2 Z + YZ + d s Z 2 

+ d( ' + dl Y + ( n.i i2) 

1 + exp + d , 2 )] 

where 7 0 = 288.16K, Y = log (p/1.225), X = log (p/1.0134 x 10 5 ), and Z = X - 
Y. The coefficients d x , <l 2 , d tl are given in Table 11.4. 

The accuracy of the Tannehill and Mugge correlations is demonstrated in 
Fig. 11.14, where T is plotted versus p for constant p. The solid curves are from 
the correlations given above, and the points are from tabulated data calculated 
by means of statistical thermodynamics as described in this chapter. Note that 
the correlations are an excellent representation of the tabulated results. For 
more details about the correlations, see Ref. 155. 


11.14 SUMMARY 

In this chapter, we have seen how to calculate from first principles the thermo¬ 
dynamic properties of equilibrium chemically reacting mixtures. The calculations 
are obtained from the powerful concepts of statistical thermodynamics. The 
bridge between the classical thermodynamics discussed in Chap. 10 and the 
statistical thermodynamics discussed in the present chapter is 


S = k In W„, BX 


(11.36) 
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where ,S’ is the entropy and (the thermodynamic probability) is the total 
number of microstates in the most probable macrostate. Moreover, the popula¬ 
tion distribution associated with the most probable macrostate, which in terms 
of statistical thermodynamics is the state of equilibrium, is 

q 

\J -V () — (11.25) 

where Q is the partition function given by 

Q = I aje~‘ JkT 

j 

When the partition functions are evaluated for the various modes of molecular 
energy, i.e., translational, rotational, and vibrational, we have, for the internal 
energy per unit mass for a given pure chemical species / 

e i = ^ R-iT + T + (e el )j + (A/iy)° 

Translation Rotation Vibration Sensible HfTective 

electronic zero point 
energy energy 

where (A/i)“is the heat of formation at absolute zero of species i per unit mass of 
/. In turn, the equilibrium chemical composition at a specified T and p can be 
obtained by using the equilibrium constant, where 

n pv = =(yfv-'-n q < (u- 76 ) 

With the equilibrium composition expressed in terms of, say, mass fraction r ; , 
we have, for the internal energy of the chemically reacting mixture per unit mass 
of mixture, 

<' = X 

where e includes the effective zero-point energy by way of the heats of forma¬ 
tion. 

Other thermodynamic properties can be obtained in like fashion. For high- 
temperature air, the results of calculations from statistical thermodynamics have 
been presented in the form of graphs, tables, and correlations. 

This brings to an end our discussion of equilibrium thermodynamic prop¬ 
erties of high-temperature chemically reacting gases. We have acquired the 
necessary tools to make calculations of equilibrium, chemically reacting flow- 
fields. However, such calculations will be deferred until Chap. 14. In the mean¬ 
time, we will continue our discussion of basic physical chemistry effects in 
Chaps, 12 and 13, branching out to more extensive considerations of nonequi¬ 
librium processes. 
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PROBLEMS 

11 . 1 . Consider pure O,. Calculate the equilibrium sensible enthalpy per kg at 
T — 3000 K. For O,. v = 4.73 x 10’ 3 s” 1 . Ignore the electronic energy. Note: 
Boltzmann constant is k = 1.38 x 10” 23 J/K, and Planck’s constant is h = 6.625 x 
10- 14 (J)(s). 

11.2. In Prob. 11.1 above, calculate the equilibrium sensible electronic energy per kg by 
tuo different methods, and compare the results. How does the electronic energy 
compare with the combined translational, rotational, and vibrational energies that 
were calculated in Prob. 11 . 1 ? For the electronic levels of 0 2 : y 0 = 3, r;, — 2, and 

-'k = 11,390 K. Ignore all higher electronic levels. 

11.3. Consider air in chemical equilibrium at 0,1 atm and T = 4500K. Assume the 
chemical species present are O,, O, N 2 , and N. (Ignore NO.) Calculate the en¬ 
thalpy in joules per kilogram. Note the following physical data: K p Ct , = 12.19 atm, 
K„ n , = 0.7899 x 10" 4 atm; for N 2 , A/7} = 0 and v = 7.06 x 10 13 (s -1 ); for N, 
A//}’= 4.714 x 10 8 J/(kg- mol); for 0 2 , AH} = 0, and v = 4.73 x 10' 3 (s“‘); for O, 
A II f — 2.47 x I0 8 J/(kg mol). Ignore the electronic levels. 



CHAPTER 

12 


ELEMENTS 

OF 

KINETIC 

THEORY 


So many of the properties of matter , especially when in the gaseous 
form, can be deduced from the hypothesis that their minute parts 
are in rapid motion , the velocity increasing with the temperature, 
that the precise nature of this motion becomes a subject of rational 
curiosity. 


James Clark Maxwell, 1860 
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12.1 INTRODUCTION 

Return for a moment to our roadmap in Fig. 1.23. We are still working with the 
first item under high-temperature flows, namely, a discussion of basic physical 
chemistry effects. Keep in mind that the purpose of this item is to present basic 
concepts and develop essential equations for the understanding and analysis of 
high-temperature gas flows. In this sense, we are building a storehouse of 
“tools” to be used in Chaps. 14 through 18. In Chaps. 10 and 11 we established 
some ‘'tools" that will be useful in the study of equilibrium chemically reacting 
flows. In Chap. 13 we will develop “tools” for the analysis of nonequilibrium 
flows. The function of the present chapter is to introduce some elementary con¬ 
cepts from kinetic theory that are necessary for understanding the “tools” to be 
developed in Chap. 13. 

To set the perspective, in the classical thermodynamics of Chap. 10, wc 
dealt with the system as composed of a continuous substance that interacted (by 
way of work and heat addition) with its surroundings. In Chap. 11 we took a 
more microscopic point of view, and were concerned with the system as being 
made up of individual particles with translational, rotational, vibrational, and 
electronic energies. The macroscopic properties of the system are simply reflec¬ 
tions of suitable statistical averages over all the particles. In the present chapter, 
we continue with the microscopic point of view, and narrow our attention to 
just the rapid translational motion of such particles. We will see that some im¬ 
portant characteristics of gases are dominated by this translational motion. A 
study of such matters is the purview of the science of kinetic theory. In the 
present chapter we will introduce only those aspects of kinetic theory necessary 
for our future work with high-temperature flows. Hence, the present chapter 
does not constitute a rigorous and thorough presentation of kinetic theory. You 
are encouraged to study Refs. 150, 156 and 157 for definitive presentations. 


12.2 THE PERFECT GAS 
EQUATION OF STATE (REVISITED) 

In Sec. 10.2 we introduced the perfect gas equation of state as an empirical 
result. In Sec. 11.8 we derived the equation of state from the principles of statisti¬ 
cal thermodynamics. In the present section, we will again derive a form of the 
equation of state, this time using a simplified picture of molecular motion. The 
purpose for revisiting the equation of state here is that the derivation provides 
some useful insight to the molecular properties of gases. 

Consider a gas contained within the cubical box sketched in Fig. 12.1. 
Single out a given gas particle at some instant in time and at some location, P,. 
This particle has a translational velocity denoted by C, with x, y, and z compo¬ 
nents of velocity denoted by C x , C,„ and C z respectively. Here, we treat the gas 
particle as a structureless “billiard ball,” translating in space and frequently col¬ 
liding with neighboring particles. Indeed, it is such molecular collisions that, 
given enough time, establish a state of equilibrium in the system. Assume that the 
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FIGURE 12.1 

Particle moving in a box; illus¬ 
tration of particle velocity com¬ 
ponents. 


gits in the box is in equilibrium. This implies that at any given point P L , if a 
given particle with velocity C 2 collides with another particle, causing a change 
in velocity, then there is another collision between other particles in the same 
neighborhood which causes one of those other particles to have the velocity C; 
at point P 1 . The net result is as if the original particle simply continued at the 
velocity C,. With this picture, we can visualize a particle traversing the box with 
a constant velocity in the x-direction, given by C x . When the particle reaches the 
right face of the box in Fig. 12.1, it is assumed to specularly reflect from the 
surface at point P 2 . That is, if C[ is the velocity just before impacting the surface 
at point P 2 , and C 2 is the velocity immediate after impact, then |C]| = |C 2 |, 
(\, = — C AI , C yi — C VI , and C,, = C, r During the impact, the particle experi¬ 
ences a change in momentum in the x direction given by 2 mC x , where m is the 
mass of the particle. Over a unit time (say, one second), the particle makes a 
number of traverses buck and forth across the box in the x direction. Counting 
a complete traverse as going and coming to and from the right-hand face, the 
number of complete traverses per unit time is CJ21, where / is the length of the 
box along the x axis. Hence, the time rate of change of momentum experienced 
by the particle when impacting the right-hand face is given by (2mCJ(C x /2/) = 
wC 2 /l. From Newton’s second law, the time rate of change of momentum is 
equal to force. Hence, the force exerted by the particle on the right-hand face is 
also mCl/l. Since pressure is force per unit area, and the area of the face is l 2 , 
then the pressure exerted by the particle on the right-hand face is given by 
mC 2 /!' = mC 2 /V, where V is the volume of the system. Now assume that we 
have a large number of particles in the box, each with a different mass m, and 
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different velocity C,. Then, the pressure exerted on the right-hand face by the 
particles in the system is 


/’=^Z m i C . 2 .T O 2 - 1 ) 

where the summation is taken over all the particles. If we construct an expres¬ 
sion for the pressure exerted on the upper face (perpendicular to the y axis) 
using identical reasoning, a similar result is obtained as 

n= ( | 2 - 2 ) 

Similarly, for the pressure exerted on the face perpendicular to the z axis, we 

have 


P=yY, m i C h ( l2 - 3 ) 

Adding Eqs. (12.1)-(12.3), we have 

P = 3^1 -v + c t y + C l .-) = 3” £ m i C i ( 12 - 4 ) 

where C, is the magnitude of velocity for the ith particle. However, the total 
kinetic enercjy for the system, £| ralls , is given by 

= ^Zm,C, 2 (12.5) 


Combining Eqs. (12.4) and (12.5), we have 



pV= 2 S E[, anh 

(12.6) 

Equation (12.6) is the kinetic theory equivalent of the perfect gas equation of 
slate. It can only he related to temperature through classical thermodynamics, 
because T is a variable which originated with classical thermodynamics. For 
example, assume that we have a mole of particles in the system. Then V in Eq. 
(12.6) becomes the molar volume 7'i and £ lrans is the kinetic energy per mole 


P r = lE, rans 

(12.7) 

From Eq. (10.6c/), we also have 

pY = MT 

Comparing Eqs. (12.7) and (12.8), we have 

(12.8) 


^irans 2 1 

(12.9) 
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a result that we already know from Eq. (11.57). Hence, our simple kinetic theory 
model leads to the same result as obtained by statistical mechanics for the trans¬ 
lation energy. If we divide Eq. (12.9) by Avagadro’s number N A , then 


;, rans _ 3 .9? 
~2 N a T 


or 


= ikT 


(12.9 a) 


Equation (12.9a) establishes the physical link between the thermodynamic vari¬ 
able 7'and the molecular picture, i.e., temperature is a direct index for the mean 
kinetic energy of a particle in the system. The higher the temperature, the higher 
is the mean molecular kinetic energy in direct proportion. 

Equations (12.6) and (12.7) are interesting in their own right. They estab¬ 
lish a relation between the product of pressure and volume, and the molecular 
kinetic energy of the system. Therefore, the pV product can be interpreted as a 
measure of energy in the system. 

Finally, return to Eq. (12.4) and divide both sides by the total mass of the 
system M, where m = m ( . 


pV = 1 X,m,C? 
M 3 m ; 


( 12 . 10 ) 


Note that M/V — p, and define a mean square velocity C 2 as 


Then, Eq. (12.10) becomes 


^ I; m >C 2 


02 . 11 ) 


( 12 . 12 ) 


Equation (12.12) is another form of the kinetic theory equivalent of the perfect 
gas equation of stale. Using Eq. (10.3), we find from Eq. (12.11) that 

C 2 = 3RT (12.12a) 

or, the root-mean-square molecular velocity is given by 

j€ 2 = j3RT (12.13) 

Return to Eq. (12.9a) for a moment. The translational kinetic energy for a 
particle, c, r . IIls , is given by where m, is the mass of the particle. On the 

other hand, from Eq. (12.9a), o lral , s is also given by \kT, independent of the mass 
of the particle. Hence, for a gas mixture at temperature T, the heavy particles 
will be moving more slowly, on the average, than the light particles. This is an 
interesting physical characteristic to keep in mind. 



12.3 COLLISION FREQUENCY AND 
MEAN FREE PATH 
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Consider a particle of molecular diameter d moving at the mean molecular ve¬ 
locity, C. (Note that C and (C 2 ) I,Z are slightly different values, to be explained 
later.) Continuing with the billiard ball model of Sec. 12.2, whenever this mole¬ 
cule comes into contact with a like molecule, the separation of the centers of the 
two molecules is also d, as sketched in Fig. 12.2. This separation can be viewed 
as a radius of influence, in that any colliding molecule whose center comes with¬ 
in a distance d of the given molecule is going to cause a collision. Therefore, as 
our given molecule moves through space, its radius of influence will sweep out a 
cylindrical volume per unit time equal to nd 2 C, as sketched in Fig. 12.3. If n is 
the number density, i.e., the number of particles per unit volume, then our given 
particle will experience imd 2 C collisions per second. This is defined as the single 
particle collision frequency , denoted by Z'. Hence 

Z' = nnd 2 C (12.14) 

We define the mean free path, denoted by A, as the mean distance traveled 
by a particle between collisions. Since in unit time the particle travels a distance 
C, and it experiences Z' collisions during this time, then 


C 


Z' 


1 

nnd 2 


(12.15) 



it 


FIGURE 12.2 

Illustration of radius of influence. 
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FIGURE 12.3 

Cylindrical volume swept out in one 
second by a particle with a radius of 
influence it, moving at a mean speed C. 


The above analysis is very simplified, and more accurate results for col¬ 
lision frequency and mean free path for a gas are slightly different than given by 
Eqs. (12.14) and (12.15). In the above analysis, we have imagined a particle with 
radius of influence d sweeping out a volume in space, and we have implicitly 
assumed that other molecules arc simply present inside this volume. In reality, 
the other molecules are moving, and for more accuracy we should take into 
account the relative velocity between the molecules rather than the mean veloci¬ 
ty of just one molecule. This requires a more sophisticated analysis beyond the 
scope of this book. However, the results are given below; they can be found 
derived in detail in Chap. 2 of Ref. 150. The single particle collision frequency 
between a single molecule of chemical species A and the molecules of chemical 
species B is given by 


— n n n d~C AB (12.16) 

where C An is a mean relative velocity between A and B molecules given' by 


^Alt — 


I SkT 


Hence, we can write 


Z AH 


«b n<l 2 AB 


I SkT 


(12.17) 


( 12 . 18 ) 


In Eqs. (12.17) and (12.18), m*,„ is the reduced mass, defined as 
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where m A and m H are the masses of the A and IS particles, respectively. For a 
single species gas, the single particle collision frequency is given by 


n , _ n , j%kT 

Z = ~ F nd 1 C = nd 2 / — (12.20) 

yjl J 2 V Jtm 

Note that the difference between the simple result given by Eq. (12.14) and the 
more accurate result given by Eq. (12.20) is the factor which takes into 
account the relative velocities between particles. Also note that Eq. (12.20) for a 
single species gas does not fall out directly by simply inserting m A = m B in Eqs. 
(12.18) and (12.19). To specialize Eq. (12.18) for a single species gas, it must be 
divided by an additional factor of 2 because of the collision counting procedure 
used to derive Eq. (12.18). See Ref. 150 for the details. 

Finally, for the mean free path of a single species gas, taking into account 
the relative velocities of the molecules, it can be shown (see Ref. 150) that 


y/2nd 2 n 


( 12 . 21 ) 


Note: In all ol the above equations, the quantity nd 2 is frequently called 
the collision cross section, denoted by a. For an accurate evaluation of collision 
frequency and mean free path, we need appropriate values of a. These are ob¬ 
tained in various ways from experiment. For our purposes, we will assume that 
a is a known quantity that can be obtained from the literature. Also note that, 
although we did not derive Eqs. (12.18), (12.20), and (12.21), they are certainly 
plausible based on our simple derivations of the similar but less exact equations 
given by Eqs. (12.14) and (12.15). 

The principal reason for displaying the results shown in Eqs. (12.20) and 
(12.21) is to indicate how collision frequency and mean free path vary with the 
pressure and temperature of the gas. For example, since from the equation of 
state, 


P 


kT 


we see from Eq. (12.20) that 



and from Eq. (12.21) we see that 


P 


( 12 . 22 ) 


(12.23) 
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Note that gases at high temperatures and low pressures are characterized by low 
collision frequencies and high mean free paths. These trends will be important in 
our discussions of nonequilibrium phenomena in subsequent chapters. 

12.4 VELOCITY AND SPEED DISTRIBUTION 
FUNCTIONS: MEAN VELOCITIES 

In this section we introduce the concept of a velocity distribution function as 
follows. Consider a system of N particles distributed in some manner (not neces¬ 
sarily uniformly) throughout physical space, as sketched in Fig. 12.4a. The in¬ 
stantaneous location of a particle is given by the location vector r. For each 
particle, there is a corresponding point in the x-y-z physical space. The system of 
N particles is then represented by a cloud of N points in Fig. 12.4a. Also, at the 
same instant a given particle has a velocity C, as represented in the velocity 
space shown in Fig. 12.46. For each particle, there is a corresponding point in 
the C x -C y -C z velocity space. Therefore, the system of N particles is also repre¬ 
sented by a cloud of N points in Fig. 12.46. Now consider a point in Fig. 12.4a 
denoted by r, and a unit volume in physical space centered around that point. 
Simultaneously, consider a point in Fig. 12.4b denoted by C, and a unit volume 
in velocity space centered around that point. Then, by definition, the distribu¬ 
tion function, /(r, C) is defined as the number of particles per unit volume of 
physical space at r with velocities per unit volume of velocity space at C. In 
other words, let dx dy dz be an elemental volume in physical space, and 
dC' x dC y dC z be an elemental volume in velocity space, then 

f(x, y, z, C x , C y , C z ) dx dy dz dC x dC y dC, 

represents the number of particles located between x and x + dx, y and y -t- dy, 
and z and z + dz with velocities that range from C. x to C x + dC x , C y to C y + 
dC y , and C, to C, + dC. z . Keep in mind that the gaseous system is composed of 




FIGURE 12.4 

Illustration of volume elements in physical and velocity spaces. 
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particles in constant motion in space, and that they collide with neighboring 
molecules, thus changing their velocities (in both magnitude and direction). 
Therefore, in the most general case of a nonequilibrium gas, the particles will be 
distributed nonuniformly throughout space and time, i.e., the number of points 
within the element dx dy dz in Fig. 12.4a will be a function of r and t, and the 
number of points at any instant within the element dC x dC y dC, in Fig. 12.4 b 
may be changing with time. 

The concept of the distribution function is a fundamental tool in classical 
kinetic theory. If we integrate / over all space and all velocities, we have 


— r J — X' J — <Xi 


S{x, y, z, C x , C y , C d ) dx dy dz dC x dC y dC ; = N 

(12.24) 


One of the intrinsic values of the distribution function / is that the average value 
of any physical quantity Q which is a function of space and/or velocity, Q = 
Q(x, y, z, C v , C f , can be obtained from 


| t» r. /*■%> f*cr i* oc. |*co 

Q = n \ J J J J J Of dx dy dz dC x dC.y dC z (12.25) 

where Q is the average value of the property Q. 

Now consider the special case of a gas in translational equilibrium. In 
terms of kinetic theory, a gas in equilibrium has the particles distributed uni¬ 
formly throughout space (i.e., the number density n is a constant, independent of 
x, v, and :), and the number of molecular collisions that tend to decrease the 
number of points in the volume dC x dC y dC. in velocity space (see Fig. 12.4/)) is 
exactly balanced by other molecular collisions that increase the number of 
points in this elemental volume. For this case, / becomes essentially a velocity 
distribution function, f = f(C x , C y , Cf). For a gas in translational equilibrium, / 
takes on a specific form which can be rigorously derived by examining the de¬ 
tailed collision processes within the gas. It is beyond the scope of this book to 
take the time and space for such a derivation; however, an excellent discussion 
is given in Chap. 2 of Vincenti and Kruger (Ref. 150) which should be consulted 
for details. The result for the equilibrium velocity distribution function is 


/(C„ Cy, Cy) = N 


m 

InkT 


3/2 

exp 


m 

2kf 


(Cl + c; + cj) 


(12.26) 


Equation (12.26) is called the maxweilian distribution', it gives the number of 
particles per unit volume of velocity space located by the velocity vector C in 
Fig. 12.4/). Keep in mind that Eq. (12.26) is a velocity distribution function, 
denoting both magnitude and direction. 

In a system in equilibrium, / is a symmetric function, that is, 
f(C x , C r , C z ) = f( — C. x , C.y, C ,) = f(C x , —Cy, C^, etc. Thus, for an equilibrium 
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system, the velocity direction is not germane—we are concerned only with the 
magnitudes of the particle velocities, i.e., the speed of the particles. Hence, we can 
introduce a speed distribution function X(C) as follows. Consider the velocity 
space shown in Fig. 12.5. All particles on the surface of the sphere of radius C 
have the same speed. Now consider the space between the sphere of radius C 
and another sphere of radius C + dC, where dC is an incremental change in 
speed. The volume of this space is 4jtC 2 dC. Since the number of particles per 
unit volume of velocity space is given by Eq. (12.26) we then have for the 
number of particles in the space between the two spheres 


AnNi 


m 

IttkT 


3/2 

C 2 exp 


mC 1 

2 kf 


dC 


This gives the number of particles in the system with speeds between C and 
C + dC. In turn, the number of particles with speed C per unit velocity change,, 
which is defined as the speed distribution function x is given by 


X 


4tiN\ 


in 

2nkT 


3/2 

q 2 g -lmCll2kT) 


(12.27) 


Equation (12.27) is plotted in Fig. 12.6. Clearly wc see that, for a system in 
equilibrium at a given temperature, all the particles do not move at the same 
speed; quite the contrary, some of the particles arc moving slowly, others are 
moving more rapidly, and Eq. (12.27) gives the distribution of these speeds over 
all the particles in the system. 



FIGURE 12.5 

Concentric spherical surfaces 
with radii C and C + dC. 
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C/j2kT/m 


FIGURE 12.6 

The speed distribution function and the values of most probable speed, C mp , mean speed, C, and 
root-mean-square speed, (C 2 ) 112 . 


Also noted in Fig. 12.6 are three speeds, defined as follows: 


1. Most probable speed. This is the speed corresponding to the maximum value 
of /, and it can be obtained by differentiating Eq. (12.27). The result is 


C mp = s/lRT 


(12.28) 


where, as you recall, R -■ k/m. 

2. Averaye speed. This is obtained from Eq. (12.25) by inserting Q = C. The 
result is 



(12.29 


This is the speed that was used in Eqs. (12.14)-( 12.16), and Eq. (12.20) deal¬ 
ing with collision frequency and the mean free path. 

3. Root-mean-'square speed. This is obtained from Eq. (12.15) by inserting 
Q = C 2 . The result is 


yC 2 = V3RT 


(12.30) 


This is the same result as obtained in Eq. (12.13) during our discussion of the 
perfect gas equation of state. 
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Tlic derivation of Eqs. (12.28)-(12.30) is left as a homework, problem. 

It is interesting to note that the molecular speeds given by Eqs. 
(12.28)-(12.30) are nearly equal to the speed of sound in a gas. We know that, 
for a perfect gas, the speed of sound is given by 

a = ^RT 

which, for y = 1.4, yields a * 0.91 C mp . This makes sense, because the energy of 
sound is transmitted through a gas by molecular collisions, and therefore the 
speed of this transmission should be somewhat related to the molecular speeds. 


12.5 SUMMARY 

This brings to an end our elementary discussion of kinetic theory. We will revisit 
the discipline of kinetic theory in Chap. 16, when we discuss transport properties 
of high-temperature gases. However, for the time being we have shown that: 


1. The pV product is a form of energy in a gas, given by 

PV = \E X (12.7) 

2. The equation of state for a perfect gas can be derived from kinetic theory as 


P 

P 



( 12 . 12 ) 


3. The single-particle collision frequency between a particle of A species with 
those of B species is 


Z 


AB 


n B Tid 2 A „ 


l&kT 

™AB 


where m*„ is the reduced mass given by 


(12.18) 


m A m„ 




m A + m B 


(12.19) 


For a gas made up of pure chemical species, the single-particle collision fre¬ 
quency is given by 



8 kT 

7mi 


4. The mean free path is given by 


2 = - r -- - 

y/2nd 2 n 


( 12 . 20 ) 


( 12 . 21 ) 
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5. The variations of Z and X with p and T are given by 

Zoc4= (12.22) 

s/T 

and 

X x - (12.23) 

P 


6. The maxwellian distribution function for velocities in an equilibrium gas is 

> - “ p [■ ^ K - * c ‘ +ci| ] " i2 ' >) 

7. The corresponding speed distribution function is 


X 

= 4n n( Y /2 C^~> 

\2nkTJ 

(12.27) 

8. The following speeds are obtained from Eq. (12.27): 


Most probable speed 

C mp = jlRT 

(12.28) 

Average speeds 

c- W 

(12.29) 

Root mean square speed 


(12.30) 


PROBLEMS 

12.1. The single-particle collision frequency in a given gas is 2 x 10 16 collisions per sec¬ 
ond. When lhe pressure and temperature are both increased by a factor of 4, what 
is the collision frequency? 

12.2. Derive Eqs. (12.28), (12.29), and (12.30). 



CHAPTER 

13 


CHEMICAL 

AND 

VIBRATIONAL 

NONEQUILIBRIUM 


Remember, then, that science is the guide of action; that the truth 
it arrives at is not that which we can ideally contemplate without 
error, but that which we may act upon without fear ; and you can¬ 
not fail to see that scientific thought is not an accomplishment or 
condition of human progress, but human progress itself 

William Kingdon Clifford, 1872 


182 
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13.1 INTRODUCTION 

All vibrational and chemical processes take place by molecular collisions and/or 
radiative interactions. Considering just molecular collisions visualize, for 
example, an O, molecule colliding with other molecules in the system. If the O, 
vibrational energy is in the ground level before collision, it may or may not be 
vibrationally excited after the collision. Indeed, in general the 0 2 molecule must 
experience a large number of collisions, typically on the order of 20,000, before it 
will become vibrationally excited. The actual number of collisions required 
depends on the type of molecule and the relative kinetic energy between the two 
colliding particles—the higher the kinetic energy (hence the higher the gas 
temperature), the fewer collisions are required for vibrational energy exchange. 
Moreover, as the temperature of the gas is increased, and hence the molecular 
collisions become more violent, it is probable that the 0 2 molecule will be torn 
apart (dissociated) by collisions with other particles. However, this requires a 
large number of collisions, on the order of 200,000. The important point to note 
here is that vibrational and chemical changes take place due to collisions. In 
turn, collisions take time to occur. Hence, vibrational and chemical changes in a 
gas take time to occur. The precise amount of time depends on the molecular 
collision frequency Z, defined in Sec. 12.3. The results given by Eq. (12.22) show 
that Z <x p/^/T; hence the collision frequency is low for low pressures and very 
high temperatures. 

The equilibrium systems considered in Chaps. 10 and 11 assumed that the 
gas has had enough time for the necessary collisions to occur, and that the 
properties of the system at a fixed p and T are constant, independent of time. 
However, there are many problems in high-speed gas dynamics where the gas is 
not given the luxury of the necessary time to come to equilibrium. A typical 
example is the flow across a shock wave, where the pressure and temperature 
are rapidly increased within the shock front. Consider a fluid element passing 
through this shock front. When its p and T are suddenly increased, its equilibri¬ 
um vibrational and chemical properties will change. The fluid element will start 
to seek these new equilibrium properties, but this requires molecular collisions, 
and hence time. By the time enough collisions have occurred and equilibrium 
properties have been approached, the fluid element has moved a certain distance 
downstream of the shock front. Hence, there will be a certain region immedi¬ 
ately behind the shock wave where equilibrium conditions do not prevail —there 
will be a nonequilibrium region. To study the nonequilibrium region, additional 
techniques must be developed that take into account the time required for 
molecular collisions. Such techniques are the subject of this chapter. The 
detailed study of both equilibrium and nonequilibrium flows through shock 
waves, as well as many other types of flows, will be made in Chapters 15-17. 
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13.2 VIBRATIONAL NONEQUILIBRIUM: 

THE VIBRATIONAL RATE EQUATION 

In this section we derive an equation for the time rate of change of vibrational 
energy of a gas due to molecular collisions—the vibrational rate equation. In 
turn, this equation will be coupled with the continuity, momentum, and energy 
equations in subsequent chapters for the study of certain types of nonequilib¬ 
rium flows. 

Consider a diatomic molecule with a vibrational energy level diagram as 
illustrated in Fig. 13.1. Focus on the ith level. The population of this level, N f , is 
increased by particles jumping up from the i — 1 level [transition (a) shown in 
Fig. 13.1] and by particles dropping down from the i + 1 level [transition (b)]. 
The population N x is decreased by particles jumping up to the i + 1 level [tran¬ 
sition (c)l and dropping down to the i — 1 level [transition (d)]. For the time 
being, consider just transition (c). Let P ifl + t be the probability that a molecule 
in the ith level, upon collision with another molecule, will jump up to the i + 1 
level. P iti + l is called the transition probability, and can be interpreted on a 
dimensional basis as the “number of transitions per collision per particle” (of 
course keeping in mind that a single transition requires many collisions). The 
value of Pj i, , is always k'ss than unity. Also, let Z be the collision frequency as 
given by Eq. (12.20), where Z is the number of collisions per particle per second. 
Hence, the product P i i+x Z is physically the number of transitions per particle 
per second. If there are N- t particles in level i, then P u+1 ZtV ; is the total number 
of transitions per second for the gas from the ith to the i + 1 energy level. 
Similar definitions can be made for transitions (a), (b), and (d) in Fig. 13.1. 
Therefore, on purely physical grounds, using the above definitions, we can write 


1 1 


b 


d 


± 


a 


r-2 

Cl 


FIGURE 13.t 

Single quantum transition for vibrational energy exchange. 
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the net rate of change of the population of the ith level as 

= P.+ ,. ) ZN/+, + P.-,. l ZiV,-, - Pu^ZNf-Pu^ZN, 

Rule of increase of jV f Rate of decrease of N, 

To simplify the above equation, define a vibrational rate constant fc l + 1 ,• such 
that P j+I ,Z = k :+l i ; similarly for the other transitions. Then the above equa¬ 
tion becomes 


dN, , 





Equation (13.1) is called the master equation for vibrational relaxation. 

For a moment, consider that the gas is in equilibrium. Hence, from the 
Boltzmann distribution, Eq. (11.25), and the quantum mechanical expression for 
vibrational energy, hv(n + y), given in Sec. 11.7 


N* 


g-alkT 

e -c.-,lkT 


_ g -/iv/rr 


(13.2) 


Moreover, in equilibrium, each transition in a given direction is exactly balanced 
by its counterpart in the opposite direction —this is called the principle of de¬ 
tailed balancing. That is, the number of transitions (a) per second must exactly 
equal the number of transitions (d) per second: 

k.-uNf-t = k u . l Nr 


or 


— i.i ~ kjj-i 

Combining Eqs. (13.2) and (13.3), we have 


Nf 

Wi 


ki-i,i — &i, i~i e 


-fcv/kr 


(13.3) 


(13.4) 


Equation (13.4) is simply a relation between reciprocal rate constants; hence it 
holds for nonequilibrium as well as equilibrium conditions. Taking a result from 
quantum mechanics, it can also be shown that all the rate constants for higher- 
lying energy levels can be expressed in terms of the rate constant for transition 
(e) in Fig. 13.1, that is, the transition from i = 1 to i = 0: 


— «*,.o 


(13.5) 


From Eq. (13.5), we can also write 

kj + 1 .,- = 0 + 1)ki,o 


03.6) 
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Combining Eqs. (13.4) and (13.5), we have 

(. _ a. 

h i- i,i — ll 't,o L 

and from Eqs. (13.4), (13.5), and (13.6), we have 

, =fc (+ i. t e-* v, ‘ T = (i+ \)K 0 e~^ T 
Substituting Eqs. (13.5) through (13.8) into (13.1), we have 
clN t 


(13.7) 

(13.8) 


til 


= (f+ l)fc li 0 /V i+1 +i* li 0 e-**'"W i _ 1 -(/+ l)k 1 .oe'* , ’ /H 'N,-!*,.oN ( 


or 


dN, 

It 


i = fc,. 0 {-iN i + (i+ 1 )N I+1 + e -^ kT [-(i+ lJ^ + ilV,.,]} ( 13 . 9 ) 


In many gas-dynamics problems, we are more interested in energies than 
populations. Let us convert Eq. (13.9) into a rate equation for t> vib . Assume that 
we are dealing with a unit mass of gas. From Secs. 11.2 and 11.7, 


e,n,= 5 >.N.= 'L(ih V )N i = hv^iN i 


Hence 


ch\n 

dt 


/iv£ 


.tlN; 

1 7/7 


(13.10) 


Substitute Eq. (13.9) into (13.10): 

^vih i i V 1 

77 

x {-i 2 /V,. + ;(■' + l)N i+t + e-^l-iO + \)N; + / 2 iV,_,]} (13.11) 
Considering the first two terms in Eq. (13.11), and letting s = / + 1, 

I [-i 2 N ( + '7 + D/V,, ,1 = - t ‘ 2 N< + Z (•’ - 

i-l i «= I .v= 2 

= - Z ' 2 N,. + z 7n 5 - Z *N, 

i-l s -2 $ = 2 

= -N t - Z ' 2 N ; + f> 2 lV s - fsAI, 

i = 2 * = 2 5=2 

00 CO oo 

= -tf. - Z-^.v= -Z iiV .= 
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Also, a similar reduction for the last two terms in Eq. (13.11) leads to 

£[-/«■ + i)/v i + / 2 iv i _ I ]= £(« + \)N, 

1=1 i = 0 

Thus, Eq. (13.11) becomes 

de 


(It 


,, =liv/c,.oZ[-W,. + e~^''(«-+ 1)/V f ] 


= /ivA:, 


- (1 

i — 0 


- v/ft V) £ w . 
/ = 0 


However 


and 


Therefore 


I N, = N 

1 = 0 


= hv Z' w .' 


i=0 i=0 


Z W, = 


/tv 


Thus, Eq. (13.12) can be written as 


^^vib i i 

~d,- = hrki -o 


e -»v/tT W _(j _ c -»v/*T^ib 


\ ^VID 


(13.12) 


or 


tl(\[b 

(It 


= fei.oO 




hvN 

e hvfkT~~[ ~ e vih 


(13.13) 


However, recalling that we are dealing with a unit mass, and hence IV is the 
number of particles per unit mass we have, from Sec. 10.2, that Nk = R, the 
specific gas constant. Then, considering one of the expressions in Eq. (13.13), 


hvN 

c> hvlkT _ | 


hv/kT 

e ln‘lkT _ 


(NkT ) 


hv/kT 

.hv/kT _ j 


RT 


(13.14) 


The right-hand side of Eq. (13.14) is- simply the equilibrium vibrational energy 
from Eq. (11.61); we denote it by c'|* b . Hence, from Eq. (13.14) 


hvN 

e l,v/kT _ j 


vib 


(13.15) 
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Substituting Eq. (13.15) into Eq. (13.13), 

{lc 

= /<.. o( i - - e vlb ) (13.16) 

In Eq. (13.16), the factor A: t 0 ( 1 — e~ l "' lkr ) has units of s~ l . Therefore, we define 
a vibrational relaxation time z as 

1 

T = ^. 0 (l -e-Wf) 

Thus, F.q. (13.16) becomes 


i\t 


~ Y c vib 

I 


*vib) 


(13.17) 


Equation (13.17) is called the vibrational rate equation, and it is the main result 
of this section. Equation (13.17) is a simple differential equation which relates 
the time rate of change of e vib to the difference between the equilibrium value it 
is seeking and its local instantaneous nonequilibrium value. 

The physical implications of Eq. (13.17) can be seen as follows. Consider a 
unit mass of gas in equilibrium at a given temperature T. Hence, 


hv/kT 


RT 


(13.18) 


Now let us instantaneously excite the vibrational mode above its equilibrium 
value (say, by the absorption of radiation of the proper wavelength, e.g., we 
"yap" the gas with a laser). Let denote the instantaneous value of c vjb im¬ 
mediately after the excitation, at time t = 0. This is illustrated in Fig. 13.2. Note 
that (\ ilw > e'3 lv Due to molecular collisions, the excited particles will exchange 
this “excess” vibrational energy with the translational and rotational energy of 
the gas, and after a period of time e vib will decrease and approach its equilibri¬ 
um value. This is illustrated by the solid curve in Fig. 13.2. However, note that, 
as the vibrational energy drains away, it reappears in part as an increase in 
translational energy. Since the temperature of the gas is proportional to the 
translational energy [see Eq. (11.57)], T increases. In turn, the equilibrium value 
of vibrational energy, from F.q. (13.18), will also increase. This is shown by the 
dashed line in Fig. (13.2). At large times, e >n> and e'3 b will asymptotically ap¬ 
proach the same value. 

The relaxation time z in Eq. (13.17) is a function of both local pressure 
and temperature. This is easily recognized because x is a combination of the 
transition probability P and the collision frequency Z, both defined earlier. In 
turn, P depends on T (on the relative kinetic energy between colliding particles), 
and Z pI-Jt- f or most diatomic gases, the variation of z is given by the form 

r p = C.e^’T' 3 
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Instanl of irradiation 
FIGURE 13.2 

Vibrational relaxation toward equilibrium. 


In tp = In Cj + (13.19) 

The value of C, and C 2 must be obtained from experimental measurements. At 
this stage in our discussion, we raise a problem that has always plagued the 
analysis of nonequilibrium systems, namely the uncertainties that exist in the 
rate data, such as in the measured values of C, and C 2 . Such measurements 
must be made in high-temperature gases, and the experimental facility for gener¬ 
ating such high temperature gases is a shock tube, with testing times on the 
order of tens of microseconds. (See, for example, Ref. 4 for a discussion of shock 
tubes.) It is no wonder that a large scatter invariably occurs in the data, with 
associated uncertainties in the values of C, and C 2 . Nevertheless, reasonable 
values of Cj and C 2 which reflect the literature are given in Ref. 150, summa¬ 
rized here for the pure gases 0 2 , N 2 and NO: 


Species C, atm-^s C 2 , K 

0 2 5.42 x 10~ 5 2.95 x 10 6 

N 2 7.12 x 10~ 3 1.91 x 10 s 

NO 4.86 x 10~ 3 1.37 x 10 5 


The temperature range of the data listed above is approximately from 800 to 
6000 K. Also, the above values of C, and C, are different if the 0 2 , N 2 or NO 
are in a mixture of different gases. For example, if 0 2 is in a bath of N 2 mole¬ 
cules, then the vibrational relaxation time for 0 2 due to collisions with N 2 is 
quoted in Ref. 158 as given by C, = 1.36 x 10~ 4 atm-ps and C 2 = 2.95 x 10 6 K. 
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In summary, the nonequilibrium variation of vibrational energy is given by 
the vibrational rate equation expressed as Eq. (13.17). Note that in Eq. (13.17) 
both r and are variables, with r = (p, 7) from Eq. (13.19) and e‘? b = e(T) 
from Eq. (13.18). However, a word of caution is given. Equation (13.17) has 
certain limitations that have not been stressed during the above derivation, 
namely, it holds only for diatomic molecules that are harmonic oscillators. The 
use of i\. ih = hvn, obtained from Sec. 11.7, is valid only if the molecule is a har¬ 
monic oscillator. Moreover, from Fig. (13.1), we have considered only single 
quantum jumps between energy levels, i.e., we did not consider transitions say 
from the ith directly to the i + 2 level. Such multiple quantum jumps can occur 
for anharmonic molecules, but their transition probabilities are very small. In 
spite of these restrictions, experience has proven that Eq. (13.17) is reasonably 
valid for real problems dealing with diatomic gases, and it is employed in almost 
all nonequilibrium analyses of such gases. 

Recent developments in the study of vibrational nonequilibrium flows 
have highlighted a further limitation of Eq. (13.17), as follows. The energy level 
transitions included in the master equation, Eq. (13.1) are so-called “translation- 
vibration” (T-V) transfers. Here, a molecule upon collision with another will 
gain or lose vibrational energy, which then reappears as a decrease or increase 
in translational kinetic energy of the molecules. For example, a T-V transfer in 
CO can be given as 

CO(n) + CO(n) ;=± C()(ir - 1) + CO(n) + KE 

where a CO molecule in the nth vibrational level drops to the (n — 1) level after 
collision, with the consequent release of kinetic energy, KE. However, “vibra¬ 
tion-vibration” (V-V) transfers also occur, where the vibrational quantum lost 
by one molecule is gained by its collision partner. For example, a V-V transfer 
in CO can be given as 

CO(n) + CO(m) CO(u + 1) + CO(n - 1) 

The above equation assumes a harmonic oscillator, where the spacings between 
all energy levels arc the same. However, all molecules are in reality anharmonic 
oscillators, which results in unequal spacings between vibrational energy levels. 
Thus, in a V-V transfer involving anharmonic molecules, there is a small 
amount of translational energy exchanged in the process, as follows. 

CO(n) + CO(n) CO(n + 1) + CO(n - 1) + KE 

During an expansion process (decreasing temperature), the V-V transfers among 
anharmonic molecules result in an overpopulation of some of the higher energy 
levels than would be the case of a harmonic oscillator. This is called anharmonic 
pumping, and is particularly important in several types of gas-dynamic and 
chemical lasers. The reverse effect occurs in a compression process (increasing 
temperature). In cases where anharmonic pumping is important, Eq. (13.17) is 
not valid, and the analysis must start from a master rate equation [such as 
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Eq. (13.!)] expanded to include V-V transfers. For a fundamental discussion of 
the anharmonic pumping effect at an introductory level, see pages 112-120 of 
Ref. 147. 

Vibrational nonequilibrium effects are particularly important in hypersonic 
wind tunnel nozzle expansions, in the expanding high temperature flow over 
blunt nosed bodies, and in the region immediately behind a strong shock wave. 
These matters will be discussed in Chap. 15. 


13.3 CHEMICAL NONEQUILIBRIUM: 

THE CHEMICAL RATE EQUATION 

Consider a system of oxygen in chemical equilibrium at p = 1 atm and T = 
3000 K.. Although Fig. 11.11 is for air, it clearly demonstrates that the oxygen 
under these conditions should be partially dissociated. Thus, in our system, both 
0 2 and O will be present in their proper equilibrium amounts. Now, assume 
that somehow T is instantaneously increased to, say, 4000 K. Equilibrium condi¬ 
tions at this higher temperature demand that the amount of O, decrease and the 
amount of O increase. However, as explained in Sec. 13.1, this change in compo¬ 
sition takes place via molecular collisions, and hence it takes time to adjust to 
the new equilibrium conditions. During this nonequilibrium adjustment period, 
chemical reactions are taking place at a definite net rate. The purpose of this 
section is to establish relations for the finite time rate of change of each chemical 
species present in the mixture—the chemical rate equations. 

Continuing with our example of a system of oxygen, the only chemical 
reaction taking place is 

O , + M -► 20+ M (13.20) 

where M is a collision partner; it can be either 0 2 or O. In terms of notation, in 
Eq. (10.19) the symbol C, denoted the concentration of species i (moles of i per 
unit volume). Here we introduce an alternative notation for concentration, 
where [O,]. [N 2 ], etc. denote the concentrations of 0 2 , N 2 , etc. Such a bracket 
notation was not used in Chap. 10 because it would make the equation of state 
look "funny.” However, in equations dealing with chemical nonequilibrium, 
the use of [O,] to denote the concentration of 0 2 is convenient. Using the 
bracket notation for concentration, we denote the number of moles of 0 2 and 
O per unit volume of the mixture by [0 2 ] and [O], respectively. Empirical 
results have shown that the time rate of formation of O atoms via Eq. (13.20) is 
given by 

^ = 2*[0 2 ][M] (1.3.21) 

where d[0]/i7f is the reaction rate, k is the reaction rate constant, and Eq. 
(13.21) is called a reaction rate equation. The reaction rate constant k is a func¬ 
tion of T only. Equation (13.21) gives the rate at which the reaction given in Eq. 
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(13.20) goes from left to right; this is called the forward rate, and k is really the 
forward rate constant k f : 

O, + M 20 + M 

Hence, Eq. (13.21) is more precisely written as 

Forward rate ‘^92 = 2k / [0 2 ][M] (13.22) 

The reaction in Eq. (13.20) that would proceed from right to left is called the 
reverse reaction , or backward reaction, 

0 2 + M < ■' '■ 20+ M 

with an associated reverse or backward rate constant k b , and a reverse or back¬ 
ward rate given by 

Reverse rate = -2fc b [0] 2 [M] (13.23) 


Note that in both Eqs. (13.22) and (13.23), the right-hand side is the product of 
the concentrations of those particular colliding molecules that produce the 
chemical change, raised to the power equal to their stoichiometric mole number 
in the chemical equation. Equation (13.22) gives the time rate of increase of O 
atoms due to the forward rate, and Eq. (13.23) gives the time rate of decrease of 
O atoms due to the reverse rate. However, what we would actually observe in 
the laboratory is the net time rate of change of O atoms due to the combined 
forward and reverse reactions 

0 2 + M 20 + M 


and the net reaction rate is given by 
Net rate 


d[ O] 


dt 


= 2/</[0 2 ][M] - 2fc„[0] 2 [M] 


(13.24) 


Now consider our system to again be in chemical equilibrium; hence 
the composition-is fixed with time. Then d[0~]/dt = 0, [0 2 ] = [0 2 ]*, and 
[O] = [O]* where the asterisk denotes equilibrium conditions. In this case, Eq. 
(13.24) becomes 


or 


0 = 2k / [0 2 ]*[M]* - 2k ft [0]* 2 [M]* 




[ 0 ]« 

‘[OJ* 


(13.25) 


Examining the chemical equation given above, we can define the ratio 
[0]* 2 /[0 2 ]* in Eq. (13.25) as an equilibrium constant based on concentrations, 
K c . This is related to the equilibrium constant based on partial pressures K p , 
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defined in Sec. 10.9. From Eq. (10.29) it directly follows for the above oxygen 
reaction that 

Kc ~ &T Kp 

In general, we have 



Hence, Eq. (13.25) can be written as 

(13.26) 

Equation (13.26), although derived by assuming equilibrium, is simply a 
relation between the forward and reverse rate constants, and therefore it holds 
in general for nonequilibrium conditions. Therefore, the net rate, Eq. (13.24) can 
be expressed as 

(13.27) 

In practice, values for k f are found from experiment, and then k h can be directly 
obtained from Eq. (13.26). Keep in mind that k f , k h , K c , and K p for a given 
reaction are all functions of temperature only. Also, k f in Eq. (13.27) is generally 
different depending on whether the collision partner M is chosen to be O, or O. 

The above example has been a special application of the more general case 
of a reacting mixture of n different species. Consider the general chemical reac¬ 
tion (but it must be an elementary reaction, as defined later) 







(13.28) 


where v' and v" represent the stoichiometric mole numbers of the reactants and 
products, respectively. (Note that in our above example for oxygen where the 
chemical reaction was 0 2 + M 20 + M, v' 0l = 1, vf, = 0, Vq ; = 0, v' M = 1, 
v"fr = 1, and Vo = 2.) For the above general reaction, Eq. (13.28), we write 





Net rate 


(13.31) 
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Equation (13.31) is a generalized net rate equation; it is a general form of the 
law of mass action first introduced in Sec. 10.9. In addition, the relation between 
k f and k lt given by F.q. (13.26) holds for the general reaction given in Eq. (13.28). 

The chemical rate constants are generally measured experimentally. 
Although methods from kinetic theory exist for their theoretical estimation, such 
results are sometimes uncertain by orders of magnitude. The empirical results 
for many reactions can be correlated in the form 


k = Ce 


i: a lkT 


(13.32) 


where i:„ is defined as the activation energy and C is a constant. Equation (13.32) 
is called the Arrhenius agitation. An improved formula includes a “preexponen- 
tial” temperature factor 


k = c j TV 


-eo/er 


(13.33) 


where i\, a, and i: 0 are all found from experimental data. 

Returning to the special case of a dissociation reaction such as for dia¬ 
tomic nitrogen 


N, + M ■ k> > 2N + M 

the dissociation energy i: d is defined as the difference between the zero-point 
energies, 

= Ai; ( > = 2 (i: 0 )n — 0-’o)n, 

For this reaction, the rate constant is expressed as 

k r = r / .rv'" ;tr (13.34) 

where the activation energy i:„ = i: d . Physically, the dissociation energy is the 
energy required to dissociate the molecule at T = 0 K. It is obviously a finite 
number: It takes energy—sometimes a considerable amount of energy—to tear a 
molecule apart. In contrast, consider the recombination reaction, 

N, + M < - 2N+M 

A), 

Here, no relative kinetic energy between the two colliding N atoms is necessary 
to bring about a change; indeed, the role of the third body M is to carry away 
some of the energy that must be given up by the two colliding N atoms before 
they can recombine. Hence, for recombination, there is no activation energy; 
t:„ = 0. Thus, the recombination rate constant is written as 

kb = c b T' 1 " (13.35) 


with no exponential factor. 
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Finally, it is important to note that all of the above formalism applies only 
to elementary reactions. An elementary chemical reaction is one that takes place 
in a single step. For example, a dissociation reaction such as 

O 2 + M -* 20 + M 

is an elementary reaction because it literally takes place by a collision of an 0 2 
molecule with another collision partner, yielding directly two oxygen atoms. On 
the other hand, the reaction 

2H, + 0 2 -> 2H 2 0 (13.36) 

is not an elementary reaction. Two hydrogen molecules do not come together 
with one oxygen molecule to directly yield two water molecules, even though if 
we mixed the hydrogen and oxygen together in the laboratory, our naked eye 
would observe what would appear to be the direct formation of water. Reaction 
(13.36) does not take place in a single step. Instead, Eq. (13.36) is a statement of 
an overall reaction that actually takes place through a series of elementary 
steps: 


h 2 - 

—> 2H 

(13.37a) 

o 2 — 

—► 20 

(13.376) 

H + O, — 

—► OH + O 

(13.37c) 

o + h 2 — 

—► OH + H 

(13.37J) 

oh + h 2 — 

—* H 2 0 + H 

(13.37c) 


Equations (13.37n) through (13.37e) constitute the reaction mechanism for the 
overall reaction (13.36). Each of Eqs. (13.37n) through (13.37c) is an elementary 
reaction. 

We again emphasize that Eqs. (13.21) through (13.35) apply only for ele¬ 
mentary reactions. In particular, the law of mass action given by Eq. (13.31) is 
valid for elementary reactions only. We cannot write Eq. (13.31) for reaction 
(13.36), but we can apply Eq. (13.31) to each one of the elementary reactions 
that constitute the reaction mechanism (13.37a) through (13.37e). 

13.4 CHEMICAL NONEQUILIBRIUM IN 
HIGH-TEMPERATURE AIR 

We again highlight the importance of air in high-speed compressible flow prob¬ 
lems. For the analysis of chemical nonequilibrium effects in high-temperature 
air, the following reacion mechanism occurs, valid below 9000 K. 


0 2 + M 


20 + M 

(13.38) 

kb J 

N, + M 

fc/2 

2N + M 

(13.39) 


fcb 2 
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NO + M 

*f3 . 

N + O -t - M 

(13.40) 

kb , 

0 2 + N 


NO 4-0 

(13.41) 

kb A 

N 2 + O 

k fs , 

NO + N 

(13.42) 

k b 5 

n 2 + o 2 

. 

2 NO 

(13.43) 

kb 6 

N + O 

k f? 

NO + + e~ 

(13.44) 


kb. 


Equations (13.38) through (13.40) are dissociation reactions. Equations (13.41) 
and (13.42) are bimolecular exchange reactions (sometimes called the “shuffle” 
reactions); they are the two most important reactions for the formation of nitric 
oxide, NO, in air. Equation (13.44) is called a dissociative-recombination reac¬ 
tion because the recombination of the NO + ion with an electron produces not 
NO but rather a dissociated product N + O. Note that the above reactions are 
not all independent; for example, Eq. (13.43) can be obtained by adding Eqs. 
(13.41) and (13.42). However, in contrast to the calculation of an equilibrium 
composition as discussed in Secs. 10.9 and 11.11, for a nonequilibrium reaction 
mechanism the chemical equations do not have to be independent. In such a 
nonequilibrium case, the kinetic reaction mechanism may contain a large 
number of elementary chemical reactions, many of which are not independent. 
What is important is that all pertinent reactions that may affect the rate process 
must be included. This is quite different from the reactions used to calculate an 
equilibrium composition. For such equilibrium calculations, all we need are £ — 
(/> independent chemical reaction, where £ is the number of species and <j> is 
the number of elements, as discussed in Sec. 11.11. The actual reactions used 
are somewhat arbitrary, as long as they involve the various species in the 
equilibrium mixture, and as long as they are independent (i.e., as long as 
one chemical equation cannot be obtained by adding and/or subtracting any of 
the other chemical equations). This is in direct contrast to a nonequilibrium 
system, where the specification of a detailed kinetic mechanism with many 
participating reactions is necessary. 

From the above reaction mechanism for air [Eqs. (13.38) through (13.44)], 
let us construct the rate equation for NO. Reactions (13.40) through (13.43) 
involve the production and extinction of NO. Moreover, in reaction (13.40), the 
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collision partner M can be any of the different species, each requiring a different 
rate constant. That is, Eq. (13.40) is really the following equations: 


NO + 0 2 

k f 

N + O + 0 2 

(13.40a) 

kh * a 

NO + N 2 

k f*b 

N + O + N 2 

(13.40f>) 

kt ’lb 

NO + NO 

k f,c . 

N + O + NO 

(13.40c) 

kh lc 

NO + O 

k f*d . 

N + O + O 

(13.40J) 

' k »3J 

NO + N 

k f3. . 

N + O + N 

(13.40e) 

kl >le 

NO + NO + 

k fjf 

k "3f 

N + O + NO + 

(13.40/) 

NO + e~ 

k '>9 . 

' kb,. 

N + O + <T 

(13.40c/) 


Thus, the chemical rate equation for NO is 
(/[NO] 

— dt — = -*/JNO][0 2 ] + /c„ JN][0][0 2 ] 

-*/„[NO][N 2 ] + k»„[N][0][N 2 ] 

-kfj. NO] 2 + fc b JN][0][N01 
-k f d NO][0] + k bi £ N][0 2 ] 
-k /3 ,[N0][N]+fe^[N] 2 [0] 

-fc /3/ [NO][NO] + + fc fc3/ [N][0][N0 + ] 
-*/,.[NO][>-] + fe tl .[N][0][e-] 

+ k/ 4 C0 2 ][0]-lc i4 [N0][0] 

+ fe /5 [N 2 ][0] - k tj [NO][N] 

+ 2k/ t [N 2 ][0 2 ] - 2fc 6t [NO] 2 (13.45) 

There are rate equations similar to Eq. (13.45) for 0 2 , N 2 , O, N, NO + , and e~. 
Clearly, you can see that a major aspect of such a nonequilibrium analysis 
is simply bookkeeping, making certain to keep track of all the terms in the 
equations. 
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Values of the rate constants for high-temperature air are readily available 
in the literature. See, for example. Refs. 158-162. Again, keep in mind that there 
is always some uncertainty in the published rate constants; they are difficult to 
measure experimentally, and very difficult to calculate accurately. Hence, any 
nonequilibrium analysis is a slave to the existing rate data. 

For temperatures above 9000 K, where ionization of the atoms takes place, 
a kinetic mechanism more complex than that given by Eqs. (13.40a)-(l3.40y) is 
needed. Such a mechanism, along with the appropriate rate constants, is given in 
Table 13.1. These data were compiled by Dunn and Kang in Ref. 162, and the 


TABLE 13.1 

Kinetic mechanism for high-temperatnre air 


Dunn/Kang model 

Reaction 




it 


0, + N - 20 

+ N 


3.6000E18 

-1.00000 

118800. 

0 2 + NO = 20 

+ NO 


3.6000E18 

-1.00000 

118800. 

N, + O = 2N 

+ O 


I.9000F17 

-0.50000 

226000. 

N 2 + NO = 2N 

+ NO 


1.9000E17 

-0.50000 

226000. 

N 2 + 0 2 = 2N 

+ o 2 


1.9000E17 

-0.50000 

226000. 

NO + 0 2 = N 

+ O 

+ o 2 

3.9000F.20 

-1.5 

151000. 

NO + N 2 = N 

+ O 

+ n 2 

3.9000E20 

-1.5 . 

151000. 

0 + NO = N 

+ o 2 


3.2000E9 

t.O 

39400. 

O + N 2 = N 

+ NO 


7.0000F.13 

0.0 

76000. 

N + N 2 = 2N 

+ N 


4.0850E22 

- 1.5 

226000. 

O + N = NO 4 

+ c“ 


1.4000E06 

1.50000 

63800. 

O + e~ = 0 + 

+ 2c' 


3.6000E31 

-2.91 

316000. 

N + e“ - N + 

+ 2e“ 


I.1000E32 

-3.14 

338000. 

o + o = or 

+ c 


1.6000E17 

-0.98000 

161600. 

o + o 2 + = o a 

+ o f 


2.9200E18 

-1.11000 

56000. 

N, + N 1 = N 

+ NJ 


2.0200E11 

0.81000 

26000. 

N + N = N 2 " 

+ e" 


1.4000E13 

0. 

135600. 

O -)- NO + - NO 

+ O 4 


3.6300EI5 

-0.6 

101600. 

N, f O' - O 

+ NJ 


3.4000E19 

-2.00000 

46000. 

N + NO* = NO 

+ N + 


1.0000E19 

-0.93 

122000. 

O, + NO 1 = NO 

+ OJ 


1.8000E15 

0.17000 

66000. 

0 + NO * = 0 2 

+ N' 1 


1.3400E13 

0.31 

154540. 

O, + O = 20 

+ O 


9.0000EI9 

-1. 

119000. 

0 2 + 0 2 = 20 

+ O, 


3.2400E19 

- 1. 

119000. 

O, + N 2 = 20 

+ N 2 


7.2000E18 

-1. 

t19000. 

N 2 + N 2 = 2N 

+ n 2 


4.7000E17 

-0.5 

226000. 

NO + O = N 

+ 20 


7.8000E20 

- 1.5 

151000. 

NO + N = O 

+ 2N 


7.8000E20 

-1.5 

151000. 

NO + NO = N 

+ O 

+ NO 

7.8000E20 

-1.5 

151000. 

0 2 + N 2 = NO 

+ NO 

1 + e“ 

1.3800E20 

-1.84 

282000. 

NO + N 2 = NO 

h + e" 

+ N 2 

2.2000EI5 

-0.35 

216000. 
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TABLE 13.2 

Kinetic mechanism for H 2 -air 


Jachimowski 


Reaction C } r\ f K f 


H 2 

+ 

0, 


OH 

+ 

OH 

I.7FJ3 

0. 

48000. 

OH 

4 

H-> 

= 

H,0 

+ 

ii 

2.21213 

0. 

5150. 

11 

+ 

0 2 

= 

OH 

+ 

o 

2.20E14 

0. 

16800. 

0 

+ 

H, 

= 

OH 

-f 

H 

1.80E10 

1. 

8900. 

OH 

+ 

OH 

= 

h 2 o 

+ 

O 

6.3E12 

0, 

1090. 

11 

+ 

OH 


h 2 o 

+ 

M 

2.20E22 

-2. 

0. 

H 

+ 

0 

= 

OH 

+ 

M 

6.00E16 

-0.6 

0. 

H 

+ 

ii 

- 

H, 

+ 

M 

6.40E17 

-1. 

0. 

H 

+ 

o. 

= 

HO, 

+ 

M 

1.70EI5 

0. 

-1000. 

HO ; 

+ 

H 

= 

H, 

+ 

o, 

1.30EI3 

0. 

0. 

HO, 

+ 

H 

= 

OH 

+ 

OH 

1.40E14 

0. 

1080. 

HO, 

+ 

O 


OH 

+ 

o. 

1.50E13 

0. 

950. 

HO, 

+ 

OH 

= 

h 2 o 

+ 

O, 

8.00E12 

0. 

0. 

HO ? 

+ 

ho 2 


h,o 2 

+ 

O, 

2.00E12 

0. 

0. 

H 

+ 

H,0, 

- 

h 2 

+ 

HO, 

1.40E12 

0. 

3600. 

o 

+ 

h 2 o 2 

= 

OH 

+ 

HO, 

1.40E13 

0. 

6400. 

Oil 

+ 

11,0 2 


h 2 o 

+ 

HO, 

6.tOEt2 

0. 

1430. 

M 

+ 

h 2 o 2 

= 

20H 

+ 

M 

1.20E17 

0. 

45500. 

O 

+ 

0 


o, 

+ 

M 

6.00013 

0. 

-1000. 

N 

+ 

N 


N, 

+ 

M 

2.80E17 

-0.75 

0. 

N 

+ 

0 2 


NO 

+ 

O 

6.40E9 

1.0 

6300. 

N 

+ 

NO 

= 

N, 

+ 

O 

1.60E13 

0. 

0. 

N 

+ 

OH 


NO 

+ 

H 

6.30E11 

0.5 

0. 

11 

+ 

NO 


HNO 

+ 

M 

5.40E15 

0. 

-600. 

I) 

+ 

UNO 

- 

NO 

\- 

lt ? 

4.KGE12 

0. 

0. 

O 

+ 

UNO 

= 

NO 

+ 

Oil 

5.00E11 

0.5 

0. 

OH 

+ 

HNO 

= 

NO 

+ 

h 2 o 

3.60E13 

0. 

0. 

HO; 

. + 

HNO 


NO 

+ 

h 2 o 2 

2.00E12 

0. 

0. 

HO : 

r + 

NO 

- 

no 2 

4* 

OH 

3.43E12 

0. 

-260. 

H 

+ 

NO, 

= 

NO 

+ 

OH 

3.50E14 

0. 

1500. 

O 

+ 

NO, 


NO 

+ 

o, 

1.00E13 

0. 

600. 

M 

+ 

no 2 

= 

NO 

+ 

O 

1.16E16 

0. 

66000. 





Jachimowski 

Reaction 

Third Body Efficiencies! 


H + OH + M = H.O + M 

H, 

1.0 

h 2 o 

6.0 

H+0+M=OH+M 

H, 

1.0 

h 2 o 

5.0 

h + h + m = h 2 + m 

H, 

2.0 

h 2 o 

6.0 

H + 0 2 + M = HO, + M 

H, 

2.0 

h 2 o 

16.0 

M + 11,0, = 2011 + M 

I', 

1.0 

h 2 o 

15.0 


1"All other third bodies have efficiency of 1.0 
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table is readily found in Ref. 158. In this table, a form of the rate constant 
similar to that given in Eq. (13.33) is used, specifically 

k f = c s T"‘e^ K > >t,y (13.46) 

where , J Jt = 1.986 cal/(g-mol) K. The units of k { are expressed in cm 3 , g-mol, 
and seconds, in the combination appropriate for the given chemical equation. A 
typical temperature variation for one of the reactions, namely the O, -t- CL 
20 + 0 2 reaction, is shown in Fig. 13.3. Clearly, the value of k f changes rapidly 
with temperature. 

Table 13.1 and Fig. 13.3 are given here, not to say that the rate data is 
precise, because it is not. Uncertainties exist in all these data. Rather, Table 13.1 
and Fig. 13.3 are representative of the rate data in modern use, and are given 
here simply to serve as an example. If you wish to carry out a serious nonequili¬ 
brium analysis, the suggestion is made to always canvas the existing literature 
for the most accurate rate data, even to the extent of talking with the physical 
chemistry community, before embarking on any extensive calculations. 

13.5 CHEMICAL NONEQUILIBRIUM IN 
H 2 -AIR MIXTURES 

As described in Chaps. 1 and 9, future air-breathing hypersonic vehicles will be 
povvered by supersonic combustion ramjet engines (SCRAMjets). The fuel for 
the SCRAMjets will most likely be hydrogen, and therefore the chemical kinetics 
of H,-air mixtures is of vital importance to the supersonic combustion process. 
With this in mind, Table 13.2 gives a typical kinetic mechanism for H,-air chem¬ 
ically reacting mixtures, along with the reaction rate constant data wherein k t is 
in the same form as given by Eq. (13.46). Table 13.2 is obtained from Ref. 158, 
based on data supplied by C. Jachimowski from the NASA Langley Research 
Center. At the bottom of Table 13.2 are some third body efficiencies for several 
reactions where H, and H 2 0 are the third bodies, i.e., the collision partner 
denoted by M in some of the chemical equations. 

13.6 SUMMARY 

In this chapter we have considered some of the elementary characteristics of 
gases in both vibrational and chemical nonequilibrium. 

To analyze and compute the time rate-of-change of vibrational energy in a 
gas, the vibrational rate equation can be used: 

-(*!&-«„„) (13-17) 

at r 

where the relaxation lime r is given by 

zp = C l e {C2lT) ' /3 

Frequently, the above equations are called the Landau-Teller rate model. 
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To analyze and compute the linite-rate chemical kinetic processes in any 
gas mixture, it is necessary to 

1. Deline the reaction mechanism [such as reactions (13.38) through (13.44)]. 

2. Obtain the rate constants from the literature, usually in the form of Eq. 
(13.33). 

3. Write all the appropriate rate equations, such as Eq. (13.45). 

4. Solve the rate equations simultaneously to obtain the time variation of the 

species concentrations, that is, [0 2 ] = [O] = / 2 (r), etc. This is a job for 

a high-speed digital computer. Indeed, most modern analyses of chemical 
nonequilibrium systems would not be practicably possible without computers. 

Finally, we will see how these considerations are used in the analyses of 
nonequilibrium high-temperature flowfields in Chaps. 15 and 17. 



CHAPTER 

14 


INVISCID 

HIGH- 

TEMPERATURE 

EQUILIBRIUM 

FLOWS 


Equilibrium: Any condition in which all acting influences are 
cancelled by others resulting in a stable , balanced , or unchanging 
system. 


The American Heritage Dictionary 
of the English Language, 1969 


CA1 
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14.1 INTRODUCTION 

II is worthwhile at this stage to return to our roadmap in Fig. 1.23. All of our 
discussion in Part 111 of this book has, so far, been centered in the first item 
under high-lemperalure flows in Fig. 1.23, namely, a presentation of basic physi¬ 
cal chemistry effects. The material covered under this item has been in the spirit 
of "tool-building,” i.e., acquiring the necessary tools (concepts, definitions, equa¬ 
tions, etc.) from physical chemistry to allow us to properly analyze and under¬ 
stand high-temperature flows. We now have enough of these tools to study 
inviscid high-temperature flows—the next item on the roadmap in Fig. 1.23. In 
particular, the subject of the present chapter is equilibrium inviscid (lows; the 
matter of nonequilibrium inviscid Hows is the subject of Chap. 15. 

before progressing further, it is important to examine more closely what is 
meant by high-temperature equilibrium flow. 

Definition. Flow in loeul thermodynamic equilibrium a local Boltzmann distribu¬ 
tion [Bq. (11.25)] exists at each point in the fiow at the local temperature T. Hence, 
at each point in the flow, the energy of each species is given by Fq. (11.62) or 
(11.63). 

Definition. Flow in local chemical equilibrium -the local chemical composition at 
each point in the tlow is the same as that determined by the chemical equilibrium 
calculations described in Secs. 10.9, 11.9, and 11.11 (using the equilibrium con¬ 
stants) at the local values of '/'and p. 

llow close an actual high-temperature flow comes to these ideal conditions of 
local thermodynamic equilibrium and local chemical equilibrium depends on the 
collision frequency and the fiow time, as will be explained in Chap. 15. In the 
present chapter we will simply assume that local equilibrium conditions hold at 
each point in the flowfield, and we wifi examine the nature of high-temperature 
(lows under such equilibrium conditions. 


14.2 GOVERNING EQUATIONS 
FOR INVISCID HIGH-TEMPERATURE 
EQUILIBRIUM FLOW 

Consider again Eqs. (4.1)-(4.5). Examine these equations carefully; they are fre¬ 
quently called the Euler equations, and they are the governing equations for 
inviscid llow used throughout Part I of this book. These equations are derived 
in most basic fluid dynamics texts; sec, for example, Refs. 4 and 5. Think over 
the nature of these derivations, and if necessary review them in these references. 
We will proceed from here assuming that you are familiar with the derivations 
of F.qs. (4.1)—(4.5). 

Question: Do these equations hold for high-temperature, chemically 
reacting equilibrium Hows? The answer lies in their derivation. For example, the 
continuity equation, Eq. (4.1), is simply a statement of global mass conservation, 
which holds whether or not the fiow is chemically reacting. Similarly, Eqs. 
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(4.2)-(4.4) are basically Newton’s second law, which is also independent of 
chemically reacting effects. Finally, Eq. (4.5) is the energy equation (or more 
precisely the entropy equation) for adiabatic flow; it stems from the combined 
1st and 2d laws of thermodynamics presented in Chap. 10. These laws hold for 
any type of gas, and hence are applicable to high-temperature chemically react¬ 
ing flows. Thus, the answer to the question is yes\ Eqs. (4.1) (4.5) hold for a 
high-temperature, chemically reacting, inviscid, equilibrium flow. [On the other 
hand, Eq. (4.6), which was used frequently throughout Part I, does not hold for 
such a flow; it is a specialized form assuming constant y, and hence applies only 
to a calorically perfect gas.] 

Note that Eq. (4.5) is a statement that the entropy of a moving fluid ele¬ 
ment is constant in an adiabatic, inviscid flow. For a high-temperature gas, this 
remains true as long as the flow is in local equilibrium —the case treated in this 
chapter. However, for nonequilibrium flow (to be discussed in Chap. 15), we 
know from results such as Eq. (10.72) that there is an entropy increase due to 
the irreversible effect of the nonequilibrium process. Hence, Eq. (4.5) does not 
hold for a nonequilibrium inviscid flow. For such a case, and essentially for all 
general high-temperature flows, it is recommended that we deal with another 
variable rather than entropy in the energy equation. There are a number of 
alternate forms of the energy equation for adiabatic, inviscid flows—see, for ex¬ 
ample, Chap. 6 of Ref. 4. Let us choose the total enthalpy as our dependent 
variable, and write the energy equation for an adiabatic inviscid flow as 


Dh 0 dh 0 

p ^ = p _ + p „ 




5x+pu _ + pw _ 7 


dt 


(14.1) 


which holds for both equilibrium and nonequilibrium flows. 

In summary, the governing equations for an inviscid, high-temperature, 
equilibrium flow are, from Eqs. (4.1) (4.4) and (14.1), written in vector and sub¬ 
stantial derivative notation: 


Continuity 

Momentum 

Energy 

where 


dp 

dt 


+ v • (pV) = 0 


DV 


- Vp 


Dt 
Dh 0 dp 


Dt 


dt 


V 2 

h 0 = h + Y 


(14.2) 

(14.3) 

(14.4) 


(14.5) 


So we see that high temperature effects do not change the basic lorm of these 
equations; they are the same as used in many of our previous analyses in Part I. 
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Question: Why does the energy equation not have an extra term that 
deals with the energy changes due to chemical reactions (exothermic or endo¬ 
thermic) in the llow? The answer is that h in Eqs. (14.4) and (14.5) contains the 
effective zero-point energies, namely the heats of formation, as explained in Sec. 

11.12. In this fashion, the local energy exchanges due to chemical reactions are 
automatically accounted for when h is treated as the absolute enthalpy in the 
form given by Eq. (11.105). When this is done, no explicit “heat addition” term 
appears in Eq. (14.4) to account for chemical reactions. (In some literature, a 
chemical “heat addition” term is included in the energy equation; in such cases 
the enthalpy is the sensible rather than absolute value. Review Sec. 11.12 for the 
difference between sensible and absolute enthalpy.) 

Recall our discussion in Sec. 11.1 concerning the unknown variables in an 
equilibrium chemically reacting flowfield, and how they are obtained in princi¬ 
ple. We now see in detail how they are obtained. The flow equations, Eqs. 
(14.2)-( 14.4), constitute three equations for four unknowns: p, V, p, and h. This 
system of equations must be completed by the addition of the equilibrium ther¬ 
modynamic properties for the gas. Conceptually, we can write these properties 
in the form 


T = T(p, It) (14.6) 

p = p(p,h) (14.7) 

Therefore, Eqs. (14.2) (14.4), (14.6) and (14.7) constitute five equations for the 
live unknowns: p, V, p. It, and T. Note that T is not only an important flowfield 
variable, it is absolutely necessary for the evaluation of the equilibrium con- 
slams and the internal energy and enthalpy from the expressions given by statis¬ 
tical thermodynamics (see Chap. II). Recall from Sec. 11.13 that, in a given 
calculation, Eqs. (14.6) and (14.7) can take the form of any of the following: 

1. A direct calculation of the equilibrium thermodynamic properties from the 
equations of statistical thermodynamics (Chap. 11) carried out in parallel 
with the solutions of the flow equations. In terms of a computer calculation, 
this can be viewed as a computer subroutine which generates the properties 
directly from the statistical mechanical equations. 

2. A tabulation of the equilibrium thermodynamic properties (if one is available 
for the particular gas you are dealing with). For high-temperature air, Ref. 
154 is a good example of such tabulations. 

3. Correlations of the equilibrium thermodynamic properties (again, if they are 
available). For air, Ref. 155 is a good example of such correlations. 

4. Graphical plots of the equilibrium thermodynamic properties (again, if they 
are available). For example, a large Mollier diagram for high-temperature air 
is available in many laboratories and companies for such purposes. 


Finally, we note that analytical, closed-formed solutions of Eqs. 
(14.2) (14.4) and (14.6) (14.7) have not yet been obtained in the literature, even 
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for the simplest type of high-temperature flow problem. It is almost axiomatic 
that high-temperature elTccts, even in the most straightforward case of inviseid 
one-dimensional How, forces the solutions of such problems to be numerical. 
This aspect of the analysis of high-temperature flows will be amply demon¬ 
strated in the subsequent sections and chapters. 

14.3 EQUILIBRIUM NORMAL 
AND OBLIQUE SHOCK-WAVE FLOWS 

Consider a stationary normal shock wave as sketched in Fig. 14.1. Assume that 
the shock is strong enough, hence T 2 is high enough, such that vibrational exci¬ 
tation and chemical reactions occur behind the shock front. Moreover, assume 
that local thermodynamic and chemical equilibrium hold behind the shock. All 
conditions ahead of the shock wave (region 1) are known. Our objective is to 
calculate properties behind the shock. 

The governing equations for the flow across a normal shock are derived in 
many basic texts; see, for example, Ref. 4. They can be obtained by writing Eqs. 
(14.2)-(14.4) for steady, one-dimensional flow, and integrating between points in 
front of and behind the shock. They are 

Continuity p l u l = p 2 u 2 (14.8) 

Momentum p l + piu\ = p 2 + p 2 u l (14.9) 

Energy hi + -- 1 = h 2 + - 2 (14.10) 

Equations (!4.8)-(14.10) are the familiar basic normal shock equations; con¬ 
sistent with the discussion in Sec. 14.2 —these equations are general; they hold 
for both reacting and nonreacting gases. 


Known 

To be calculated 

“l 

"2 

P i 

Pl 


h 2 

P\ 

l>2 

T, 

t 2 


1 

Normal FIGURE 14.1 

shock wave Normal shock geometry. 
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In addition, the equilibrium thermodynamic properties for the high-tem¬ 
perature gas are assumed known from the techniques discussed in Chap. 11. 
These may take the form of tables or graphs, or may be calculated directly from 
the equations developed in Chap. 11. In any event, we can consider these prop¬ 
erties in terms of the following functional relations (“equations of state,” if you 
will): 

Pi=p{Pi,h 2 ) (14.11) 

Ti = T(p 2 , h 2 ) (14.12) 

Recall that, for a calorically perfect gas, Eqs. (I4.8)-(14.12) yield a series of 
closed-form algebraic relations for p 2 /p ,, T 1 /T l , M 2 , etc., as functions of M, (see, 
for example, Refs. 4 and 5). Unfortunately, no simple formulas can be obtained 
when the gas is vibrationally excited and/or chemically reacting. For such high- 
temperature cases, Eqs. (14.8) through (14.12) must be solved numerically. To 
set up such a numerical solution, let us first rearrange Eqs. (14.8) through 
(14.10). From Eq. (14.8) 


: 

Pi 


Substitute Eq. (14.13) into (14.9): 


Pi + Pi«? = Pi + P J PiU ' 
Pi 


Solving Eq. (14.14) for p 2 we have 


Pi = Pi + P i««? 1 - 


Pi 


Pi 


In addition, substituting Eq. (14.13) into (14.10), we have 

(Pi«i/Pa) 2 


h. +4=h 2 + ' 


(14.13) 


(14.14) 


(14.15) 


(14.16) 


Solving Eq. (14.16) for h 2 . 


= h .4- -- 1 

1 - FTl 


2 

L w J 



(14.17) 


Since all the upstream conditions, p,, w,, p,, h t , etc., are known, Eqs. 
(14.15) and (14.17) express p 2 and h 2 , respectively, in terms of only one 
unknown, namely p ,/p 2 - This establishes the basis for an iterative numerical 
solution, as follows: 


1. Assume a value for p,/p 2 . (A value of 0.1 is usually good for a starter.) 

2. Calculate p 2 from Eq. (14.15) and h 2 from Eq. (14.17). 



INVISC1D HIGH-TFMPFRATURF FQUILIHR1UM FLOWS 509 


3. With the values of p, and li 2 just obtained, calculate p, from Eq. (14.11). 

4. Form a new value of p l !p 2 using the value of p 2 obtained from step 3. 

5. Use this new value of p,/p 2 in Eqs. (14.15) and (14.17) to obtain new values 
of />, and /t 2 , respectively. Then repeat steps 3 through 5 until convergence is 
obtained, i.e., until there is only a negligible change in p,/p 2 from one itera¬ 
tion to the next. (This convergence is usually very fast, typically requiring less 
than five iterations.) 

6. At this stage, we now have the correct values of p 2 > h 2 , and Pi- Obtain the 
correct value of T 2 from Eq. (14.12). 

7. Obtain the correct value of u 2 from Eq. (14.13). 

By means of steps I through 7 above, we can obtain all properties behind the 
shock wave for given properties in front of the wave. 

There is a basic practical difference between the shock results for a calori- 
cally perfect gas and those for a chemically reacting gas. For a calorically perfect 
gas (see Refs. 4 and 5) 


P2 = 

Pi 

- 2 = fi(Mi) 

Pi 

j 2 = f>(Mi) 

Note that in this case only M l is required to obtain the ratios of properties 
across a normal shock wave. In contrast, for an equilibrium chemically reacting 
gas, we have seen above that 


Pi , 

— = Ty) 

Pi 

— = (h(“uPi, T i ) 

Pi 

^ 2 = fh(>t„Pi, 7j) 

hi 

Note that in this case three free-stream parameters are necessary to obtain the 
ratios of properties across a normal shock wave. This makes plenty of sense 
— the equilibrium composition behind the shock depends on p 2 and T 2 , which in 
turn are governed in part by p, and 7j. Hence, in addition to the upstream 
velocity u,, the normal shock properties must depend also on p, and 7j. By this 
same reasoning, if no chemical reactions take place, but the vibrational and 
electronic energies are excited (a thermally perfect gas), then the downstream 
normal shock properties depend on two upstream conditions, namely, u, and 7j. 
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Also note that, in contrast to a calorically perfect gas, the Mach number 
no longer plays a pivotal role in the results for normal shock waves in a high- 
temperature gas. In fact, for most high-temperature flows in general, the Mach 
number is not a particularly useful quantity. The flow of a chemically reacting 
gas is mainly governed by the primitive variables of velocity, temperature, and 
pressure. For an equilibrium gas, the Mach number is still uniquely defined as 
K/a, and it can be used along with other determining variables —it just does not 
hold tt dominant position its in the case of a calorically perfect gas. For a non¬ 
equilibrium gas, however, there is some ambiguity even in the definition of 
Mach number (to be discussed in Chap. 15), and hence the Mach number 
further loses significance for such cases. 

For high-temperature air, it comparison between calorically perfect gas and 
equilibrium chemically reacting gas results was shown in Fig. 1.18. Here, the 
temperature behind a normal shock wave is plotted versus upstream velocity for 
conditions at a standard altitude of 52 km. The equilibrium results are plotted 
directly from normal shock tables prepared by the Cornell Aeronautical Labora¬ 
tory (now CALS PAN Corporation), and published in Refs. 163 and 164. These 
reports shoulds be consulted for equilibrium normal shock properties associated 
with air in the standard atmosphere. From Fig. 1.18, the calorically perfect re¬ 
sults considerably overpredict the temperature, and for obvious reasons. For a 
calorically perfect gas, the directed kinetic energy of a flow ahead of the shock is 
mostly converted to translational and rotational molecular energy behind the 
shock. On the other hand, for a thermally perfect and/or chemically reacting 
gas, the directed kinetic energy of the flow, when converted across the shock 
wave, is shared across all molecular modes of energy, and/or goes into zero- 
point energy of the products of chemical reaction. Hence, the temperature 
(which is a measure of translational energy only) is less for such a case. 

For further comparison, consider a reentry vehicle at 170,000-ft standard 
altitude with a velocity of 36,000 ft/s. The properties across a normal shock wave 
for this case arc tabulated in Table 14.1. Note from that tabulation that chemi¬ 
cal reactions have the strongest effect on temperature, for the reasons given ear¬ 
lier. This is generally true for all types of chemically reacting flows—the 
temperature is by far the most sensitive variable. In contrast, the pressure ratio 
is affected only by a small amount. Pressure is a “mechanically” oriented vari- 
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able; il is governed mainly by the fluid mechanics of the flow, and not so much 
by the thermodynamics. This is substantiated by examining the momentum 
equation, namely Eq. (14.9). For high-speed flow, u 2 <i u„ and p 2 t> p v Hence 
from Eq. (14.9) 

Pi « Pi't 

This is a common hypersonic approximation; note that p 2 is mainly governed 
by the free-stream velocity, and that thermodynamic effects are secondary. 

In an equilibrium dissociating and ionizing gas, increasing the pressure at 
constant temperature tends to decrease the atom and ion mass fractions, i.e., 
increasing the pressure tends to inhibit dissociation and ionization. The conse¬ 
quences of this effect on equilibrium normal shock properties are shown in Fig. 
14.2, where the temperature ratio across the shock is plotted versus upstream 
velocity for three different values of upstream pressure. Note that T 2 /T! is higher 
at higher pressures; the gas is less dissociated and ionized at higher pressure, 
and hence more energy goes into translational molecular motion behind the 
shock rather than into the zero-point energy of the products of dissociation. 



FIGURE 14.2 

Influence of pressure on the normal shock temperature in equilibrium air. 
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Because of the importance of high temperature effects in high-speed at¬ 
mospheric (light, more detailed results for equilibrium normal shock properties 
in air are given in Figs. 14.3 and 14.4, obtained from Ref. 165. In Figs. 14.3a and 
h, the temperature behind a normal shock wave is plotted as a function of veloc¬ 
ity in front of the wave, with altitude as a parameter. The velocity range in Fig. 
14.3n is below orbital velocity, and hence the results are affected primarily by 
dissociation. In contrast, the velocities in Fig. I4.3h cover the super-orbital range 
(above 26,000 ft/s), and therefore reflect the effects of substantial ionization. 
Note again the effect of pressure in these results; at a given velocity, T 2 increases 
with decreasing altitude (i.e., increasing pressure), because the amount of disso¬ 
ciation and ionization in an equilibrium gas is decreased at higher pressure. Also 
note the general magnitude of the temperatures encountered. At iq = 10,000 ft/s 
(typical of a hypersonic cruise transport), T 2 x 3000 K. At u 2 = 26,000 ft/s (orbi¬ 
tal velocity typical of a space shuttle or transatmospheric vehicle), T 2 ~ 7000 K. 
For atmospheric entry at escape velocity, u 1 = 36,000 ft/s (typical of Apollo-type 
vehicles and aero-assisted orbital transfer vehicles), T 2 « 11,000 K. Moreover, 
Fig. 14.3a illustrates that chemically reacting effects begin to impact the nor¬ 
mal shock properties at velocities above 6000 ft/s (approximately Mach 6). The 
density ratio across a normal shock wave p 2 /p ,, is shown in Figs. 14.4a 
and h, plotted versus velocity with altitude as a parameter. Recall from 
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FIGURE I4.3« 

Variation of normal shock temperature with velocity and altitude; velocity range below orbital 

vclocily. {From Ituher, Ref. 165.) 
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Geopotentia! altitude, ft 



FIGURE I4.3A 

Variation of normal shock temperature with velocity and altitude; velocity range near and above 
orbital velocity, (From Ref. 165.) 


Eq. (2.4) that, for a calorically perfect gas, p 2 /Pi approaches the limiting value 
of (y + l)/(y — 1) as M ai -* oo. For air with y = 1.4, this limiting ratio is 6. 
Note from Figs. 14.4n and b that p 2 /p, is strongly affected by chemical reac¬ 
tions, and that its values range far above 6—reaching as high as 22. 

The value of p 2 /Pi has an important effect on the shock detachment dis¬ 
tance in front of a hypersonic blunt body. The flow of a calorically perfect gas 
over a hypersonic blunt body is discussed in Secs. 5.3 and 5.4. An approximate 
expression for the shock detachment distance, 5, on a sphere of radius R is (see 
Ref. 46) 


<5 __ Pi/Pi _ 

R \ + Ji(pdP^ 


(14.18) 


In the limit of high velocities, p,/p 2 becomes small compared to unity, and Eq. 
(14.18) is approximated by 


<5 ^ P t = _1_ 

R ~ P 2 (P 2 /P 1 ) 


(14.19) 


Therefore, the value of the density ratio across a normal shock wave has a 
major impact on shock detachment distance; the higher the density ratio, p 2 /p„ 
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the smaller is <5. From Figs. 14.4a and b, we see that the effect of chemical 
reactions is to increase p 2 /p, which, in turn, decreases the shock detachment 
distance. Therefore, in comparison to the calorically perfect gas blunt-body re¬ 
sults discussed in Secs. 5.3 and 5.4, the shock wave for a chemically reacting gas 
(at the same velocity and altitude conditions) will lie closer to the body. This is 
emphasized schematically in Fig. 14.5, where 3 cp and <5 cR are the shock detach¬ 
ment distances for a calorically perfect gas and a chemically reacting gas, respec¬ 
tively. 

Let us now turn our attention to oblique shock waves in an equilibrium 
gas. The flow across an oblique shock is sketched in Fig. 14.6. It is readily 
shown (see Refs. 4 and 5) that the component of flow velocity tangential to a 
straight oblique shock wave is preserved across the shock, that is, V, 2 = V u2 in 
Fig. 14.6. This is a basic mechanical result obtained from the momentum equa¬ 
tion, and hence it is not influenced by high-temperature effects. In turn, the 
thermodynamic changes across the oblique shock are dictated only by the com¬ 
ponent of the upstream velocity perpendicular to the shock, V„ Therefore, we 
have for the high-temperature equilibrium flow across an oblique shock wave 
the same basic, familiar results from classic shock-wave theory, namely, that the 
properties behind the oblique shock are the same as the properties across a 
normal shock with upstream velocity u, = V n l . (The exception to this is, of 
course, the flow velocity behind the oblique shock, V 2 , where V 2 must be ob¬ 
tained by the vector addition of the tangential component V, 2 and the normal 
component, V n2 , with V„ 2 satisfying the normal shock results.) Consequently, 
the normal shock analysis involving Eqs. (14.13) to (14.17) also applies to the 
equilibrium flow across an oblique shock wave. 



FIGURE 14.5 

Relative locations of blunt-body bow shock 
waves for calorically perfect and chemically 
reacting gases. 
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FIGURE 14.6 

Oblique shock geometry, 


From the oblique shock picture in Fig. 14.6, we have 

tan (ft — 0) = ~ 2 (14.20) 

K, 2 

where, as in Chap. 2, 0 is the deflection angle and ft is the wave angle. Since 
V, 2 = V l%1 , Eq. (14.20) can be written as 


tan (/1 — 0) 


K,2 

Kt 


K.2K,, 

K,i v,,i 


or 

tan (/! - 0) = j"' 2 tan /! (14.21) 

K. 1 

Equation (14.21) is, for the equilibrium high-temperature case, the analog of Eq. 
(2.16) for the calorically perfect gas case; Eq. (14.21) relates the wave angle /?, 
the deflection angle 0, and the upstream velocity V t (via its components, V n l 
and V n 2 ). The solution of Eq. (14.21) combined with the normal shock numeri¬ 
cal solution described by Eq. (14.13) to (14.7) yields a 0-p-V diagram for equilib¬ 
rium flow across oblique shocks which is a direct analog to the familiar 0-(}-M 
diagram obtained for a calorically perfect gas shown in Fig. 2.3. An equilibrium 
0-P-V diagram for high-temperature air is given in Fig. 14.7n, obtained from Ref. 
166. The results shown in Fig. 14.7a are for an altitude of 100,000 ft, i.e., for a 





Shock angle /?, degrees 


1NVISCID HIGH-TEMPERATURE EQUILIBRIUM FLOWS 517 



FIGURE 14.7a 

Deflection angle-wave angle- 
velocity diagram for oblique 
shocks in high-temperature air 
at 100,000 ft altitude. (From 
Moeckel, Ref. 166.) 



FIGURE 14.76 

Comparison of oblique shock waves for a calorically perfect gas versus an equilibrium chemically 
reacting gas. 
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fixed p t and T,. The equilibrium chemically reacting results are given by the 
solid curves for different values of V x . These are compared with the colorically 
perfect gas results with y = 1,4, given by the dashed curves. From these results, 
note the following aspects: 

1. Figure !4.7n for equilibrium chemically reacting air is qualitatively similar to 
Fig. 2,3 for calorically perfect air. 

2. For the equilibrium chemically reacting results, Mach number M, is not an 
important parameter, as discussed earlier for the normal shock case. Rather, 
the oblique shock results depend on velocity F t as well as p, and T L (or 
equivalently, as in the case of Fig. 14.7a, on F, and altitude). 

3. The density ratio elTect is strongly evident in Fig. 14.7a. Consider the “weak- 
shock solutions” given by the lower portion of the 0-/1-V curves. (See Refs. 4 
and 5 for a discussion of “weak-shock” and “strong-shock” cases for oblique 
shock waves.) In Fig. 14.7a, for a given deflection angle 0, the equilibrium 
results for the wave angle /i (solid curves) are less than those for a calori¬ 
cally perfect gas with constant y — 1.4 (dashed curves). This implies that the 
oblique shock wave will lie closer to the surface for the chemically reacting 
equilibrium case, as sketched in Fig. 14.7ft. In this sense, Fig. 14.7ft is, for the 
flow over a wedge, the analog to Fig. 14.5 for the flow over a blunt body. Of 
course, the reason why the chemically reacting oblique shock lies closer to the 
surface is due to the increased density ratio p 2 /Pi across the wave, just as in 
the case of the normal shock. It is interesting to note that the reverse is true 
for the “strong-shock solutions” given by the upper portions of the curves in 
Fig. 14.7n. Here, the wave angle is greater for the chemically reacting case. 
(However, keep in mind that in the vast majority of actual applications, it is 
the “weak-shock solution” that prevails.) 

4 . The maximum deflection angle 0 allowed for the solution of a straight 
oblique shock wave is increased by chemically reacting effects. 

An interesting study of equilibrium properties behind normal and oblique 
shock waves for velocity-altitude points following trajectories for a transatmo- 
spheric vehicle was recently given by Bussing and Eberhardt in Ref. 158. The 
trajectories are shown on the velocity-altitude map in Fig. 14.8. The two lower 
curves correspond to two possible ascents of a hypothetical transatmospheric 
vehicle. The other curves show the ascent and entry (light paths of the space 
shuttle, for comparison. The equilibrium chemical composition behind a normal 
shock is shown in Fig. 14.9, and that for an oblique shock with /! = 30° is 
shown in Fig. 14.10. In both figures, the values of p, and T, which correspond 
to the various M, values on the abscissa are those which pertain to the standard 
altitudes as dictated by the upper and lower trajectories in Fig. 14.8. In Fig. 14.9 
for the normal shock case, note the progressive increase in dissociation as M, 
increases above a value of 6. Also note that the mole fraction of ions is exclu¬ 
sively due to NO + , and that this mole fraction is small. In contrast, for the case 



Mach number 


FIGURE 14.9 

Equilibrium chemical species variations behind a normal shock, following the trajectories shown in 
Fig. 14.8. {From Ref 158.) 
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Upper Lower 
trajectory trajectory 



FIGURK 14.10 

Fqiiilibriuni chemical species variations behind a 30° oblique shock, following the trajectories shown 
in Fig. 14.8. (From Ref. 15R.) 


with fS = 30° shown in Fig. 14.10, dissociation does not become important until 
M, is well above 12, and that ionization is virtually nonexistent. 

This concludes our discussion of normal and oblique shock waves for flow 
in local thermodynamic and chemical equilibrium. These are very basic flows, 
and they clearly exhibit the type of high-temperature effects associated with 
compression-type (lows. Make certain that you feel comfortable with these re¬ 
sults, both quantitative and qualitative, before progressing further. 

14.4 EQUILIBRIUM QUASI- 
ONE-D1MENSIONAL NOZZLE FLOWS 

Consider the inviscid, adiabatic high-temperature flow through a convergent- 
divergent Laval nozzle, as sketched at the top of Fig. 14.11. As usual, the reser¬ 
voir pressure and temperature are denoted by p 0 and T 0 , respectively. The 
throat conditions are denoted by an asterisk, and exit conditions by a subscript 
e. This nozzle could be a high-temperature wind tunnel, where air is heated in 
(he reservoir, for example, by an electric arc (an “arc tunnel”), or by shock 
waves (a “shock tunnel”). In a shock tunnel, the nozzle is placed at the end of a 
shock tube, and the reservoir is essentially the hot, high-pressure gas behind a 
reflected shock wave (see Sec. 9.1). The nozzle in Fig. 14.11 could also be a 
rocket engine, where the reservoir conditions are determined by the burning of 
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FIGURE 14.11 

Illustration of ihe solution of an 
equilibrium nozzle flow on a Mol- 
lier diagram. 


fuel and oxidizer in the combustion chamber. In either case—-the high-tempera¬ 
ture wind tunnel or the rocket engine—the flow through the nozzle is chemically 
reacting. Assuming local chemical equilibrium throughout the flow, let us exam¬ 
ine the properties of the nozzle expansion. 

First, let us pose the question: Is the chemically reacting flow isentropic? 
On a physical basis, the flow is both inviscid and adiabatic. However, this does 
not guarantee in general that the chemically reacting flow is irreversible. If we 
deal with an equilibrium chemically reacting flow, we can write the combined 
first and second laws of thermodynamics from Eqs. (10.34) and (10.46) as 

T ds = dh — v dp (14.22) 

From Eq. (14.5) we have, for an adiabatic steady flow, h 0 = constant of, in 
differential form. 


dh+VdV = 0 (14.23) 

From Eq. (14.3), written along a streamline, we obtain a familiar form of Euler’s 
equation as 


dp = —pV dV 


( 14 . 24 ) 
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This can be rearranged as 

V JV = — ^ = v tip (14.25) 

P 

As explained in Sec. 14.2, all of these equations hold for chemically reacting 
llow. Combining Eqs. (14.23) and (14.25), we have 

dll — I = dh — v dp = 0 (14.26) 

P 

Substituting F.q. (14.26) into (14.22), we obtain 


T ds = 0 (14.27) 

Hence, the equilibrium chemically reacting nozzle flow is isentropic. Moreover, 
since Eq. (14.27) was obtained by combining the energy and momentum equa¬ 
tions, the assumption of isentropic flow can be used in place of either the mo¬ 
mentum or energy equations in the analysis of the flow. 

It is a general result that equilibrium chemical reactions do not introduce 
irreversibilities into the system; if an equilibrium reacting system starts at some 
conditions p, and T,, deviates from these conditions for some reason, but then 
returns to the original p, and T t , the chemical composition at the end returns to 
what it was at the beginning. Equilibrium chemical reactions are reversible. 
Hence, any shockless, inviscid, adiabatic, equilibrium chemically reacting flow is 
isentropic. This is not true if the flow is nonequilibrium, as will be discussed in 
Chap. 15. 

All of the above results and statements hold for any general shockless flow 
in local thermodynamic and chemical equilibrium. Let us now address the 
specific aspects of quasi-one-dimensional flow. As defined and discussed in Refs. 
4 and 5, quasi-one-dimensional flow is a flow where the cross-sectional area is a 
variable, A = zl(x), but where all the flow properties across any given cross sec- 
lion are assumed to be uniform. Hence, a flow which is in reality two- or three- 
dimensional is assumed to have properties that vary only in the x direction; 
p = p(x), V = u = n(x), T = T(x), etc. Various aspects of quasi-one-dimensional 
flow for a calorically perfect gas are discussed in Chap. 5 of Ref. 4; such matters 
should be reviewed by the reader before progressing further. 

Let us pose another question: For an equilibrium, chemically reacting, 
quasi-one-dimensional nozzle flow, does sonic flow exist at the throat? We have 
already established that the flow is isentropic. This is the only necessary condi¬ 
tion for the derivation of the area-velocity relation, derived in most compressible 
flow lexts (see Refs. 4 and 5). This relation is given by 


dA 

A 


= (M 1 - I) 


dll 


(14.28) 


which holds for a general gas. In turn, when M = 1, dA/A = 0, and therefore 
sonic flow does exist at the throat of an equilibrium chemically reacting nozzle 
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flow. The same is not true for a nonequilibrium flow, as will be discussed in 
Chap. 15. 

We are now in a position to solve the equilibrium chemically reacting 
nozzle flow. A graphical solution is the easiest to visualize. Consider that we 
have the equilibrium gas properties on a Mollier diagram, as sketched in Fig. 
14.11. Recall from Fig. 11.13 that a Mollier diagram is a plot of h versus s, and 
lines of constant p and constant T can be traced on the diagram. Hence, refer¬ 
ring to Fig. 14.11, a given point on the Mollier diagram gives not only h and s, 
but /> and T at that point as well (and any other equilibrium thermodynamic 
property, since the state of an equilibrium system is completely specified by any 
two-state variables). Let point 1 in Fig. 14.11 denote the known reservoir condi¬ 
tions in the nozzle. Since the flow is isentropic, conditions at all other locations 
throughout the nozzle must fall somewhere on the vertical line through point I 
in Fig. 14.11. In particular, choose a value of u = u 2 ± 0. The point in Fig. 14.1 1 
which corresponds to this velocity (point 2) can be found from Eqs. (14.4) and 
(14.5) as follows: 


h 0 = const 


Hence, 


h, + = h 2 + "J = ; Jo (14.29) 

Thus, 

Ah = ;, 0 - h 2 = (14.30) 

Therefore, for a given velocity u 2 , Eq. (14.30) locates the appropriate point on 
the Mollier diagram. In turn, the constant-pressure and -temperature lines that 
run through point 2 define the pressure p 2 and temperature T 2 associated with 
the chosen velocity w 2 . In this fashion, the variation of the thermodynamic prop¬ 
erties through the nozzle expansion can be calculated as a function of velocity it 
for given reservoir conditions. 

For an equilibrium gas, the speed of sound, a 2 = (dp/dp) s , is also a unique 
function of the thermodynamic state. This will be discussed in more detail in 
See. 14.6. For example. 


a = a(h, s) (14.31) 

Thus, at each point on the Mollier diagram in Fig. 14.11, there exists a definite 
value of a. Moreover, at some point along the vertical line through point 1, the 
speed of sound a will equal the velocity u at that point. Such a point is marked 
by an asterisk in Fig. 14.11. At this point, u = a = u* = a*. Since we demon¬ 
strated earlier that sonic flow corresponds to the throat in an equilibrium nozzle 
flow, then this point in Fig. 14.11 must correspond to the throat. The pressure, 
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temperature, and density at this point are p*, T*, and p*, respectively. Thus, 
from the continuity equation for quasi-one-dimensional flow, we have 

puA = p*u*A* (14.32) 


A _ p*u* 
A* pu 


(14.33) 


Therefore, Eq. (14.33) allows the calculation of the nozzle area ratio as a func¬ 
tion of velocity through the nozzle. 

In summary, using the Mollier diagram in Fig. 14.11, we can compute the 
appropriate values of it, p, T, and A/A* through an equilibrium nozzle flow for 
given reservoir conditions. An alternative to this graphical approach is a 
straightforward numerical integration of Eqs. (14.23), (14.24), and (14.32) along 
with tabulated values of the equilibrium thermodynamic properties. The integra¬ 
tion starts from known conditions in the reservoir and marches downstream. 
Such a numerical integration solution is left for the reader to construct. 

In either case, numerical or graphical, it is clear that the familiar closed- 
form algebraic relations that can be obtained for a calorically perfect gas (see 
Refs. 4 and 5) are not obtainable for chemically reacting nozzle flows. This is 
analogous to the case of chemically reacting flow through a shock wave dis¬ 
cussed in Sec. 14.2. In fact, by now the reader should suspect, and correctly so, 
that closed-form algebraic relations cannot be obtained for any high-tempera¬ 
ture chemically reacting flow of interest. Numerical or graphical solutions are 
necessary for such cases. 

Recall that, for a calorically perfect gas, the nozzle flow characteristics 
were governed by the local Mach number only. For example, from Refs. 4 and 5, 
for a calorically perfect gas, 


f = him 

i o 


£ = MM) 

P 0 

In contrast, for an equilibrium chemically reacting gas, 

A 

^ = ffi(Po> T 0 , u) 


T 

T* 


= 02(Pi» T 0 , It) 


— = 9a(Po. T 0 ,u) 
P 0 
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Note, as in the case of a normal shock, that the nozzle flow properties depend 
on three parameters. Also, once again we see that Mach number is not the 
pivotal parameter for a chemically reacting flow. 

Some results for the equilibrium supersonic expansion of high-temperature 
air are shown in Fig. 14.12. Here the mole-mass ratios for N 2 , 0 2 , N, O, and 
NO are given as a function of area ratio for T u = 8000 K and /> 0 = 100 atm. At 
these conditions, the air is highly dissociated in the reservoir. However, as the 
gas expands through the nozzle, the temperature decreases, and as a result the 
oxygen and nitrogen recombine. This is reflected in Fig. 14.12, which shows rj 0 
and i/ N decreasing and t/ Q , and t/ N , increasing as the gas expands supersonically 
from A;A* = 1 to 1000. 

A typical result from equilibrium chemically reacting flow through a 
rocket nozzle is shown in Fig. 14.13. Here, the equilibrium temperature distribu¬ 
tion is compared with that for a calorically perfect gas as a function of area 




FIGURE 14.12 

Chemical composition for the 
equilibrium nozzle expansion 
of high-temperature air. (From 
Esehenroeder et al., “Shock Tunnel 
Studies of High-Enthalpy Ionized 
Airflowsf Cornell Aeronatttieal 
Lab. Report No. AF-1500 A I, 
1962.) 
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1‘ICIJRK 14.13 

Comparison between equilibrium and ealorically perfect results for the flow through a rocket engine. 


ratio. The reservoir conditions are produced by the equilibrium combustion of 
tin oxidizer (N 2 0 2 ) with a fuel (half N 2 H 4 and half unsymmetrical dimethyl 
hydrazine) at an oxidizer-lo-fuel ratio of 2.25 and a chamber pressure of 4 atm. 
The calorically perfect gas is assumed to have a constant y = 1.20. It is impor¬ 
tant to note from Fig. 14.13 that the equilibrium temperature is higher than that 
for the calorically perfect gas. This is because, as the gas expands and becomes 
cooler, the chemical composition changes from a high percentage of atomic 
species (O and H) in the reservoir with an attendant high zero-point energy to a 
high percentage of molecular products (H 2 0), CO, etc. in the nozzle expansion 
with an attendant lower zero-point energy. That is, the gas recombines, giving 
up chemical energy which serves to increase the translational energy to the 
molecules, hence resulting in a higher static temperature that would exist in the 
nonreacting case. Note that the trend shown in Fig. 14.13 for nozzle flow is 
exactly the opposite of that shown in Figs. 1.18 and 14.2 for shock waves. For 
nozzle flow, the equilibrium temperature is always higher than that for a calori¬ 
cally perfect gas; for flow behind a shock wave, the equilibrium temperature is 
always lower than that for a calorically perfect gas. In the former case, the reac¬ 
tions are exothermic, and energy is dumped into the translational molecular 
motion; in the latter, the reactions are endothermic and energy is taken from the 
translational mode. 

Without going into the details, the two- or three-dimensional nature of 
nozzle flows in local thermodynamic and chemical equilibrium can be calculated 
by means of the method of characteristics. The philosophy and execution of the 
method of characteristics for such a case is no different than discussed in Sec. 
5.2; the compatibility equations and characteristic lines are exactly the same — 
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only the high temperature thermodynamic properties given in concept by Eqs. 
(14.6) and (14.7) have to be included. See Ref. 53 for more details. 


14.5 FROZEN AND EQUILIBRIUM FLOWS: 

THE DISTINCTION 

To this point in the present chapter, we have discussed flows in local thermo¬ 
dynamic and chemical equilibrium, as defined in Sec. 14.1. In reality, such flows 
never occur precisely in nature. This is because all chemical reaction and vibra¬ 
tional energy exchanges require a certain number of molecular collisions to 
occur; because the gas particles experience a finite collision frequency (see Chap. 
12), such reactions and energy exchanges require a finite time to occur, as de¬ 
scribed in Chap. 13. Therefore, in the hypothetical case of local equilibrium flow 
discussed in the present chapter where the equilibrium properties of a moving 
fluid element demand instantaneous adjustments to the local T and p as the 
element moves through the field, the reaction rates have to be infinitely large. 
Therefore, equilibrium flow implies infinite chemical and vibrational rates. 

The opposite of this situation is a flow where the reaction rates are pre¬ 
cisely zero—so-called frozen flow. As a result, the chemical composition of fro¬ 
zen flow remains constant throughout space and time. (This is true for an 
inviscid flow; for a viscous flow the composition of a given fluid element may 
change via diffusion, even though the flow is chemically frozen. Diffusion effects 
are discussed in Chaps. 16 and 17.) 

To reinforce the distinction between equilibrium and frozen flows, the 
qualitative difference between chemical equilibrium and frozen nozzle flows is 
sketched in Fig. 14.14 for a case of fully dissociated oxygen in the reservoir. 
Examining Fig. 14.14c, the flow starts out with oxygen atoms in the reservoir 
(e Q = I, c 0 , = 0). If we have equilibrium flow, as the temperature decreases 
throughout the expansion, the oxygen atoms will recombine; hence c D decreases 
and increases as a function of distance through the nozzle. If the expansion 
(area ratio) is large enough such that the exit temperature is near room temper¬ 
ature, equilibrium conditions demand that virtually all the oxygen atoms recom¬ 
bine and, for all practical purposes, c 02 = 1 and c Q = 0 at the exit. These 
equilibrium distributions are shown by the solid curves in Fig. 14.14. In con¬ 
trast, if the flow is chemically frozen, then by definition the mass fractions are 
constant as a function of distance through the nozzle (the dashed lines in Fig. 
14.14c). Recombination is an exothermic reaction; hence the equilibrium expan¬ 
sion results in the chemical zero-point energy of the atomic species being trans¬ 
ferred into the translational, rotational, and vibrational modes of molecular 
energy. (The zero-point energy of two O atoms is much higher than the zero- 
point energy of one O, molecule. When two O atoms recombine into one O, 
molecule, the decrease in zero-point energy results in an increase in the internal 
molecular energy modes.) As a result, the temperature distribution for equilibri¬ 
um flow is higher than that for frozen flow, as sketched in Fig. 14.14E 
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(C) 



FIGURE 14.14 

A schematic comparing equilibri¬ 
um and frozen chemically reacting 
flows through a nozzle. 


For vibrationally frozen flow, the vibrational energy remains constant 
throughout the flow. Consider a nonreacting vibrationally excited nozzle expan¬ 
sion as sketched in Fig. 14.15. Assume that we have diatomic oxygen in the 
reservoir at a temperature high enough to excite the vibrational energy, but low 
enough such that dissociation does not occur. If the flow is in local thermo¬ 
dynamic equilibrium, the translational, rotational, and vibrational energies are 
given by Fqs. (11.57), (11.51), and (11.61), respectively. The energies decrease 
through the nozzle, as shown by the solid curves in Fig. 14.15c. However, if the 
flow is vibrationally frozen, then e vib is constant throughout the nozzle, and is 
equal to its reservoir value. This is shown by the horizontal dashed line in Fig. 
14.15c. In turn, because energy is permanently sealed in the frozen vibrational 
mode, less energy is available for the translational and rotational modes. Thus, 
because T is proportional to the translational energy, the frozen flow tempera¬ 
ture distribution is less than that for equilibrium flow, as shown in Fig. 14.15i>. 
In turn, the distributions of c llans and c r0 , will be lower for vibrationally frozen 
flow, as shown in Fig. 14.15c. 
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FIGURE 14.15 

A schematic comparing equilibrium and frozen vibralionally relaxing (lows through a nozzle. 


It is left as an exercise for the reader to compare the equilibrium and 
frozen flows across a normal shock wave. 

Note that a flow which is both chemically and vibrationally frozen has 
constant specific heats. This is nothing more than the flow of a calorically per¬ 
fect gas; we have treated the topic in Chaps. I through 8. 

As a final note in this section, although precisely equilibrium or precisely 
frozen flows never occur in nature, there are a large number of flow applications 
that come very close to such limiting situations, and can be analyzed using one 
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or the other of these assumptions. (This is in the same category as saying that 
precisely isentropic (low never exists in real life, but there are many practical 
problems that can be very accurately analyzed by making the assumption of 
isentropic flow.) The judgment as to whether a given flow in real life is close 
enough to either equilibrium or frozen flow depends on the comparison between 
reaction times and flow times, to be described in Sec. 15.1. Suffice it to say here 
that the study of flows in local thermodynamic and chemical equilibrium (the 
subject of this chapter) is very practical, and is applicable to many real flow 
problems. 


14.6 EQUILIBRIUM AND 
FROZEN SPECIFIC HEATS 

In this section, we temporarily deviate from our discussion of flow problems, 
and reexamine a thermodynamic property of chemically reacting gases, namely 
the specific heat. To understand the significance of this section, look back over 
the flow problems described in Secs. 14.2-14.4. Note that the governing equa¬ 
tions do not involve the specific heats c p or c„; rather, the energy equation deals 
with the more fundamental variables of enthalpy or internal energy. The reason 
for this is developed in the present section. 

Let us derive an expression for the specific heat of an equilibrium chemi¬ 
cally reacting gas, as follows. 

The enthalpy of a chemically reacting mixture can be obtained from Eq. 
(11.89), repeated here: 

/1 = E C A (11-89) 


By definition, the specific heat at constant pressure c p is 

'dh s 


" \dT) 

Thus, for a chemically reacting mixture, Eqs. (11.89) and (14.34), give 


(14.34) 


£ uA 


DT 


_ ( 5/iA _ (Be, 

Lp ~ ? A<27 + ? !| ( OT 


(14.35) 


In Eq. (14.35) (dhJBT) p is the specific heat per unit mass for the pure species i, 
c Pt . Hence, Eq. (14.35) becomes 


c p = I c ‘ c p< + £ h i (If) 

i i \ U 1 / p 


(14.36) 
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Equation (14.36) is an expression for the specific heat of a chemically reacting 
mixture. If the flow is frozen, by definition there are no chemical reactions, and 
therefore in Eq. (14.36) the term (dcJdT) p = 0. Thus, for a frozen flow, the spe¬ 
cific heat becomes, from Eq. (14.36) 

c p = c Pf = £ 04-37) 

i 

In turn, the frozen flow specific heat, denoted in Eq. (14.37) by c pr can be 
inserted in Eq. (14.36), yielding, for a chemically reacting gas. 




„ /t)c A 

( p 

C P, + 

^ h w) P 

Specific heat at 

Frozen 

Contribution due to 

constant pressure for 

specific 

chemical reaction 

the reacting mixture 

heat 



Considering the internal energy of the chemically reacting gas given by 

e = I 

and using the definition of specific heat at constant volume 



we obtain in a similar fashion 


where 


L ‘v = + I e i\ 



(14.39) 


c 


v f 


£ c t c vi 


(14.40) 


Equations (14.38) and (14.39) are conceptually important. Throughout our 
calorieally perfect gas discussions in Chaps. 1 through 8, we were employing c p 
and c,. as expressed by Eqs. (14.37) and (14.40). Now, for the case of a chemi¬ 
cally reacting gas, we see from Eqs. (14.38) and (14.39) that an extra contribu¬ 
tion, namely. 


I ^ 


dr 




is made to the specific heats purely because of the reactions themselves. The 
magnitude of this extra contribution can be very large, and usually dominates 
the value of v p or c,,. 



532 high-temperature gas dynamics 


For practical cases, it is not possible to find analytic expressions for 
(OcJt)T) p or (Cc-j()T) v . For an equilibrium mixture, they can be evaluated nu¬ 
merically by differentiating the data from an equilibrium calculation, such as 
was described in Secs, 11.12 and 11.13. Such evaluations have been made, for 
example, by Frederick Hansen in NASA TR-50 (see Ref. 167). Figure 14.16 is 
taken directly from Hansen’s work, and shows the variation of c„ for air with 
temperature at several different pressures. The humps in each curve reflect the 
reaction term in Eq. (14.39), 



and are due consecutively to dissociation of oxygen, dissociation of nitrogen and 
then, at very high temperatures, the ionization of both O and N. (Note that the 
ordinate of Fig. 14.16 is a nondimensionalized specific heat, where 0t is the 
universal gas constant, J( 0 is the initial molecular weight of undissociated air, 
J{ is molecular weight at a given T and p and C„ is the molar specific heat.) 



FIGURE 14.16 

Specific heat of equilibrium air at constant pressure as a function of temperature. (From Hansen, Ref. 
167.) 
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Because c p and c,. for a chemically reacting mixture are functions of both 
T and p (or T and r), and because they exhibit such wild variations as seen in 
Fig. 14.16, they are not usually employed directly in calculations of inviscid 
high-temperature flows. Note that, in our previous discussions on shock waves 
(Sec. 14.3) and nozzle flows (Sec. 14.4), h or e were used for a solution rather 
than c or e,.. However, it is important for an overall understanding of high- 
temperature flows to know how and why the specific heats vary. This has been 
the purpose of the above discussion. Moreover, in Chap. 17 dealing with chemi¬ 
cally reacting viscous flows, the Prandtl and Lewis numbers are identified as 
important similarity parameters, both of which involve c p . Thus, we need values 
for c p for chemically reacting viscous flows in order to evaluate local values of 
the Prandtl and Lewis numbers. 

14.7 EQUILIBRIUM SPEED OF SOUND 

In general, the speed of sound in a gas is given by (see Refs. 4 and 5) 



This is a physical fact, and is not changed by the presence of chemical reactions. 
Furthermore, for a calorically perfect gas, a = ^JyRT. But what is the value of 
speed of sound in an equilibrium reacting mixture? How do we calculate it? Is it 
equal to sfyRT ? The purpose of this section is to address these questions. 

Consider an equilibrium chemically reacting mixture at a fixed p and T. 
Therefore, the chemical composition is uniquely fixed by p and T. Imagine a 
sound wave passing through this equilibrium mixture. Inside the wave, p and T 
will change slightly. If the gas remains in local chemical equilibrium through the 
internal structure of the sound wave, the gas composition is changed locally 
within the wave according to the local variations of p and T. For this situation, 

the speed of the sound wave is called the equilibrium speed of sound, denoted 

by a r . In turn, if the gas is in motion at the velocity V, then V[a e is defined as 
the equilibrium Mach number M e . 

To obtain a quantitative relation for the equilibrium speed of sound, con¬ 
sider the first and second laws of thermodynamics from Eqs. (10.32), (10.34), and 
(10.46): 

T ds = de + p dv (14.41) 

T ds = dh — v dp (14.42) 

The process through a sound wave is isentropic; hence Eqs. (14.41) and (14.42) 
become 


de + p dv = 0 


(14.43) 


and 


dh — v dp = 0 


(14.44) 
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For an equilibrium chemically reacting gas 

e = e(v, T ) 

Thus, the total differential is 


Similarly, 


de = f — | do + c v dT 
\BvJ r 


(14315) 


h = h(p, T ) 
Bh 


dh 


dh = 


<> P j; dp + (ar) dT 


dh 


dll 

dp Jr 


dp + c p dT 


(14.46) 


Note that, in Eqs. (14.45) and (14.46), c„ and c p are given by Eqs. (14.39) and 
(14.36), respectively. Substituting Eq. (14.45) into (14.13), 

de 


(14.47) 


— dv + c„ dT + p dv = 0 
dv Jr 


<■„ dT + 


P + 


dv = 0 


Substituting Eq. (14.46) into (14.44), 
ddh\ 


K°Pjr 

c P dT + 

Dividing Eq. (14.48) by (14.47) 


dp + Cp dT — v dp = 0 


dh' 

dp Jr 


dp = 0 


l(dh/dp) T - y] dp 


(14.48) 


(14.49) 


(14.50) 


c„ [(de/dv)? + p] dv 

However, v = 1/p; hence dv = ~dp/p 2 . Thus, Eq. (14.49) becomes 

= L( dh/dp) r - n] 2 dp 
c„ l(de/dv) T + p] P dp 

Since we are dealing with isentropic conditions within the sound wave, any 
changes dp and dp within the wave must take place isentropically. Thus, 
dp/dp = (Bp/Dp), = a 2 . Hence, Eq. (14.50) becomes 

8p\ c 1 l(0e/dv) T + p] 


Bp A c„ P 2 [I//> - (S/i/Op),] 
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OI 


■> _c„p[l +(VpX5e/3 i>) 7 -3 fl4 5n 

c v Vv-p(dh/dp) T f 

As usual, let y = c p /c„. Also, note from the equation of state that p/p = RT. 
Thus, Eq. (14.51) becomes 


2 _. RT U +WpXde/dv) T 1 
' [1 - p(8h/0p /) r ] 


(14.52) 


Equation (14.52) gives the equilibrium speed of sound in a chemically reacting 
mixture. 

Equation (14.52) gives an immediate answer to one of the questions asked 
at the beginning of this section. The speed of sound in an equilibrium reacting 
mixture is not equal to the simple result ^fyRT obtained for a calorically perfect 
gas. However, if the gas is calorically perfect, then h — c p T and e = c v T. In turn, 
(dh/dp) T = 0 and ( de/dv) T — 0, and Eq. (14.52) reduces to the familiar result 

a f = J^RT (14.53) 

The symbol is used above to denote the frozen speed of sound, because a 
calorically perfect gas assumes no reactions. Equation (14.53) is the speed at 
which a sound wave will propagate when no chemical reactions take place 
internally within the wave, i.e., when the flow inside the wave is frozen. 

For a thermally perfect gas, h = h(T) and e(T). Hence, again Eq. (14.52) 
reduces to Eq. (14.53). 

Clearly, the full Eq. (14.52) must be used whenever ( 0e/dv) T and ( dh/dp) T 
are finite. This occurs for two cases: 

1. When the gas is chemically reacting 

2. When intermolecular forces are important, i.e., when we are dealing with a 
real gas (see Sec. 10.4) 

In both of the above cases, h = h(T,p) and e = e{T, v) and hence Eq. (14.52) 
must be used. 

Note from Eq. (14.52) that the equilibrium speed of sound is a function of 
both T and p , unlike the case for a calorically or thermally perfect gas where it 
depends on T only. This is emphasized in Fig. 14.17, which gives the equilibrium 
speed of sound for high-temperature air as a function of both T and p. In 
addition, note in Fig. 14.17 that the frozen speed of sound is given by a constant 
horizontal line at a 2 p/p = 1.4, and that the difference between the frozen and 
equilibrium speed of sound in air can be as large as 20 percent under practical 
conditions. In turn, this once again underscores the ambiguity in the definition 
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FIGURE 14.17 

Equilibrium speed of sound for air as a function of temperature. (From Ref. 167.) 


of Mach number for high-temperature flows. The frozen Mach number My = 
V/iiy and the equilibrium Mach number M r = V[a e can differ by a substantial 
amount. Hence, Mach number is not particularly useful in this context. 

Finally, note that the derivatives of e and h in Eq. (14.52) must be ob¬ 
tained numerically from the high-temperature equilibrium properties of the mix¬ 
ture. Although Eq. (14.52) is in a useful form to illustrate the physical aspects of 
the equilibrium speed of sound, it does not constitute a closed-form formula 
from which, given the local p and T, a value of a e can be immediately obtained. 
Rather, the derivatives must be evaluated numerically, as has been carried out 
by Hansen (Ref. 167) and others. Indeed, a correlation for the equilibrium speed 
of sound in high-temperature air is given by Tannehill and Mugge in Ref. 155 as 


H*t + (?- »)! 




. vy 


(14.54) 


are given in Table 11.1 found in Sec. 11.13, and y is defined by Eq. (11.108). 


14.8 EQUILIBRIUM CONICAL FLOW 

In this section, we treat the equilibrium high-temperature supersonic and hyper¬ 
sonic flow over a cone at zero degrees angle of attack. This flow is sketched in 
big. 14.18, where () c and /) are the cone half-angle and the shock-wave angle, 
respectively. Any point in the flow between the shock and the body is located by 
the spherical coordinates r, 0, and <1>. The cone is a right-circular cone; hence the 
flow is axisymmetric, where variations of properties in the azimuthal direction 4> 
are zero. (For this reason, 4> is not shown in Fig. 14.18.) Moreover, we take 
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FIGURE 14.18 

Cone-flow geometry. 


advantage of a property of conical flow, namely that the flow properties along 
any conical ray (the r direction) are constant. This is the classical picture of 
conical flow (see, for example Ref. 4); it is unchanged for the case of equilibrium, 
high-temperature flow. 

The governing equations for axisymmetric conical flow can be obtained by 
writing Eqs. (14.2) and (14.3) in spherical coordinates, while at the same time 
setting 5/5<t> = 0 and V# = 0. From Eq. (14.2) for a steady flow 

V-(pV) = 0 (14.55) 

In spherical coordinates, with the axisymmetric assumption, Eq. (14.55) becomes 

4 4( r VK-) + ^-^-4(pJ / ssin0) = O (14.56) 

r dr r sm a do 

Expanding the derivatives in Eq. (14.56), and setting d/dr = 0 for conical flow, 
we obtain 

2pK r + pK e cot0 + rf( ^ ) = O (14.57) 

do 

Equation (14.57) is the continuity equation for conical flow. Note that, since 0 is 
the only independent variable, Eq. (14.57) is an ordinary differential equation. 
For the momentum equation, we write Eq. (14.3) in spherical coordinates, 
taking components first in the r direction, and then in the 6 direction. 


r direction 


d Vr KdV, 

' dr r d6 


1 dp 
p dr 


r 


(14.58) 
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Applying the conical flow assumption to Eq. (14.58), we obtain simply that 

* = -d£ (,4 - 59) 

liquation (14.59) is the /'-momentum equation for conical flow. 


0 direction 


3V. . V B SV„ . V.V e 


1 dp 


^ dr + r di) r pr 80 


Applying the conical flow assumption to eq. (14.60), we have 

d V„ 1 dp 

V °d0 + Kv °=- P h 


(14.60) 


(14.61) 


liquation (14.61) is the 0-momentum equation for conical flow. 

The energy equation will be invoked by stating that the flow is isentropic 
between the shock and the cone, and hence any change in pressure, dp, in any 
direction in the flowfield is related to a corresponding change in density, dp, via 
the speed of sound relation 


0p\ dp 

dp) s dp 


(14.62) 


(Note that setting the ordinary differential expression dp/dp equal to a 2 is valid 
only when the flowfield is isentropic, as in the present case.) With Eq. (14.62), we 
can write Eq. (14.57) as 


2K + V„ cot 0 


dV, 


i/ 


(14.63) 


Examine Eqs. (14.61) and (14.63); they are two equations in terms of the deriva¬ 
tives dVyfdO and dp/dO. Solving Eqs. (14.61) and (14.63) for these derivatives, we 
obtain 


and 


dV 0 

dO 


a 1 / V V 2 \ 

= V}~a i [ 2 K+V e cotO--yj (14.64) 

t = _ ^AK+Kcot 0) (14.65) 

dO Vg — ci- 


ln summary, Eqs. (14.59), (14.64), and (14.65) constitute three coupled ordinary 
differential equations in terms of the live unknowns, V g , V r , p, p, and a. This 
system is completed by adding the equilibrium high-teinperature thermodynamic 
properties in the form of 


P = P(P< -■>') 
a = a(p, s ) 


(14.66) 

(14.67) 
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Therefore, Eqs. (14.59) and (14.64) (14.67) represent the governing equations for 
equilibrium flow over a cone. They stem from Eqs. (14.2) and (14.3), along with 
the basic speed of sound relation—all of which hold for chemically reacting flow. 
Thus, Eqs. (14.59) and (14.64)-(14.67) hold for equilibrium chemically reacting 
flow. For this case, they constitute the high-temperature analog of the classic 
Taylor-Maccoll equation for the conical flow of a calorically perfect gas, found 
in many compressible flow texts (see, for example, Chap. 10 of Ref. 4). 

An iterative numerical solution of the above equations can be carried out 
as follows. Consider a given cone with specified 0 C in a specified free stream (p lti , 
p „ , V x are known). 

1. Assume a shock wave angle, /i. 

2. Calculate the equilibrium flow properties immediately behind the oblique 
shock using the method described in Sec. 14.3. 



FIGURE 14.19 

Surface pressures on cones; comparison between equilibrium air and calorically perfect results. 
(From Hudgens , Ref. 169.) 
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3. Using these shock conditions as initial values, solve Eqs. (14.59) and 
(14.64) (14.67) using any standard numerical solver for ordinary differential 
equations, e.g., a Runge-Kutta method. This solution is a forward-marching 
solution in steps AO, starting at the shock. 

4. Integrate these equations until the cone surface is reached. Then check to see 
if V e = 0 at 0 C . This is the proper flow-tangency boundary condition at the 
surface, namely that the component of velocity normal to the surface is zero. 
If this boundary condition is not satisfied, return to step 1 above and assume 
a new value of [I. 

5. Continue this iterative process until convergence is obtained, i.e., until V e = 0 
at the specified 0 C . 

Such conical flow solutions have been obtained in equilibrium air by 
Romig (Ref. 168) and Hudgins (Refs. 169 and 170). Indeed, Ref. 170 is a massive 
tabulation of equilibrium cone properties covering altitudes from sea level to 
200,000 ft and Mach numbers up to 40. Some sample results obtained from 
Ref. 169 are shown in Figs. 14.19-14.21. In each of these figures, M m sin 0 C 



FIGURE 14.20 

Surface density on cones; comparison between equilibrium air and calorically perfect results. (From 
Ref. 169.) 
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FIGURE 14.21 

Surface tcmperulure on cones; 
comparison between equilibrium 
air and calorically perfect resulis. 
(From Kef. 169.) 


is the variable plotted along the abscissa. This is the familiar hypersonic 
similarity parameter studied in Part I of this book; it is interesting to note that 
K e = M, sin 0 C is a useful parameter, even for chemically reacting flows. The 
ratio of cone surface pressure to free-stream pressure, p c /p„, is given in Fig. 
14.19 for three different altitudes, and is compared with calorically perfect results 
for •/ = 1.4. Note the rather dramatic result that pjp m is virtually unaffected by 
chemical reactions. This is characteristic of chemically reacting flows involving 
compression processes; we noted the same behavior in Sec. 14.3 dealing with 
shock waves. The pressure is a “mechanical” variable, strongly dependent on the 
mechanical aspects of the flow, and essentially uninfluenced by chemically react¬ 
ing effects. In contrast, the ratio of cone surface density to free-stream density, 
pjp.j, is greatly affected by chemical reactions, as shown in Fig. 14.20. Note 
that, consistent with our earlier discussions, the effect of chemical reactions is to 
increase the density ratio compared to the y = 1.4 results; this implies that the 
shock layer thickness will be smaller for the chemically reacting case. Finally, 
the ratio of cone surface temperature to free-stream temperature is given in Fig. 
14.21. As expected, the equilibrium temperatures are lower than the y = 1.4 
results, and are progressively smaller as the altitude increases; this is because the 
higher altitudes (lower pressures) result in increased dissociation. 
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14.9 EQUILIBRIUM BLUNT-BODY FLOWS 

The calculation of the inviscid flow over a supersonic or hypersonic blunt body 
was discussed in Sec. 5.3 in the context of a calorically perfect gas. In that 
section, emphasis was placed on a time-marching approach as the only viable 
technique for the solution of the problem. The same time-marching philosophy 
is used to calculate the high-temperature equilibrium inviscid flow over a blunt 
body. A recent example of such an approach is the work of Palmer (Ref. 171). 
Utilizing the equations for two-dimensional or axisymmetric flow in the strong 
conservation form given by 


where 


SQ OF 
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where r = 0 or 1 for two-dimensional or axisymmetric flow, respectively, 
and where V 2 = u 2 + a 2 , Palmer carried out an implicit, finite-difference,'shock¬ 
capturing, time-marching solution of the equilibrium chemically reacting ilow 
over cylinders and spheres, AOTV configurations, and hypersonic inlets. For 
details, see Ref. 171. F,quation (14.68) with the given forms of the vectors Q, F, 
G, and H hold in general for an equilibrium chemically reacting gas; they can 
readily be obtained by a proper manipulation of Eqs. (14.2) (14.5). Of course, 
the equilibrium high-temperature gas properties can be included in the calcula¬ 
tion through relations such as p = p(e, p) as correlated in Eqs. (11.107) and 
(11.108), and T = T(e,p) as given by Eq. (11.109). 

Some typical results are given in Figs. 14.22-14.24 obtained from Ref. 171. 
In Fig. 14.22fl, contours of p/p m are shown for a calorically perfect gas with 
y = 1.4 for flow over a sphere at Mach 20 and an altitude of 20 km; these are to 
be compared with similar results obtained from the equilibrium chemically 
reacting case shown in Fig. 14.226. Clearly, the chemically reacting case exhibits 
higher densities and a thinner shock layer, as expected. In Figs. 14.23« and b, a 
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KIGURK 14.22 

Normalized density contours for blunt-body flow, (a) Calorically perfect gas results; (b) equilibrium 
chemically reacting air results. At., = 20, altitude — 20 km. (From Palmer , Ref 171.) 


similar comparison is made for the contours of X/X m . In Figs. 14.24a and b, 
contours of N and NO mole fractions are given. Figure 14.24a shows that the 
most intense dissociation occurs near the stagnation region, but Fig. 14.24b 
shows that the primary concentrations of NO occur further downstream, essen¬ 
tially beyond the sonic line. 

We end this section with a rather interesting application of blunt-body 
equilibrium flowfield calculations. The three-dimensional equilibrium flow over 
the space shuttle was calculated by Maus et al. in Ref. 172. A side and top view 
of the shuttle are shown in Fig. 14.25, obtained from Ref. 172. The three-dimen¬ 
sional steady flowfield is calculated by using a time-marching finite-difference 




FIGURE 14.23 

Normalized temperature contours for blunt-body flow, (a) Calorically perfect gas; (6) equilibrium 
chemically reacting air. M, = 20, altitude = 20 km. (From Ref. 171.) 
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solution in the blunt nose region, and then a spatial, downstream-marching 
finite-difference solution in the locally supersonic and hypersonic regions. High- 
temperature, equilibrium air thermodynamic properties were used. In Ref. 172, a 
rather interesting and unexpected effect of high-temperature flow on the space 
shuttle was pointed out. Flight experience with the shuttle has indicated a much 
higher pitching moment at hypersonic speeds than predicted; this has required 
the body flap defection for trim to be more than twice that predicted. This 
discrepancy is considered to be one of the few major anomalies between design 
predictions and actual flight performance for the shuttle. Maus et al. argue that 
this discrepancy is due to the effects of a chemically reacting shock layer, as 
follows. Figure 14.26, taken from Ref. 172, shows the calculated pressure distri¬ 
bution along the windward centerline of the shuttle; two sets of calculations are 
presented, one for a nonreacting shock layer with y = 1.4, and the other for a 
reacting shock layer assuming local chemical equilibrium. At first glance, there 
appears to be little difference; indeed, pressure distributions are always some¬ 
what insensitive to chemically reacting effects, as noted earlier. However, close 
examination of Fig. 14.26 shows that, for the chemically reacting flow, the pres¬ 
sures are slightly higher on the forward part of the shuttle, and slightly lower on 
the rearward part. This results in a more positive pitching moment. Since the 
moment is the integral of the pressure through a moment arm, a slight change in 
pressure can substantially affect the moment. This is indeed the case here, indi¬ 
cated by Fig. 14.27, taken from Ref. 172. Clearly, the pitching moment is sub¬ 
stantially greater for the chemically reacting case. This conclusion is a curious 
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FIGURE 14.26 

Pressure distribution along the windward centerline of the space shuttle; comparison between a 
calorically perfect gas and equilibrium air calculations. (From Maus et al.. Ref. 172.) 
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FIGURE 14.27 

Predicted pitching moment coellicient Tor the space shuttle; comparison between a calortcally perfect 
gas and equilibrium air calculations, (From Ref. 172.) 

example of high-temperature effects having a rather unexpected but very 
important influence on the basic aerodynamics of the shuttle, and serves to re¬ 
inforce the importance of high-temperature flows in hypersonic aerodynamics. 

14.10 SUMMARY AND COMMENTS 

In this chapter, we have examined various basic flows under the assumption of 
local thermodynamic and chemical equilibrium. In particular, we have studied: 

1. Plow across normal and oblique shocks. Here we found that the ratios of 
properties across a normal shock depend on three upstream quantities (u^Pi, 
and 7’,), and in addition, the oblique shock properties also depend on deflec¬ 
tion angle 0, or wave angle, jl. A 0-(i-V diagram for oblique shocks is given. 
This is in sharp contrast to shock properties for a calorically perfect gas, 
which depend only on M, for normal shocks, and M t and (say) 0 for oblique 
shocks. The increased density ratio across shock waves in the case of a chem¬ 
ically reacting flow results in smaller shock detachment distances and thinner 
shock layers on bodies, in comparison to the familiar constant y = 1.4 case. 

2. Quasi-one-dimensional (low. Here we found that flow properties at any given 
location depend on three quantities, such as p 0 , T 0 , and the local value of u. 
Indeed, the area ratio A/A* depends on the same three quantities. Again, this 
is in contrast to the constant y = 1.4 results, where flow properties can be 
related to local Mach number only. 

3. The specific heat for a chemically reacting gas. Here the strong variations in 
c p and c„ with T and p make the specific heats a rather awkward variable to 
deal with. For this reason, the energy equation is usually expressed in terms 
of the more fundamental variables, h or e. 
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4. The equilibrium speed of sound. This is also a strong function of T and p. In 
a chemically reacting gas, the speed of sound is an ambiguous quantity; the 
equilibrium speed of sound is always lower than the frozen speed of sound; 
this leads to the definition of two distinct Mach numbers at a given point in 
the flow —the equilibrium and frozen Mach numbers. 

5. Flow over right-circular cones at zero angle of attack. Here, we found a 
system of equations for chemically reacting How analogous to the classical 
Taylor-Maccoll equation for a calorically perfect gas. The equilibrium results 
show higher densities and lower temperatures than the constant y = 1.4 
results; however, p is virtually unaffected by chemical reactions. 

6. Blunt-body flows. Here, the same time-marching philosophy as described in 
Chap. 5 for a calorically perfect gas is used, except using the proper govern¬ 
ing equations for the chemically reacting flow, as well as the equilibrium 
thermodynamic properties. 

Common to all these flows is the fact that some type of numerical solution is 
required; analytical solutions for practical chemically reacting flows have not yet 
been obtained (and probably never will be). In many cases, these numerical 
solutions require some type of iterative approach. Also common to all these 
flows is the fact that Mach number, which is so powerful in the analysis of the 
flow of a calorically perfect gas, is simply another flow variable when dealing 
with chemically reacting flows. Also, there are at least two Mach numbers that 
can be defined at any point—the equilibrium and frozen Mach numbers. 

PROBLEMS 

14.1. Consider the supersonic expansion of pure 0 2 through a convergent-divergent noz¬ 
zle. The reservoir temperature is 2000K, and the velocity at the nozzle exit is 
1500 m/s. Assuming local thermodynamic equilibrium, calculate the exit tempera¬ 
ture and the exit-to-throat-area ratio AJA*. Neglect the electronic energy. 

14.2. Consider a stationary normal shock wave in pure diatomic nitrogen. The velocity 
and temperature upstream of the shock are 3000 m/s and 300 K, respectively. Calcu¬ 
late the temperature ratio across the shock, assuming local thermodynamic equilib¬ 
rium. Neglect any chemical reactions, and the electronic energy. For N 2 , hv/k = 
3390 K. 

14.3. Consider a centered Prandtl-Meyer expansion wave in a chemically reacting gas. 
Assuming local chemical and thermodynamic equilibrium, describe how you would 
calculate the change in properties across this wave for given upstream conditions 
and a given expansion angle 0. Be as precise as you can. Describe the problem in 
general, and then give a step-by-step method for its solution. 
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For low densities and high velocities , the molecular reaction rates 
within a fluid element do not keep pace with the rapid flow 
changes. In consequence , internal molecular energy modes, chemi¬ 
cal dissociation, species ionization, and molecular radiation are all 
out of equilibrium. This essential nonequilibrium character compli¬ 
cates extensively the numerical computation of flowflelds. It also 
has a significant impact on the relative roles of computation and 
experimentation in the vehicle design process. 


From the National Academy of Sciences Report 
Current Capabilities and Future Directions 
in Computational Fluid Dynamics, 1986. 
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15.1 INTRODUCTION 

For u given high-temperature flow, how can we judge whether it is close to local 
thermodynamic and/or chemical equilibrium (in which case the methods of 
Chap. 14 hold), or whether it substantially departs from such equilibrium condi¬ 
tions (in which case we have to do something different—the subject of the pre¬ 
sent chapter)? To answer this question, let us first be more precise about the 
definitions of equilibrium and frozen flows. In light of our previous discussions, 
we can state the following. 

Definition. A frozen flow is one where the reaction rate constants k f = k b = 0, and 
the vibrational relaxation time t -* co. 

Definition. An equilibrium flow is one where k f = k h -* co, and i = 0. 

These definitions make sense. For example, in a flowfield where the pressure, 
temperature, etc., change as a function of time and space, the only way that the 
internal energy modes and the chemical composition of a fluid element moving 
along a streamline can maintain their local equilibrium values at the local p and 
T is to be able to adjust instantly to the changing conditions, i.e., to have infi¬ 
nitely fast reaction rates or, alternatively, a zero relaxation time. Similarly, for a 
frozen flow, the only way that no changes in the internal energy modes and the 
chemical composition can occur is to have precisely zero reaction rates, or alter¬ 
natively an infinitely long relaxation time. Of course, in practice, neither of the 
above flows actually occur exactly. However, let 

t j- = characteristic time for a fluid element to traverse the flow field of interest 
a; 1/ V^, where 1 is a characteristic length of the flowfield 

z c = characteristic time for the chemical reactions and/or vibrational energy to 
approach equilibrium 

Then: 


1. We can assume local equilibrium flow if 

2. We can assume frozen flow if 


Tf < T c 

3. For all other cases, the reacting and/or vibrationally excited flow is nonequi- 
Uhrirnn. 


To elaborate on the above criteria, visualize a fluid element moving 
through a flowfield (over a hypersonic vehicle, through a nozzle, etc.). Let l 
represent the characteristic length of the flowfield (the length of the body, or the 
length of the nozzle, etc.) Then x f is the approximate resident time of the fluid 
element in the flow, i.e., the time it takes for the fluid element to flow past a 
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body, How through a nozzle, etc. Denote z f as the fluid dynamic time. Similarly, 
t c is the time it takes for the internal energy modes and/or the chemical reac¬ 
tions to change. We will denote x c as the chemistry time, ff in a given flowfield 
r| ?> i ( ., then the chemistry has plenty of time to adjust while the fluid element 
moves through the flowfield; in such a case, the flow can be assumed to be in 
local equilibrium. In contrast, if z f <| t c , then the fluid element zips through the 
flowfield before any chemical changes can take place; in such a case, the flow 
can be assumed to be frozen. For all other situations, especially for t s k t c , a 
nonequilibrium flow exists. The analysis of such nonequilibrium flows is the 
subject of this chapter. 


15.2 GOVERNING EQUATIONS 

FOR INVISCID, NONEQUlLIBRIUM FLOWS 

Equations (14.2) (14.5) hold for nonequilibrium as well as equilibrium flows. 
However, for a nonequilibrium flow, in addition to the continuity equation 
given by Eq. (14.2), which we will now denote as the global continuity equation, 
we must also deal with a species continuity equation for each individual chemi¬ 
cal species in the mixture. In the present book, we have not derived the basic 
governing equations of fluid dynamics, but rather have assumed such deriva¬ 
tions to be prior knowledge on the part of the reader. (See, for example, Refs. 4 
and 5 for such derivations.) However, here we make an exception in regard to 
the species continuity equation. Under the assumption that the reader may not 
be familiar with the species continuity equation, it is derived as follows. 

Consider a fixed, finite-control volume in the nonequilibrium, inviscid, flow 
of a chemically reacting gas; such a control volume is sketched in Fig. 15.1. Let 
Pi be the mass of species i per unit volume of mixture. Hence 

p = x>.- 

t 

Examining Fig. 15.1, the mass flow of species i through the elemental surface 
area dS is p,V • dS, where V is the local flow velocity and dS = n dS, where n is 
the unit normal vector. Hence, the net mass flow of species t out of the control 
volume is 


fi,V-dS 


The mass of species i inside the control volume is 


| IU<IV 


Let vv, be the local rate of change of p, due to chemical reactions inside the 
control volume. Therefore, the net time rate of change of the mass of species i 
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dS = n dS 



FIGURE 15.1 

Finite-control volume fixed in space, with the flow moving through it. 


inside the control volume is due to 


1. The net flux of species i through the surface 

2. The creation or extinction of species i inside the control volume due to chem¬ 
ical reactions 


Writing the above physical principle in terms of integrals over the control vol¬ 
ume, we have 



(15.1) 


Equation (15.1) is the integral form of the species continuity equation; you will 
note that its derivation is quite similar to the standard derivation of the global 
continuity equation given in most fluid dynamics textbooks, such as Refs. 4 and 
5. In turn, using the divergence theorem, the differential form of the species 
continuity equation is obtained directly from Eq. (15.1) as 


~ , ' + V-(p l V) = vv i 


(15.2) 
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[Recall that we are dealing with an inviscid flow. If the flow were viscous, Eqs. 
(15.1) and (15.2) would each have an additional term for the transport of species 
/ by mass dilfusion, and the velocity would be the mass motion of species i, 
which is not necessarily the same as the mass motion of the mixture V. Such 
matters will be discussed in Chap. 17.] 

In Eqs. (15.1) and (15.2) an expression for w : comes from the chemical rate 
equation (13.31), couched in suitable dimensions. For example, assume that we 
are dealing with chemically reacting air, and we write Eqs. (15.1) and (15.2) 
for NO, that is, p, = /j no . The rate equation for NO is given by Eq. (13.45) in 
terms of 


(/[NO] 

lit 


*/JNO][o 2 ] + - 


The dimensions of this equation are moles per unit volume per unit time. How¬ 
ever, the dimensions of ii> NO in Eqs. (15.1) and (15.2) are the mass of NO per 
unit volume per unit time. Recalling that molecular weight is defined as the 
mass of species i per mole of /, we can write 

• _ „ ^ N °] 

"’NO — • '< NO " 


where 
NO is 


is the molecular weight of NO. Therefore, Eq. (15.2) written for 


flpNO , v , v , ,, rf[NO] 
-j + ^ (PnoV) — no ' j 


where J[NO]/(/f is obtained from Eq. (13.45). 

For a nonequilibrium chemically reacting mixture with n different species, 
we need n— 1 species continuity equations of the form of Eq. (15.2). These, 
along with the additional result that 

Z P,- = p 


provide n equations for the solution of the instantaneous composition of a non- 
equilibrium mixture of n chemical species. 

An alternative form of the species continuity equation can be obtained as 
follows. The mass fraction of species /, c,, is defined as c ; = pjp. Substituting this 
relation into Eq. (15.2) 

' ?( ^’ i) + V-(pc i V) = vV( (15.3) 


Expanding Eq. (15.3), we have 


~dcj 


dp 

‘ + V ■ \c, 
dt 

+ c i 



(15.4) 
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The first two terms of Eq. (15.4) constitute the substantial derivative of c,. The 
second two terms (in brackets) result in zero from the global continuity equa¬ 
tion (14.2). Hence, Eq. (15.4) can be written as 


DC ; VV, 
Dt p 


(15.5) 


In terms of the mole-mass ratio, Eq. (15.5) becomes 


Drji wi 

Dt J(- t p 


(15.6) 


Equations (15.5) and (15.6) are alternative forms of the species continuity equa¬ 
tion, couched in terms of the substantial derivative. 

Recall that the substantial derivative of a quantity is physically the time 
rate of change of that quantity as we follow a fluid element moving with the 
flow. Therefore, from Eqs. (15.5) and (15.6), as we follow a fluid element of fixed 
mass moving through the flowfield, we see that changes of c t or >/,■ of the fluid 
element are due only to the finite-rate chemical kinetic changes taking place 
within the element. This makes common sense, and in hindsight, therefore, Eqs. 
(15.5) and (15.6) could have been written directly by inspection. We emphasize 
that in Eqs. (15.5) and (15.6) the flow variable inside the substantial derivative, 
c ; or )/„ is written per unit mass. As long as the nonequilibrium variable inside 
the substantial derivative is per unit mass of mixture, then the right-hand side of 
the conservation equation is simply due to finite-rate kinetics, such as shown in 
Eqs. (15.5) and (15.6). In contrast, Eq. (15.2) can also be written as 


= w, — p«(V • V) (15.7) 

The derivation of Eq. (15.7) is left to the reader. In it, the nonequilibrium vari¬ 
able inside the substantial derivative p,- is per unit volume. Because it is not per 
unit mass, an extra term in addition to the finite-rate kinetics appears on the 
right-hand side to take into account the dilation effect of the changing specific 
volume of the flow. (Recall from basic fluid mechanics that V 1 V is physically the 
time rate of change of volume of a fluid element per unit volume, as derived in 
Ref. 5.) 

In addition to the species continuity equation, another equation must be 
added to the system given by Eqs. (14.2) (14.5) if vibrational nonequilibrium is 
present. The finite-rate kinetics for vibrational energy exchange were discussed 
in Sec. 13.2, leading to Eq. (13.17) as the vibrational rate equation. Based on our 
previous discussion, if we follow a moving fluid element of fixed mass, the rate 
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of change of e vib for this element is equal to the rate of molecular energy ex¬ 
change inside the element. Therefore, we can write the vibrational rate equation 
for a moving fluid element as 


Oe.ib 

Dt~ 


-(Cb - <?vib) 


(15.7a) 


Note in Eq. (15.7u) that e vib is the local nonequilibrium value of vibrational 
energy per unit mass of gas. 

Let us now summarize the governing equations for an inviscid, nonequi¬ 
librium, high-temperature flow. In such a flow, we wish to solve for p, p, T, V, h, 
e vil) , and c, as functions of space and time. The governing equations that allow 
for the solution of these variables are: 


Global continuity 

J + V.(„V) -0 

(15.8) 

Species continuity 

77 + V • (p,V) = w 

at 

,■ (15.9) 

or 

H 

£|3 

(15.10) 

or 

D fli _ Wi 

Dt Jtip 

(15.11) 

(Note that for a mixture of n 

species, we need n — 1 

species continuity equa- 

lions; the nth equation is given 

by L Pi = or Z. <5 = 

1 . or X,»/i = >l) 

Moment inn 

DV 

p Dt ' 

(15.12) 

Energy 

Dh n dp 
'' a ^ 

(15.13) 

where 




In Eq. (15.13), q denotes a heat-addition term due to volumetric heating (say by 
radiation absorbed or lost from the gas). The term q does not have anything to 
do with chemical reactions. The energy exchanges due to chemical reactions are 
naturally accounted for by the heats of formation appearing in /i in Eqs. (15.13) 
and (15.14), for example, Eqs. (11.105) or (11.106). In addition to the above 
equations, we also have: 


Equation of state 


p = pRT 


(15.15) 
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where 


R = 


5 ? 


■* = (z 


Jl: 


~ I 


Enthalpy h = Y_, C Jh (15.16) 

i 

where 

hi = Q.rans + Cot + Cib + Ci) + R, T + (Ah}); (15.17) 

In Eq. (15.16), for a nonequilibrium flow, c ; is obtained from the species contin¬ 
uity equation, say Eq. (15.10). In regard to e vibi which appears in Eq. (15.17), 
there are some cases where the assumption of local thermodynamic equilibrium 
is appropriate even though chemical nonequilibrium prevails. (As noted in Sec. 
13.1, far fewer molecular collisions are required for vibrational energy exchanges 
than for chemical reactions to occur. Hence, for some cases, the molecular col¬ 
lision frequency may be high enough to allow near equilibrium conditions for 
vibrational energy, but not high enough to provide near equilibrium chemical 
conditions.) In such a case, e vib . is given by Eq. (11.61) for the species /. How¬ 
ever, when both thermodynamic and chemical nonequilibrium prevail, e vibi is a 
nonequilibrium value which must be obtained from the vibrational rate equa¬ 
tion, Eq. (15.7a), written for species i as 

Vibrational enerq y ^ ' Vlb| '* = ‘ (e“' b — e ib ) (15.18) 

Dt T, ' ‘ 

Before progressing further, look back over Eqs. (15.8)-(15.18), and make certain 
that you feel comfortable with them. These equations are the governing equations 
for inviscicl, nonequilibrium, high-temperature Jlow. They will be used throughout 
the remainder of this chapter. 


15.3 NONEQUILIBRIUM NORMAL 
AND OBLIQUE SHOCK-WAVE FLOWS 

Consider a strong normal shock wave in a gas. Moreover, assume the tempera¬ 
ture within the shock wave is high enough to cause chemical reactions within 
the gas. In this situation, we need to reexamine the qualitative aspects of a shock 
wave, as sketched in Fig. 15.2. The thin region where large gradients in tempera¬ 
ture, pressure, and velocity occur, and where the transport phenomena of vis¬ 
cosity and thermal conduction are important, is called the shock front. For all of 
our previous considerations of a calorically perfect gas, or equilibrium flow of a 
chemically reacting or vibrationally excited gas, this thin region is the shock 
wave. For these previous situations, the flow in front of and behind the shock 
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FIGURE 15.2 

Schematic of chemically reacting nonequilibrium How behind a normal sho£k wave. 


front was uniform, and the only gradients in flow properties took place almost 
discontinuously within a thin region of no more than a few mean-free-paths 
thickness. However, in a nonequilibrium flow, all chemical reactions and/or 
vibrational excitations take place at a finite rate. Since the shock front is only a 
few mean-free-paths thick, the molecules in a fluid element can experience only a 
few collisions as the fluid element traverses the front. Consequently, the flow 
through the shock front itself is essentially frozen. In turn, the flow properties 
immediately behind the shock front are frozen flow properties, as discussed in 
Sec. 14.5 and as sketched in Fig. 15.2. Then, as the fluid element moves down¬ 
stream, the finite-rate reactions take place, and the flow properties relax toward 
their equilibrium values, as also sketched in Fig. 15.2. With this picture in mind, 
the shock wave now encompasses both the shock front and the nonequilibrium 
region behind the front where the flow properties are changing due to the finite- 
rate reactions. For purposes of illustration, assume that the gas is pure diatomic 
nitrogen in front of the shock wave, that is, (c N ) t = 0 in Fig. 15.2. The properties 
immediately behind the shock front are obtained from frozen flow results, that 
is, the constant y = 1.4 results from Chap. 2. Hence, the values of 7J roze „ and 
/'frozen shown in Fig. 15.2 can be obtained directly from standard compressible 
flow tables such as found in Refs. 4 and 5 for air. In addition, c N immediately 
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behind the shock front is still zero, since the flow is frozen. Downstream of the 
shock front, the nonequilibrium flow must be analyzed using the equations sum¬ 
marized in Sec. 15.2. In this region, the nitrogen becomes either partially or 
totally dissociated (depending on the strength of the shock wave), and c N in¬ 
creases as sketched in Fig. 15.2. In turn, because this reaction is endothermic, 
the static temperature behind the shock front decreases, and the density in¬ 
creases. Finally, the downstream flow properties will approach their equilibrium 
values, as calculated from the technique described in Sec. 14.3. 

A numerical calculation of the nonequilibrium region behind the shock 
front can be established as follows. Since the flow is one-dimensional and steady, 
the equations of Sec. 15.2 become 


Global continuity 

p du + u dp = 0 

(15.19) 

Momentum 

dp = — pu du 

(15.20) 

Energy 

dh 0 = 0 

(15.21) 

Species continuity 

Wj 

udc t = dx 

(15.2 In) 


P 


In Eq. (15.2In) the x distance is measured from the shock front, extending 
downstream as shown in Fig. 15.3. Note that Eq. (15.2hi) explicitly involves the 
finite-rate chemical reaction term w h and that a distance dx multiplies this term. 
Hence, Eq. (15.21<t) introduces a scale effect into the solution of the flowfield—a 
scale effect that is present solely because of the nonequilibrium phenomena. In 
turn, all flowfield properties become a function of distance behind the shock 
front, as sketched in Fig. 15.3. Equations (15.19)~(15.21a) can be solved by using 


Shock front 


A*, 

»i 

T, 
P i 


Ax 


12 3 4 5 6 7 


FIGURE !5.3 

Schematic of grid points for the numerical solution of nonequilibrium normal shock flows. 



558 HIGH-TEMI’KRATURE (iAS DYNAMICS 


any standard numerical technique for integrating ordinary differential equations, 
such as the well-known Runge-Kutta technique, starting right behind the shock 
front (point 1 in Fig. 15.3), and integrating downstream in steps Ax, as sketched 
in Fig. 15.3. The initial conditions at point 1 in Fig. 15.3 are obtained by assum¬ 
ing frozen flow across the shock front. If we are dealing with atmospheric flight, 
where the free-stream conditions are those for cool, nonreacting air, then the 
chemical composition at point 1 is the same as the known composition ahead of 
the shock, and the local values of velocity, pressure, temperature, etc., at point 1 
are the same as calculated for a normal shock wave in a calorically perfect gas 
with y = 1.4, i.e., the standard normal shock tables for air with y = 1.4 (as found 
in Refs. 4 and 5) yield the proper initial conditions at point 1. 

Caution: In carrying out such a numerical solution of nonequilibrium 
Hows, a major problem can be encountered. If one or more of the finite-rate 
chemical reactions are very fast [if vi> ( in Eq. (15.21a) is very large], then Ax 
must still be chosen very small even when a higher-order numerical method is 
used. The species continuity equations for such very fast reactions are called 
“still - ” equations, and readily lead to instabilities in the solution. Special meth¬ 
ods for treating the solution of stiff ordinary differential equations have been 
reviewed by Hall and Treanor (see Ref. 173); such matters are still a state of the 
art research problem today. 

Typical results for the nonequilibrium flowfield behind a normal shock 
wave in air are given in Figs. 15.4 and 15.5, taken from the work of Marrone 


N 2 



Equilibrium 

conceniration 


FIGURE 15.4 

Distributions of the chemical species for the nonequilibrium flow through a normal shock wave in 
air. M ^ = 12.28, p w = l.OmmHg, T c = 300 K. (From Marrone , Ref. 174.) 
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FIGURE 15.5 

Distributions of the temperature and density for the nonequilibrium flow through a normal shock 
wave in air. M, - 12.28, p, = l.OmnlHg, T m = 300 K. (from Ref. 174.) 

(Ref. 174). The Mach number ahead of the shock wave is 12.28, strong enough 
to produce major dissociation of 0 2 , but only slight dissociation of N 2 . The 
variation of chemical composition with distance behind the shock front is given 
in Fig. 15.4. Note the expected increase in the concentration of O and N, rising 
from their frozen values (essentially zero) immediately behind the shock front, 
and monotonically approaching their equilibrium values about 10 cm down¬ 
stream of the shock front. For the most part, the nonequilibrium flow variables 
will range between the two extremes of frozen and equilibrium values. However, 
in some cases, due to the complexities of the chemical kinetic mechanism, a 
species may exceed these two extremes. A case in point is the variation of NO 
concentration shown in Fig. 15.4. Note that it first increases from essentially 
zero behind the shock front, and overshoots its equilibrium value at about 
0.1 cm. Further downstream, the NO concentration approaches its equilibrium 
value from above. This is a common behavior of NO when it is formed behind a 
shock front in air; it is not just a peculiarity of the given upstream conditions in 
Fig. 15.4. The variations in temperature and density behind the shock front are 
shown in Fig. 15.5. As noted earlier, the chemical reactions in air behind a shock 
front are predominantly dissociation reactions, which are endothermic. Hence, T 
decreases and p increases with distance behind the front —both by almost a 
factor of 2. 

Let us now consider the case of the nonequilibrium flow behind an oblique 
shock wave. First, consider the standard picture of a straight oblique shock 
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Curved streamline 



FIGURE 15.6 

Geometry for nonequilihrium flow behind a straight oblique shock wave. 


front, as sketched in Fig. 15.6. Let x denote distance downstream of the shock 
front measured perpendicular to the front, as shown in Fig. 15.6. From the com¬ 
ponent of the momentum equation tangential to the shock front, we find that 
the tangential component of velocity, V„ is preserved across the shock front, that 
is, K ,2 = kj,i- This' s a basic mechanical result, unaffected by chemical reactions. 
Moreover, for the same reason, V, is constant everywhere behind the shock 
front; letting points 2 and 3 denote different x-wise locations in the flow behind 
the shock front, we have V, 3 = V u2 = K,i- In contrast, the normal component of 
velocity, F„, varies with x in the nonequilibrium flow behind the shock front. 
This can be explained as follows. The oblique shock properties are basically 
determined by normal shock properties based on an upstream velocity perpen¬ 
dicular to the shock front V „on which a constant tangential component V t is 
superimposed throughout the flow. This is a familiar picture from fundamental 
oblique shock-wave theory, unaffected by chemical reactions. In the nonequi¬ 
librium tlovv behind a normal shock front, Fig. 15.5 shows that density increases 
with distance behind the front. Since pV n is a constant for flow across a normal 
shock, then V„ must decrease with distance behind the front. Hence, returning to 
Fig. 15.6, we see that F„ decreases with x, that is, V n i < V n2 . Thus, because 
V, 3 = V l 2 , the flow deflection angle 0 3 is greater than 0 2 . Conclusion: The 
streamlines in the nonequilibrium flow behind a straight oblique shock front are 
curved, and continually increase their deflection angle until equilibrium condi¬ 
tions are reached far downstream. Therefore, in order to create a straight 
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oblique shock front in a nonequilibrium flow, we have to have a compression 
corner which is shaped like the solid surface shown in Fig. 15.6. This compres¬ 
sion surface, after its initial discontinuous deflection of 0 2 corresponding to 
frozen flow, must curve upward until equilibrium conditions are obtained far 
downstream, where () 4 corresponds to the equilibrium deflection angle given by 
Fig. 14.7 (as calculated by the method discussed in Sec. 14.3). This curved, non- 
uniform flowfield in the nonequilibrium region behind a straight oblique shock 
front is an important difference from the familiar uniform flows obtained for 
calorically perfect and equilibrium oblique shock results. 

Using the inverse of the above reasoning, for the supersonic or hypersonic 
nonequilibrium flow over a straight compression corner as sketched in Fig. 15.7, 
the shock wave will be curved. The wave angle right at the corner, [S f , corre¬ 
sponds to frozen flow. Far downstream, the wave angle approaches the equilib¬ 
rium flow value, /? t . Recall from Fig. 14.7 that, for a given deflection angle 0, the 
equilibrium shock wave angle is always less than the frozen wave angle (for 
>•=1.4). 

In conclusion, the nonequilibrium flow behind a shock front, normal or 
oblique, varies with distance behind the front. This introduces a dimensional 
scale in such flows. For example, Bussing and Eberhardt (Ref. 158) define a 
nonequilibrium length scale (or relaxation distance) as the distance downstream 
of the shock front required for the flow properties to reach 95 percent of their 
equilibrium values. For any given flow, the relaxation distances are different for 
different variables. Sample results from Ref. 158 are shown in Figs. 15.8 and 



FIGURE 15.7 

Schematic of nonequilibrium flow over a compression corner. 
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FIGURE 15.8 

Nomquilibrium length suules behind a normal shock wave, following the lower trajectory in Fig. 
14 . 8 . U-'rom Bussing tint! Rberhurclt. Ref. 158.) 


15.9. In Fig. 15.8, the relaxation distances behind a normal shock for T, X 0 , and 
,\' N arc plotted versus frec-stream Mach number, where the upstream conditions 
at each Mach number correspond to the lower flight trajectory shown in Fig. 
14.8 for a transatmospheric vehicle. In Fig. 15.9, the same quantities are given 
for the How behind an oblique shock with /i = 30°, also for the lower flight 
trajectory given in Fig. 14.8. In both Figs. 15.8 and 15.9, results are shown for 
iwo different sets of chemical rate data for high-temperature air, one set due to 
Wray (Ref. 159), and the other due to Dunn and Kang (Ref. 162). The essential 
information to be derived from a comparison of Figs. 15.8 and 15.9 is that 
nonequilibrium distances behind a normal shock are much smaller (on the order 
of 1 cm) than behind a 30-degree oblique shock (on the order of 700 cm) for the 
same (light conditions. This is because of the higher pressures and temperatures 
behind the normal shock wave, yielding much higher reaction rates and there¬ 
fore producing lower relaxation distances. The results in Figs. 15.8 and 15.9 also 
demonstrate that nonequilibrium effects are important for hypersonic transat¬ 
mospheric vehicles. For example, for a nose radius of 10 cm, the hypersonic 
shock detachment distance will be on the order of 1 cm or less [see Eqs. (14.19) 
and (14.4)]. Figure 15.8 indicates that a major portion of the blunt-body flow 
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FIGURE 15.9 

Nonequilibrium lenglh scales behind a 30" oblique shock wave, following Ihe lower trajectory in Fig. 
14.8. (From Ref. 158.) 


region will be noncquilibrium How. Moreover, for the flow over slender bodies 
or wings. Fig. 15.9 predicts long regions of nonequilibrium flow downstream of 
the leading edges. 

Finally, note that the analysis of nonequilibrium flows behind shock 
waves requires the numerical solution of differential equations [see Fqs. 
(15.19) (15.21)]. This is in direct contrast to the solution of equilibrium flow 
behind shocks which, although requiring a numerical solution, deals with a sys¬ 
tem of aU/ehraic equations [see Eqs. (14.8)-( 14.10)]. This is an example of the 
general nature of nonequilibrium flow solutions, namely that the nonequilibrium 
behavior introduces a scale length into the flow, and the solution of such Dows 
can only be treated by differential equations. This is true no matter how simple 
the fluid dynamic aspects may be. 

15.4 NONEQUILIBRIUM QUASI- 
ONE-DIMENSIONAL NOZZLE FLOWS 

Because of the practical importance of high-temperature flows through rocket 
nozzles and high-enthalpy aerodynamic testing facilities, intensive efforts were 
made after 1950 to obtain relatively exact numerical solutions for the expansion 
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of a high-temperature gas through a nozzle when vibrational and/or chemical 
nonequilibrium conditions prevail within the gas. In a rocket nozzle, nonequi¬ 
librium effects decrease the thrust and specific impulse. In a high-temperature 
wind tunnel, the nonequilibrium effects make the flow conditions in the test 
section somewhat uncertain. Both of the above are adverse effects, and hence 
rocket nozzles and wind tunnels are usually designed to minimize the nonequi¬ 
librium effects; indeed, engineers strive to obtain equilibrium conditions in such 
situations. In contrast, the gas dynamic laser (see Ref. 147) creates a laser 
medium by intentionally fostering vibrational nonequilibrium in a supersonic 
expansion; here, engineers strive to obtain the highest degree of nonequilibrium 
possible. In any event, the study of nonequilibrium nozzle flows is clearly 
important. 

Until 1969, all solutions of nonequilibrium nozzle flows involved steady 
state analyses. Such techniques were developed to a high degree, and are nicely 
reviewed by Hall and Treanor (see Ref. 173). However, such steady state analy¬ 
ses were not straightforward. Complicated by the presence of stiff chemical rate 
equations, such solutions encountered a saddle-point singularity in the vicinity 
of the nozzle throat, and this made it very difficult to integrate from the sub¬ 
sonic to the supersonic sections of the nozzle. Moreover, for nonequilibrium 
nozzle flows the throat conditions and hence the mass flow are not known a 
priori; the nozzle mass flow must be obtained as part of the solution of the 
problem. Therefore, in 1969 a new technique for solving nonequilibrium nozzle 
Hows was advanced by Anderson (see Refs. 175 and 176) using the time-march¬ 
ing finite-difference method discussed in Sec. 5.3. This time-marching approach 
circumvents the above problems encountered with steady state analyses, and 
also has the virtue of being relatively easy and straightforward to program on 
the computer. Since its introduction in 1969, the time-marching solution of non¬ 
equilibrium nozzle flows has gained wide acceptance. 

Consider the nozzle and grid-point distribution sketched in Fig. 15.10. The 
time-marching solution of nonequilibrium nozzle flows follows the general 


L 



FIGURE 15.10 

Coordinate system and grid points for ihe time-marching of quasi-one-dimensional flow through a 
nozzle. 
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philosophy as described in Sec. 5.3, with the consideration of vibrational energy 
and chemical species concentrations as additional dependent variables. In this 
context, at the first grid point in Fig. 15.10, which represents the reservoir condi¬ 
tions, equilibrium conditions for e vib and c, at the given p 0 and T 0 are calculated, 
and held fixed, invariant with time. Guessed values of e vib and c, are then arbi¬ 
trarily specified at all other grid points (along with guessed values of all other 
flow variables); these guessed values represent initial conditions for the time¬ 
marching solution. For the initial values of e vjb and c h it is recommended that 
equilibrium values be assumed from the reservoir to the throat, and then frozen 
values be prescribed downstream of the throat. Such an initial distribution of 
nonequilibrium variables is qualitatively similar to typical results obtained for 
nonequilibrium nozzle flows, as we will soon see. 

The governing continuity, momentum, and energy equations for unsteady 
quasi-one-dimcnsional flow are given in Chap. 12 of Ref. 4 as 


Continuity 


Momentum 


Energy 


8p 

1 

S(puA) 


di 

~A 

dx 


du 

1 , 

( dp 

du\ 

Or ~ ' 

-P 1 

T + pu 

ydx 

Ox) 

de 

1 > 

/ du 

de 

dt ~ ' 

~P< 

P + pu -- - 

^ OX (JX 


(15.22) 

(15.23) 

(15.24) 


where A is the local cross-sectional area of the nozzle. In addition to these 
equations, for a nonequilibrium flow the appropriate vibrational rate and spe¬ 
cies continuity equations are 
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Equations (15.22)—(15.26) are solved step by step in time using the finite-differ¬ 
ence predictor-corrector approach described in Sec. 5.3. Along with the other 
flow variables, e vib and c, at each grid point will vary with time; but after many 
time steps all flow variables will approach a steady state. It is this steady flow- 
field we arc interested in as our solution—the time-dependent technique is 
simply a means to achieve this end. 

The nonequilibrium phenomena introduce an important new stability cri¬ 
terion for Af in addition to the CFL criterion discussed in Sec. 5.3. The value 
chosen for Ar must be geared to the speed of the nonequilibrium relaxation 
process, and must not exceed the characteristic time for the fastest finite rate 
taking place in the system. That is. 


At < B T 


(15.27) 
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where T = t for vibrational nonequilibrium, T = p{dwjdc^~ l for chemical non- 
equilibrium, and B is a dimensionless proportionality constant found by experi¬ 
ence to be less than unity, and sometimes as low as 0.1. The value chosen for At 
in a nonequilibrium flow must satisfy both Eq. (15.27) and the usual CFL criter¬ 
ion, given here as 


Ax 

At < .. (15.28) 

u + a 

Which of the two stability criteria is the smaller, and hence governs the time 
step, depends on the nature of the case being calculated. If the local pressure 
and temperature are low enough everywhere in the flow, the rates will be slow, 
and Eq. (15.28) generally dictates the value of At. On the other hand, if some of 
the rates have particularly high transition probabilities and/or the local p and 
T are very high, then Eq. (15.27) generally dictates At. This is almost always 
encountered in rocket nozzle flows of hydrocarbon gases, where some of the 
chemical reactions involving hydrogen are very fast and combustion chamber 
pressures and temperatures are reasonably high. 

The nature of the time-marching solution of a vibrational nonequilibrium 
expansion of pure N 2 is shown in Fig. 15.11. Here, the transient e vib profiles at 
various time steps are shown; the dashed curve represents the guessed initial 
distribution. Note that during the first 250 time steps, the proper steady state 
distribution is rapidly approached, and is reasonably attained after 800 time 
steps. Beyond this time, the time-dependent solution produces virtually no 
change in the results from one time step to the next. This steady state distribu¬ 
tion agrees with the results of a steady-llow analysis after Wilson et al. (see Ref. 
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FIGURE 15.11 

Transient and final steady state c vib distributions for the nonequilibrium expansion of N 2 obtained 
from the time-marching analysis. (From Anderson, Ref. 175.) 
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. Time-dependeni analysis 

• Steady state analysis of Wilson et al. (Ref. 177). 
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FIGURE 15.12 

Steady siaie 7|. ib distribuiions for the nonequilibrium expansion of N 2 ; comparison of the time- 
marching analysis with the steady-flow analysis of Wilson et al. (From Ref. 175.) 


177), as shown in Fig. 15.12. Here, a local “vibrational temperature” is defined 
from the local nonequilibrium value of e vib using the relation 
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(15.29) 


patterned lifter the equilibrium expression given by Eq. (11.61). Note that Eq. 
(15.29) is not a valid physical relationship for nonequilibrium flow; it is simply 
an equation that defines the vibrational temperature T vib and that allows the 
calculation of a value of T vjb from the known value of e vjb . Hence, T vib is simply 
an index for the local nonequilibrium value of e >ib . In Fig. 15.12, both the time¬ 
marching calculations as well as the steady-flow analysis of Wilson et al. assume 
nonequilibrium flow at all points downstream of the reservoir, including the 
subsonic section. Very good agreement between the two techniques is obtained. 

Many analyses of nonequilibrium nozzle flows in the literature assume 
local equilibrium to the throat and then start their nonequilibrium calculations 
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downstream of the throat. In this fashion, the problems with the saddle-point 
singularity and the unknown mass flow, described earlier, are sidestepped. 
Examples of such analyses are given by Harris and Albacete (Ref. 178), and by 
IZrickson (Ref. 179). However, for many practical nozzle flows, nonequilibrium 
effects become important in the subsonic section of the nozzle, and hence a fully 
nonequilibrium solution throughout the complete nozzle is required. 

Figures 15.11 and 15.12 illustrate an important qualitative aspect of non¬ 
equilibrium nozzle flows. Note that, as the expansion proceeds and the static 
temperature (T lrans ) decreases through the nozzle, the vibrational temperature 
and energy also decrease to begin with. However, in the throat region, c\ ib and 
7' vih tend to “freeze,” and are reasonably constant downstream of the throat. 
This is a qualitative comment only; the actual distributions depend on pressure, 
temperature, and nozzle length. It is generally true that equilibrium Dow is 
reasonably obtained throughout large nozzles at high pressures. Reducing both 
the size of the nozzle and the reservoir pressure tends to encourage nonequi¬ 
librium Hows. 

Results for a chemical nonequilibrium nozzle flow are given in Fig. 15.13, 
where the transient mechanism of the time-dependent technique is illustrated. 
Here, the nonequilibrium expansion of partially dissociated oxygen is calculated 
where the only chemical reaction is 

0 2 + M 20 + M 
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FIGURE 15.13 

Transient and final steady slate atom mass-fraction distributions for the nonequilibrium expansion 
of dissociated oxygen; comparison of the time-marching method with the steady state approach of 
Hall and Russo. (From Ref 175.) 
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In Fig. 15.13, the dashed line gives the initially assumed distribution for the 
atomic oxygen mass fraction, c 0 . Note the rapid approach toward the steady 
state distribution during the first 400 time steps. The final steady state distribu¬ 
tion is obtained after 2800 time steps. This steady state distribution compares 
favorably with the results of Hall and Russo (solid circles), who performed a 
steady-flow analysis of the complete nonequilibrium nozzle flow (see Ref. 180). 
Again, note the tendency of the oxygen mass fraction to freeze downstream of 
the throat. 

A more complex chemically reacting nonequilibrium nozzle flow is illus¬ 
trated by the expansion of a hydrocarbon mixture through a rocket engine, as 
calculated by Vamos and Anderson in Ref. 181. The configuration of a rocket 
nozzle is given in Fig. 15.14. Here, for the time-marching numerical solution two 
grids are used along the nozzle axis: a fine grid of closely spaced points through 
the subsonic section and slightly downstream of the throat, and a coarse grid of 
widely spaced points further downstream. Since most of the nonequilibrium be¬ 
havior and the fastest reactions are occurring in the throat region, a fine grid is 
chosen here to maintain accuracy. In contrast, far downstream in the cooler 
supersonic region, the reactions are slower, the chemical composition is tending 
to freeze, and the grid spacing can be larger. (Parenthetically, we note that for 
any of the finite-difference solutions discussed in this book, the grid spacings do 
not have to be constant. Indeed, the concept of adaptive grids, i.e., putting grid 
points only where you want them as dictated by the gradients in the flow, is a 
current state-of-the-art research problem of computational fluid dynamics.) 

In Fig. 15.14, the reservoir conditions are formed by the equilibrium com¬ 
bustion of N 2 0 4 , N 2 H 4 , and unsymmetrical dimethyl hydrazine, with an oxy- 
dizer-to-fuel ratio of 2.25 and a chamber pressure of 4 atm. Results for the 
subsequent nonequilibrium expansion are shown in Fig. 15.15. Here, the tran¬ 
sient variation of the hydrogen atom mass fraction through the nozzle is shown. 



FIGURE 15.14 

Schematic representation of the rocket engine nozzle and grid-point system used by Vamos and 

Anderson. (From Ref. 181.) 
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1 KiURK 15.15 

Transient and final steady state distributions of the hydrogen atom mole fraction through a rocket 
nozzle; nonequilibrium flow. (From Ref. Ml.) 


For convenience, the initial distribution is assumed to be completely frozen from 
(lie reservoir (the dashed horizontal line). Several intermediate distributions ob¬ 
tained during the time-marching calculations are shown, with the final steady 
state being achieved at a dimensionless time of 1.741. Note that, if the flow were 
in local chemical equilibrium, X lf would decrease continuously as T decreases, 
as shown in Fig. 15.15. In contrast, however, due to the complexities of the H-C- 
O-N chemical kinetic mechanism, X„ actually increases with distance along the 
nozzle. Here is another example (the first was given in Sec. 15.2) where a non¬ 
equilibrium variable falls outside the bounds of equilibrium and frozen flows. 
The variation of static temperature is given in Fig. 15.16; note that for nonequi¬ 
librium flow the temperature distribution is lower than the equilibrium value. 
This is because the nonequilibrium flow tends to freeze some of the dissociated 
products, hence locking up some of the chemical zero-point energy which would 
otherwise be converted to random molecular translational energy. The steady 
stale temperature distribution in Fig. 15.16 (at f' = 1.741) compares favorably 
with the steady-llow analysis of Sarli et al. (see Ref. 182). 

As a final point concerning nonequilibrium, quasi-one-dimensional nozzle 
flows, note that any finite-rate phenomena are irreversible. Hence, an adiabatic, 
inviscid nonequilibrium nozzle flow is nonisentropic. Because the entropy of a 
fluid element increases as it moves through the nozzle, a simple analysis shows 
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FIGURE 15.16 

Temperature distributions for the nonequilibrium How through a rocket nozzle. {From Ref. 18/.) 


that the local velocity at the nozzle throat is not sonic. Indeed, in a nonequilib- 
rinm flow, the speed of sound itself is not unique, and depends on the frequency 
of the sound wave. However, if either the frozen or equilibrium speed of sound 
(see Sec. 14.7) are used to define the frozen or equilibrium Mach numbers at the 
nozzle throat, both Mach numbers will be less than unity. Sonic (low in a non¬ 
equilibrium nozzle expansion occurs slightly downstream of the throat. 

Two-dimensional nonequilibrium nozzle flows can be calculated by finite- 
difference methods or the method of characteristics. In regard to the latter, the 
characteristic lines through any point in the nonequilibrium supersonic flow are: 
(1) the Mach lines based on the frozen speed of sound, and (2) the streamlines, 
because the entropy increases along a streamline in a nonequilibrium flow due 
to the irreversible aspects of the finite rate processes. See Ref. 53 for details on 
the method of characteristics in a nonequilibrium flow. 


15.5 NONEQUILIBRIUM BLUNT-BODY FLOWS 

The general features of the inviscid flow over a supersonic or hypersonic blunt 
body were described in Sec. 5.3 for a calorically perfect gas, and in Sec. 14.9 for 
an equilibrium chemically reacting gas; these sections should be reviewed before 
progressing further. In the case of the nonequilibrium flow over a blunt body, the 
flowfield resembles some of the nature of the previous cases, but also takes on 
some of the aspects of nonequilibrium flow behind shock waves, as discussed in 
Sec. 15.3. On a qualitative basis, the nonequilibrium flow over a blunt body 
behaves as sketched in Fig. 15.17. In the nose region, the chemical composition 
resembles that in the nonequilibrium region behind a normal shock wave, as 
discussed in Sec. 15.3. However, consider the streamline that goes through the 




572 high-temperature gas dynamics 



FIGURE 15.17 

Schematic of different regions in a high-temperature blunt-body flowfield. 


stagnation point; this streamline is labeled abc in Fig. 15.17. Between a and b, 
the flow is compressed and slowed; it reaches zero velocity at the stagnation 
point b. In so doing, it can be shown that a fluid element takes an infinite time 
to traverse the distance ab. This means that local equilibrium conditions must 
exist at the stagnation point (point b) with its attendant highly dissociated and 
ionized state. The flow then expands rapidly downstream of the stagnation 
point; indeed, the surface streamline be encounters very large pressure and tem¬ 
perature gradients in the region near the sonic point c, that is, dp/ds and dT/ds 
are large negative quantities. This is very similar to the nonequilibrium flow 
through a convergent-divergent nozzle discussed in Sec. 15.4, where it was indi¬ 
cated that sudden freezing of the flow can occur downstream of the throat. The 
same type of sudden freezing can be experienced near point c in Fig. 15.17. In 
turn, the surface of the body downstream of the sonic point can be bathed in a 
region of nearly frozen flow. Since the streamline started with a large amount of 
dissociation and ionization at point b, then this frozen flow is characterized by a 
thin region of high dissociated and ionized gas that flows downstream over the 
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body. Slightly away from the body, streamline A also passes through a strong 
portion of the bow shock, and exhibits similar behavior to the stagnation point 
streamline ahc\ that is, there is a region of highly dissociated and ionized non¬ 
equilibrium (low along A behind the shock as the chemistry is trying to move 
toward an equilibrium state, and then fairly rapid freezing in the vicinity of the 
sonic line. Much further away from the body, streamline B passes through a 
weaker, more oblique portion of the bow shock. Consequently, the amount of 
dissociation and ionization is considerably smaller, but the nonequilibrium 
region extends much further downstream along B. (This effect is shown by 
comparing Figs. 15.8 and 15.9 for the relaxation distances downstream of a 
normal shock and oblique shock, respectively.) Finally, the entire flowfield will 
approach local equilibrium conditions a sufficiently far distance downstream of 
the nose. 

Following the time-marching philosophy for the solution of blunt-body 
flowfields described in Secs. 5.3 and 14.9, a solution for the nonequilibrium 
blunt-body flow can be obtained by solving Eqs. (15.8)-( 15.17) in steps of time. 
The first such time-marching solution for inviscid nonequilibrium blunt-body 
flows was carried out by Bohachevsky and Rubin (Ref. 183) for a simplified 
model of a simple dissociating gas (the Lighthill model, described in Ref. 150), 
using the Lax finite difference scheme (see Ref. 52). Later the first time-marching 
inviscid nonequilibrium blunt-body solution for detailed air chemistry was ob¬ 
tained by Li (Refs. 184 and 185). In Ref. 185, the explicit MacCormack method 
using shock fitting—the same method described in detail in Sec. 5.3—was used 
to solve F.qs. (15.8)-( 15.17) in steps of time, starting from a frozen flow solution 
used as the initial conditions at time t = 0. The governing equations are written 
with the time derivatives of p, u, v, vv, /i 0 , and c,- on the left side, and spatial 
derivatives on the right side. For example, Eq. (15.10) is written as 

Sc t dc; dej 8c t vv,- 

= - !! - V - - W — + 
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The spatial derivatives are replaced by forward differences on the predictor step, 
and rearward differences on the corrector step, and the new value of c ; at time 
(r + Ar) is obtained (using the bar notation of Sec. 5.3) from 
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See Sec. 5.3 for the details concerning MacCormack’s predictor-corrector meth¬ 
od. Its application to nonequilibrium blunt-body flows in this section is essen¬ 
tially the same; the details arc left to the reader to construct. 

As noted in Sec. 15.4, two different time steps are assessed, a fluid dynamic 
time step based on the CFL criterion given by 

min (Ax, Ay, Az) 
r ~ 1.5[(« 2 + v 2 + w 2 ) 1/2 + a] 


(15.30) 
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and a chemistry time step given by 


At < 0.1 min 


pc, 


VVj 


(15.31) 


where Ax, Ay, and Az are grid-spacing in a cartesian three-dimensional coordi¬ 
nate system. Note that Eq. (15.31) for the chemistry time step is slightly different 
from Eq. (15.27), which utilized p(dw,/dc,)~' instead of pc,/\v,\ the results for the 
chemistry At arc essentially the same. In a given solution, the lower value of At 
obtained from Eqs. (15.30) and (15.31) is used to advance the flowfield in steps 
of time. In many cases, the chemistry At will be smaller than the fluid dynamic 
At, indeed sometimes orders of magnitude smaller. This is a ramification or the 
stiff nature of the rate equations, as described in Secs. 15.3 and 15.4. When this 
occurs, the time-marching solutions can require very large amounts of computer 
time to approach the steady state. To alleviate this situation somewhat, Li in 
Ref. 184 suggests advancing the fluid dynamics and the chemistry at their own 
respective time scales, i.e., advance Eq. (15.10) using the At from Eq. (15.31), and 
simultaneously advance Eqs. (15.8), (15.12), and (15.13) using the At from Eq. 
(15.30). This can considerably reduce the number of time steps required to 
obtain convergence of the complete flowfield. Of course, with this method, the 
transient variations obtained during the time-marching solution would not be 
time-wise accurate; however, if the steady state is the desired result, then the 
matter of time-accuracy of the transients is not important. In Li’s analysis, seven 
species were considered: N 2 , 0 2 , NO, N, O, NO + , and e~. Although chemical 
nonequilibrium was treated, local thermodynamic equilibrium (involving the 
internal modes of vibrational and electronic energy) was assumed. Some sample 
results are shown in Fig. 15.18 for the variations of c 0l , c N0 , and c 0 as a func¬ 
tion of distance along the stagnation streamline between the shock and the body 
(along streamline ab in Fig. 15.17) for flow over a sphere. For the free-stream 
conditions given in Fig. 15.18, the shock layer is a mildly dissociated gas, with 
0 2 dissociation as the dominant mechanism. Note in Fig. 15.18 the overshoot of 
NO, similar to the normal shock wave results given in Fig. 15.4. 

The first comprehensive nonequilibrium blunt-body analysis was carried 
out by Hall et al. (Ref. 186) in 1962, well before the advent of time-marching 
solutions. In Ref. 186, the analytical technique was an inverse solution^assum- 
ing a given shock shape, integrating the nonequilibrium flowfield downstream of 
the given shock, and finding the body shape that supports the given shock. 
Setting up a coordinate system where x and y are tangential and normal to the 
shock respectively, Hall et al. replaced the partial derivatives in the x direction 
with a seven-point finite difference; hence, the x derivatives are known numbers, 
and the governing flow equations become ordinary differential equations in the 
y direction. In turn, these ordinary differential equations are integrated in the v 
direction by means of a standard Runge-Kutta method. (This smacks of the 
difference-differential approach used by Smith and Clutter in the same time peri¬ 
od for the solution of the boundary layer equations, as described in Sec. 6.6, and 
found in Ref. 97.) The details of the steady state numerical method used by Hall 
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FIGURE 15.18 

Mass fraclion disiribulions along lhe stagnation streamline of a sphere. Nonequilibrium How. = 
11.310 n/s, p„ = 21.17 lb/fl 2 , = 540°R, sphere radius = 1 rt. (From Li, Ref. /S5.) 

ct al. iii Ref. 186 are not important here; indeed, by present-day standards, the 
method is antiquated. However, Ref. 186 is a classic in its own right, and is as 
important today as it was in 1962 because of the pioneering results obtained and 
the revealing manner in which they are discussed. For this reason, we will dis¬ 
cuss these results- at some length here. They provide an excellent picture of the 
physical nature of nonequilibrium blunt-body flows. 

As in the case of Li (Ref. 185), Hall et al. (Ref. 186) use a seven-species, 
seven-reaction model for high-temperature air. The seven species are 0 2 , O, N 2 , 
N, NO, NO + , and the kinetic reaction mechanism is given by Eqs. 
(13.38) (13.44), with rate constants from Wray (Ref. 159). Chemical nonequilib¬ 
rium was the only finite-rate process treated; local thermodynamic equilibrium 
was assumed (see Sec. 14.1). Results are presented along two streamlines in the 
blunt-body flowfield, streamlines A and B shown in Fig. 15.19. This figure is 
drawn to scale, showing the assumed axisymmetric catenary shock in cylindrical 
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FIGURE 15.19 

Shock and body shapes, and calculated 
streamlines for the nonequilibrium flow 
over a blunt body. (From Hull et at.. Ref. 
186.) 


coordinates, where z and r are coordinates parallel and perpendicular respec¬ 
tively to the free-slream direction. The resulting body shape is nearly spherical, 
and is shown in Fig. 15.19 for the case of V m — 23,000 ft/s, altitude equal to 
200,000 ft, and a given shock radius of curvature at the point of symmetry 
R, = 0.0692 ft. In Figs. 15.20 -15.22 results are given for the variation of flow 
properties along streamlines A and B for the velocity-altitude point given above. 
Figure 15.20 shows the results for T, p, and p as a function of distance, s, along 
the streamlines, measured from the shock front. Streamline A crosses the shock 
near the stagnation region, and is initially dominated by chemical nonequilib¬ 
rium behavior similar to that behind a normal shock wave (see Sec. 15.3). The 
temperature along streamline A , T A , exhibits an initial rapid decrease behind the 
shock; this is due to the linite-rate dissociation of both 0 2 and N 2 . The more 
gradual decrease in T A for s/R, > 0.2 is due primarily to the gas dynamic expan¬ 
sion around the body. Similarly, the initially slight increase in p A and the 
substantial increase in p A are due to the nonequilibrium effects, and their 
subsequent decrease beyond s/R s — 0.2 are indicative of the gas dynamic expan- 
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FIGURK 15.20 

Temperaiure, pressure, and density variations along streamlines A and B in the nonequitibrium 
bluni-body Howfield. (From Ref. 186.) 


sion around the body. In contrast, streamline B crosses a much weaker portion 
of the bow shock wave. As discussed in Sec. 15.3 comparing normal and oblique 
shock waves, the flow behind an oblique shock front experiences a much longer 
relaxation distance than a normal shock at the same upstream conditions, 
although at the same time the actual quantitative degree of dissociation behind 
the oblique shock is less due to the lower temperature. These comparisons from 
Sec. 15.3 carry over to the blunt-body flow. In Fig. 15.20, the behavior of T B , p B , 
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FIGURE 15.21 

Alomic oxygen and nitrogen concentrations along streamlines A and B in the nonequilibrium blunt- 
body llowlield, (From Ref. IK6.) 


and p B ttlottg streamline I! is a combination of [he nonequilibrium effects and 
the gas dynamic expansion around the body—a combination which persists over 
the complete length of streamline B shown in Fig. 15.20. Also shown in Fig. 
15.20 are the equilibrium (inlinite-rate) values of p A and p B just behind the shock 
front, at s = 0. To be expected from our previous discussions (see, for example, 
Secs. 14.3, 14.8, and 14.9), the pressure is least affected by chemically reacting 
effects in a compression region. Also shown in Fig. 15.20 are the values of p A 
and p„ at s/R s = 0.5 from a calculation of the b!unt-body flowfield assuming 
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FIGURE t5.22 

Nitric oxide and electron concentrations along streamlines A and B in the nonequilibrium blunt- 
body llowfield. (from Rif 1R6.) 


local thermodynamic and chemical equilibrium (Sec. 14.9). Note that these 
infinite-rate values are considerably above the nonequilibrium results for 
density. As to be expected, the nonequilibrium effects are strongest on tempera¬ 
ture. In Fig. 15.20, both T A and T„ are far above the local equilibrium values 
shown. 

The variation of atomic oxygen and nitrogen is given in Fig. 15.21 in terms 
of number of moles per original mole of air, which is related to our more fami¬ 
liar variables, mass fraction c ; and mole-mass ratio r\„ through the relations 
c,-# air /.//, and f),^ a | r , where is the molecular weight of the nonreacting air 



S80 IIIGH-TF.MPERATURH (MS DYNAMICS 


in the free stream. (Proof of these relations is left to the reader for.a homework 
problem.) Since Jt alr and .//, are known constant values, we can visualize the 
ordinate in Fig. 15.21 as essentially the mass fraction or the mole-mass ratio. In 
Fig. 15.21, note that the amount of atomic oxygen denoted by (O)^ increases 
rapidly behind the shock front along streamline /I; this is due to the nonequi¬ 
librium dissociation behind the strong shock front, and is analogous to the nor¬ 
mal shock results discussed in Sec. 15.3. However, for s/R s >0.\, the oxygen 
freezes due to the gas-dynamic expansion, and essentially plateaus at a value 
slightly less than the equilibrium value shown at s/R s = 0.5. Along streamline B, 
the oxygen relaxation is slower, and (0) B freezes at a level even less than that 
for streamline A. [Note that the equilibrium values Tor both (O)^ and (0) B 
shown at s/R, = 0 and 0.5 are the same; this is because the temperatures along 
streamlines A and B are high enough such that, at local equilibrium conditions, 
the oxygen is fully dissociated.] Also shown in Fig. 15.21 is the variation of 
atomic nitrogen along streamlines A and B, denoted by (N) B and (N) B respec¬ 
tively. For N, the nonequilibrium relaxation distances are much longer than for 
O, and hence (N) B and (N) B exhibit strong nonequilibrium behavior. Note that 
(N)^ is frozen at about one-half its local equilibrium value when compared at 
s/R s = 0.5, and (N) B is about one-fourth its local equilibrium value at the same 
location. The variations of nitric oxide and electrons are shown in Fig. 15.22. 
Note that (NO) M exhibits the same type of overshoot observed behind a normal 
shock as discussed in Sec. 15.3, whereas (NO) B shows a monotonic increase. 
Also note that both (NO) x and (NO) B are considerably above their local equi¬ 
librium values. Examining the electron concentrations shown in Fig. 15.22, we 
see that (e~) A freezes at a level above the local equilibrium value, but that (O b 
is considerably below its equilibrium value. 

The physical variations of the blunt-body fiowfield variables discussed 
above are important, and should be reread until you feel comfortable with the 
results. It should be noted that the conditions for the results discussed above 
were intentionally chosen by Hall et al. to accentuate the nonequilibrium effects, 
i.e., a high altitude (hence low density with resulting large chemistry times) and 
a small body (hence small flow times). Thus, in reference to the discussion in 
Sec. 15.1, we have a situation where x f and r c are of the same relative magni¬ 
tudes. If a lower altitude and/or a larger body is chosen, the relative nonequi- 
libritim effects would diminish. 

Once again. Ref. 186 is a classic presentation of the physical properties 
encountered in nonequilibrium blunt-body flows, with a much more extensive 
discussion than we have space to devote here. The reader is strongly encouraged 
to study Ref. 186 carefully. 

15.6 BINARY SCALING 

For nonequilibrium processes involving two-body molecular collisions, an inter¬ 
esting and important scaling can be obtained for nonequilibrium flowfields. This 
scaling is called binary scaling, and is derived and discussed in this section. 
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Assume that the dominant chemical reaction is due to dissociation , such as 


O 2 + M -► 20 + M 

where A7 is a collision partner. In the above chemical equation, dissociation is 
from left to right and is a two-body process. The reverse reaction from right to 
left is recombination, and is a three-body process; hence, it has a lower probabil¬ 
ity of happening than the dissociation. Let us assume that, in a nonequilibrium 
flow, the dissociation reaction (from left to right) is the primary chemical reac¬ 
tion, and let us ignore the recombination (just for this discussion). Assume a 
steady, two-dimensional flow, for simplicity. For this flow, the species continuity 
equation for atomic oxygen is obtained from Eq. (15.10) as 


8c a 8c 0 w 0 Jt 0 d[0] 

U —-Ft) - —— — — =--— 

ox oy p p dt 


(15.32) 


where, assuming just the dissociation reaction is taking place, 

' /C ° ] = kjl 0 2 ][M] 


(15.33) 


The relation between concentration and mass fraction is 


[/] 


PCj. 
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Combining Eqs. (15.32)-( 15.34), we have: 
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Define the following nondimensional variables: 
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where R is a characteristic length (for the blunt-body problem, R would be the 
nose radius), and V x . and p m are the free-stream velocity and density respective¬ 
ly. Then Eq. (15.35) becomes 


u dc 0 

XI 

v dc 0 

X" 

V~rnWm 

R \ 

+ V a 8(y/R) 

R 


_P_ 

.Pm. 


\ c o 2 c m 


or 


,, 0c O, ,° C 0 _ „ (pm R ) , 

u 8x’' + V dy 7 ~ K ' -P c °> c “ 


(15.36) 


Equation (15.36) states the following: 

Consider two different flows with the same T& and V m 
(hence, with essentially the same value for K t ), but with dif¬ 
ferent values of p m and R. Plots of c Q (and all other mass 
fractions) versus x 1 or y’ will be the same for the two flows if 
the product p x , R is the same between the two flows. 

This is a statement of binary scaling where 


p aj R = binary scaling parameter 

This statement is illustrated qualitatively in Fig. 15.23. At the top of Fig. 15.23, 
the nonequilibrium variation of c Q versus s/R 1 is sketched for the flow over a 
body of radius R, with a free-stream density of p l . At the bottom of Fig. 15.23, 
the nonequilibrium variation of c Q versus s/R 2 is sketched for the flow over a 
body of radius R 2 , where R 2 is three limes larger than R lt but the free-stream 
density is one-third of p,, such that the binary scaling parameter is the same 
between the two different flows, that is, p,R, = p 2 R 2 . In this case, the curves of 
c 0 versus s/R, and versus s/R 2 will be the same. This is the meaning of binary 
scaling. 

Binary scaling for an actual application is dramatically illustrated in 
Ref. 186. In Figs. 15.19-15.22 obtained from Ref. 186, the conditions were for 
= 23,000 ft/s, altitude 200,000ft where p„ = 6 x 10 -7 slug/ft 3 , and R s = 
0.0692 ft. For the case shown in these figures, p.„R x = 4.2 x 10 -8 slug/ft 2 . Hall 
et al. in Ref. 186 also made calculations for the same V m at an altitude of 
250,000ft where p m = 8 x 10~ 8 slug/ft 3 , and R s = 0.525ft. For this case, 
p „R„ = 4.2 x 10~ 8 , the same as above. According to binary scaling, as long as 
the flowfield associated with Figs. 15.19-15.22 is dominated by the two-body 
dissociation reactions rather than the three-body recombination reactions, then 
the results for this second case should fall right on top of the curves shown in 
Figs. 15.19-15.22. This is indeed the situation found by Hall et af; hence. Figs. 
15.19 15.22 hold also for the conditions V m - 23,000 ft/s, altitude 250,000 ft, and 
R s = 0.525 ft. This result clearly demonstrates the power and applicability of 
binary scaling for nonequilibrium flowfields. Indeed, Hall et al. go on to show 
that, for the most part in their calculations, the ratio of k f /k r is much larger than 
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FIGURE 15.23 
Illustration of bindarv scaling. 


unity (on the order of 10 4 in certain sections of the flowfield); hence, it is no 
surprise that their results exhibit strong binary scaling. 


15.7 NON EQUILIBRIUM FLOW OVER OTHER SHAPES: 
NONEQUILIBRIUM METHOD OF CHARACTERISTICS 

The purpose of this section is to briefly examine the nonequilibrium flows over 
wedges, sharp cones, blunt cones, and a space-shuttle configuration. The compu¬ 
tational details, which are many, are minimized here, and emphasis is placed on 
the physical results. In this manner, the reader will have some additional oppor¬ 
tunities to obtain a physical understanding of nonequilibrium inviscid Hows. 

In Sec. 15.3, the nonequilibrium flow over a wedge was discussed quali¬ 
tatively, and the reasons for the resulting curved shock wave were given in con¬ 
junction with the discussion of Fig. 15.7. This discussion should be reviewed 
before progressing further. 

Because the nonequilibrium effects cause the flow over a wedge to have a 
variation in both the directions normal and tangential to the wedge surface, a 
two-dimensional flowfield solution must be used. These may take the form of 
finite-difference calculations, or a method of characteristics solution. For exam¬ 
ple, the method of characteristics has been used by Spurk et ah (Ref. 187) and 
by Rakich et al. (Ref. 188) to calculate nonequilibrium inviscid flows over 
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wedges and cones. Some of these results will be discussed briefly in the present . 
section. However, before examining the results, let us note the salient aspects of 
the method of characteristics for nonequilibrium flow. 

In Sec. 5.2, the two-dimensional and axisymmetric irrotational and rota¬ 
tional methods of characteristics were discussed for a calorically perfect gas. 
Section 5.2 should be reviewed before progressing further. How does nonequi¬ 
librium flow modify the method of characteristics as discussed in Sec. 5.2? The 
major aspects are as follows: 

1. In a nonequilibrium flow, the irreversible finite-rate mechanisms always 
increase the entropy [see, for example, Eq. (10.72)]. Hence, the entropy of a 
fluid element increases as it moves along a streamline in a nonequilibrium 
flow. This causes all two- and three-dimensional nonequilibrium flows to be 
rotational, and therefore the streamlines are characteristic lines in a nonequi- 
librium flow. 

2. The other characteristic lines are Mach lines based on the frozen speed of 
sound, a r , that is, lines that make an angle with the streamlines equal to 
p = arcsinfl/Mj) = arcsin (a f /V). The use of the frozen speed of sound for 
the characteristic lines in a nonequilibrium flow (as opposed to, say, the equi¬ 
librium speed of sound, or the actual nonequilibrium speed of sound) comes 
from the theory itself, and may be physically justified on the basis that the 
leading edge of a wave front is only a few mean-free-paths thick, and hence 
must propagate under locally frozen conditions. 


The compatibility equations for the nonequilibrium method of characteristics 
are given in Ref. 187. Letting s,, s 2 , and s denote distances along the left-run¬ 
ning and right-running frozen Mach lines and the streamlines respectively, as 
sketched in Fig. 15.24, these compatibility equations are: 
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where 0 is the angle between the streamline and the horizontal x axis shown in 
Fig. 15.24, M f is the frozen Mach number defined as V/a f ,j = 0 or 1 for two- 
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FIGURE 15.24 

Illustration of characteristic lines in a nonequilibrium flow. 


dimensional or axisymmetric flow, y is the vertical coordinate shown in Fig. 

15.24, .// is the local molecular weight of the mixture, is the enthalpy of 
species i per mole of i, C p is a mean molar frozen specific heat defined as 
Cp, = Xi 'h^'pjY. 1 which is similar to the frozen specific heat defined by Eq. 
(14.37), and C pi is the specific heat of species i per mole of i. These compatibility 
equations are solved in a downstream marching fashion at the grid points 
defined by intersections of the characteristics mesh, much in the same fashion as 
described in Sec. 5.2. 

Results for the nonequilibrium flow of air over a wedge are shown in Fig. 

15.25, taken from Ref. 187. Here, the pressure and temperature distributions are 
shown as a function of distance along the wedge. The free-stream conditions are 
V x , = 6638 m/s, T x = 273.16 K, and = 0.01 atm. Note that the pressure and 
temperature decrease with distance along the wedge surface. Also note that the 
surface conditions do not approach the equilibrium oblique shock results at 
large distances downstream. The reason for this can be seen by referring again 
to Fig. 15.7. The surface streamline comes through the frozen shock wave at the 
tip of the wedge, where the wave angle fi is the greatest and hence the entropy 
increase is the largest. The entropy of the surface streamline is further increased 
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HCDRK. 15.25 

Pressure and temperature along a wedge surface. Nonequilibrium flow. V m = 6638 m/s, T m — 
271.K.K, 0.01 atm, 0 - 41 .04'. (I'rom Spark el ill.. Ref. 187.) 


by the irreversible finite-rate processes. Hence, the streamlines near the wedge 
surface experience a permanent increase in entropy that exceeds the predicted 
value for equilibrium flow over a wedge of the same angle (as calculated in Sec. 
15.3). In this vein, the nonequilibrium flow over a wedge, with its curved shock 
wave, creates an entropy layer near the surface. This entropy layer results in the 
surface temperature approaching an asymptotic value far downstream which is 
higher than the equilibrium shock value from Sec. 14.3; this is clearly seen in 
Fig. 15.25. Of course, the thickness of this entropy layer becomes a smaller per¬ 
centage of the total shock layer thickness for stations progressively further 
downstream. In the limit of an infinite distance downstream of the nose, the flow 
across the shock layer is in local equilibrium with uniform properties (as ealeu- 
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lated in Sec. 14.3) with the exception of the surface properties, which have 
singular-like behavior at different values than the uniform, equilibrium flow. 

Nonequilibrium flow over wedges, and pointed and blunt-nosed cones are 
reported by Rakich et al. in Ref. 188. Here, the method of characteristics for 
nonequilibrium flow is also employed for those regions of flow that are locally 
supersonic or hypersonic. Figure 15.26 illustrates the variation of shock-wave 
angle jS as a function of distance along the surface of a 30-degree half-angle 
wedge for the case of V, tj = 6.7 km/s at an altitude of 65.5 km (a trajectory point 
of interest because it corresponds to high laminar heat transfer to the space 
shuttle). Note that jS changes from its frozen flow value and approaches its equi¬ 
librium How value over a distance of 100 m, and that the change in shock angle 
is only a few degrees. Figure 15.27 shows the profiles of atomic oxygen as a 
function of a nondimensiona! normal distance ij across the shock layer for a 
pointed and a blunt-nosed cone; ij = (r] — rj h )/(t] s — q h ) where r\ is the local coor¬ 
dinate of a point in the shock layer, and r\ h and r/ s are the normal coordinates of 
the body and shock respectively, at the same streamwise station. The coordinate 
ij is shown in Fig. 15.27. The two parts of Fig. 15.27 correspond to two different 
axial stations; Fig. 15.27u applies to x/R N = 3, and Fig. 15.276 applies to 
x/R n = 6.8, where is the radius of the blunt nose. In Fig. 15.27, the dashed 
curves correspond to the pointed cone and the solid curves correspond to the 
blunt-nosed cone. Note that, as ij increases from zero, the sharp cone results 
show a rapid decrease in X 0 in the region near the surface (near ij = 0), but then 
a more gradual decrease throughout the remainder of the shock layer toward 
the shock. This rapid change in X Q is related to the same type of nonequilib- 
rium-induced entropy layer as discussed earlier in regard to a sharp wedge. The 
solid curves in Fig. 15.27 show that nose-bluntness has a very strong effect on 
AV The strong entropy layer induced by the curved bow shock wave at the 
nose creates a marked dip in the value of X 0 at some distance from the body 
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FIGURE 15.26 

Variaiion of shock-wave angle with distance in the nonequilibrium flow over a wedge. (From Rakich 
el ai.. Ref. 1$, S’.) 
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FIGURE 15.27 

Alomic oxygen profiles for nonequilibrium flow over blunted and sharp cones, (a) 

(/;) x/R n = 6.8. = 6.7 m/s, altitude = 65.5 km, 0 c = 30°. (From Ref. J88.) 
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FIGURE 15.28 

NoncquiHbrium ctTect on shock-wave shape for the space shuttle. (From Ref. 1SS.) 


surface. Tiie location of this dip relative to the shock layer itself becomes closer 
to the body (F/ smaller) as distance downstream of the nose is increased. The 
comparison shown in Fig. 15.27 clearly demonstrates a strong coupling between 
the fluid-dynamic-induced entropy layer on a blunt-nosed hypersonic body (as 
discussed in various places in Part 1 of this book) and the finite-rate chemistry. 

Finally, the nonequilibrium effect on the shock-wave shape on a space 
shuttle vehicle is shown in Fig. 15.28, also obtained from Ref. 188. Note that in 
the nonequilibrium chemically reacting flow, the shock wave lies closer to the 
body than in a frozen flow case (essentially a calorically perfect gas with 

y = i-4). 

15.8 SUMMARY AND COMMENTS 

Return again to the roadmap given in Fig. 1.23. With the end of this chapter, we 
complete our discussion of in viscid chemically reacting flows. Taken together, 
the material in Chaps. 14 and 15 represent a study of basic flows—wedge flows, 
cone Hows, noz.z.le Hows, and blunt-body flows—in regard to how they are 
affected by high temperatures. The nonequilibrium flows discussed in the present 
chapter stand in stark contrast to the equilibrium flows considered in Chap. 14, 
primarily due to the importance of the scale effect introduced by the nonequilib¬ 
rium phenomena. Unlike the equilibrium flows in Chap. 14, which are the same 
no matter how large the body may be, we have found that the nonequilibrium 
flow over a given shape depends critically on the size of the body. The size effect 
enters through the relative consideration of chemistry time z c and flow time z f , 
where z f = l/V^,. Here, / represents the characteristic size of the flowfield. In 
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contrast, x c does nol depend on the size of the body, but rather depends on the 
local density and temperature of the flow, e.g., for the high-temperature air 
applications, on the flight altitude. Thus, the ratio Tj/t,. is strongly dependent on 
body size and the overall density and temperature levels of the llow. Hence, for 
flight applications, r f /T c depends on body size and altitude; nonequilibrium 
effects are accentuated by smaller bodies and higher altitudes, where z f /r c 
becomes small and in contrast, equilibrium flows are approached for larger 
bodies and lower altitudes, where i f )T c becomes large. 

Finally, we have seen that high-temperature inviscid flows, both equilib¬ 
rium and nonequilibrium, stand in sharp contrast to the calorically perfect 
inviscid flows discussed in Part I of this book. High temperatures have a 
pronounced effect on the density and temperature profiles in a flow; to a lesser 
extent, the pressure is affected. Completely different methods must be used to 
properly calculate such high-temperature Hows in comparison to the familiar 
calorically perfect gas analyses. For example, virtually all high temperature flows 
require some type of numerical solution; no closed-form analytic expressions are 
available for such Hows. Also, the powerful role that M and y play in the analy¬ 
sis of calorically perfect gas (lows is completely diluted at high temperatures; we 
can still define and identify M and y for a high-temperature flow, but they are of 
no particular use in a calculation. Rather, high-temperature flows depend on 
more fundamental primitive variables such as velocity, density, pressure, and 
temperature (and for nonequilibrium flows, on the scale of the flow). 

We can now appreciate the main thrust of Part III of this book. Our 
purpose is to present the basic physical chemistry background of high-tempera¬ 
ture effects (Chaps. 10-13), and to show the impact of these effects on some 
fundamental llow problems (Chaps. 14 and 15). The nature and magnitude of 
the high-temperature effects are nicely brought out in the study of such basic 
flows, thus giving the reader important insight to applying such knowledge to 
more complex flows. 

From here, we will turn our attention to high-temperature viscous flows in 
Chaps. 16 and 17. Such flows introduce some additional physical considerations 
that are coupled with high-temperature effects. 

PROBLEMS 

15.1. Consider a normal shock wave in air. The flow upstream of the shock corresponds 
to a standard altitude of 200,000 ft at a Mach number of 25. Calculate the chemical 
species distributions in the nonequilibrium region behind the shock, as a function of 
distance behind the shock front. Plot your results graphically. Assume that the 
chemical fpeeies present are N 2 , 0 2 , N, and O. (We will ignore NO and any ion¬ 
ization.) 

15.2. In Figs. 15.21 and 15.22, the ordinate is given as number of moles of species i per 
original mole of air. Show how this ratio is related to our more familiar mass 
fraction c,, and mole-mass ratio i/ ; . 
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y is the beautiful , bright-colored flower. Transport is the 
'ithout which it could never have blossomed. 

Sir Winston Churchill, 1899 
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16.1 INTRODUCTION 

Taking a cue from the above quote by Churchill referring to the role of trans¬ 
port in war, we can state in an analogous fashion that the physical processes of 
transport phenomena are the stems on which all viscous flows depend. By trans¬ 
port phenomena, we refer to the physical properties of viscosity, thermal con¬ 
duction, and diffusion. These transport phenomena, particularly the first two, 
are important to the nonreacting viscous flows discussed in Part II. All three are 
important in high-temperature, chemically reacting viscous flows, and hence 
must be examined before we can discuss such flows. Therefore, the purpose of 
this chapter is to present the salient aspects of transport phenomena in high- 
temperature gases. In particular, our focus will be on the calculation of the 
viscosity coellicient, thermal conductivity, and dilTusion coefficient for a chemi¬ 
cally reacting mixture. A proper study of such matters constitutes an important 
part of classical kinetic theory. It is not our purpose to present the details 
here—such matters are far beyond the scope of the present book. Rather, we 
will briefly discuss the general philosophy and give results without detailed 
derivations; our purpose is to give the reader only enough understanding of the 
basic physical aspects to make him or her comfortable with our discussions of 
high-temperature viscous flows in Chap. 17. For authoritative presentations on 
transport phenomena in general, see Refs. 189-191. 

Refer again to our roadmap in Fig. 1.23. With this chapter, we begin our 
leap into the subject of chemically reacting viscous flows, which plunges us deep 
into the heart of high-temperature flows in general. 


16.2 DEFINITION OF TRANSPORT PHENOMENA 

In this section, we will define the viscosity coefficient, thermal conductivity, 
and dilTusion coelfieient, and show how simple equations for these transport 
phenomena can be obtained from the elementary kinetic theory introduced in 
Chap. 12. The essence of molecular transport phenomena in a gas is the random 
motion of atoms and molecules. When a particle (atom or molecule) moves from 
one location to another in space, it carries with it a certain momentum, energy, 
and mass associated with the particle itself. The transport of this particle 
momentum, energy, and mass through the gas due to the random particle 
motion gives rise to the transport phenomena of viscosity, thermal conduction, 
and diffusion, respectively. 

To examine the transport of particle momentum, energy, and mass more 
closely, consider Fig. 16.1. At the left is sketched a gas in a two-dimensional 
(.v, y) space, showing two particles crossing the horizontal line y = y t due to 
their random motion. Let (/> denote some mean property carried by the particle, 
say its momentum, energy, or mass-related property; moreover, assume that on 
the average, </> has a variation in the y direction as shown at the right of Fig. 
16.1. In Fig. 16.1, particle 1 crosses the line y = y t from above; let Ay be the 
distance above jq at which, on the average, particle 1 experienced its last col- 
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FIGURE 16.1 

Model for transport phenomena. 


lision before crossing y,. Similarly, particle 2 crosses the line y, from below; let 
Ay be lhe average distance below y, at which particle 2 experienced its last 
collision before crossing y,. In crossing y 1( particle 1 will carry with it a mean 
value of ip equal to r/;(y + Ay), and particle 2 will carry a mean value equal to 
<p(y — Ay). From our discussion in Chap. 12, a reasonable estimate for Ay would 
be the mean free path A. Moreover, the flux of particles crossing y t from either 
above or below (particles per second per unit area) is proportional to nC, where 
n is the number density and C is the mean particle speed given by Eq. (12.19). In 
turn, the flux of (j> across y, due to both directions is 


A = fliiC[r/>(>'t - X) - 0(y, + A)] 


(16.1) 


where the flux A is positive in the net upward direction, and a is a proportiona¬ 
lity constant. Expanding <l> in a Taylor’s series about y = y,, we have 


<My t + A) 





d 2 <l> A 2 
dy 2 2 


+ ... 


and 


<M.v, 


X) — —r x + 

dy 


d 2 <]> A 2 
df 2 


Substituting the above into Eq. (16.1), and neglecting terms of A 2 and higher 
order, we have 


A = — 2wiCA -- (16.2) 

dy 

We can visualize Eq. (16.2) as a general transport equation for (j>. 

Let us now consider particular quantities for <£. First, let <j> be the mean 
momentum of the particles. Since momentum is a vector quantity, let us exam¬ 
ine only the .x component of momentum, given by mC x , where m is the mass of 
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the particle and C x is the mean velocity in the x direction. Then, from Eq. (16.2), 
we have 


A = —2 anCXtn ----- (16.3) 

dy 

Referring to our knowledge of newtonian mechanics, in a flow the flux in the y 
direction of the x component of momentum is simply the shear stress r xy (see, 
for example, Ref. 5). Thus, Eq. (16.3) becomes, with r xy = — A, 

t xv = lanCXm (16.4) 

dy 

Moreover, from our macroscopic fluid mechanics, we can write (for the picture 
given in Fig. 16.1 with gradients only in the y direction) 


T 


xy 


dll 

1 dy 



(16.5) 


where ii is the x component of the (low velocity, and ).i is the viscosity coefficient. 
In our kinetic theory picture, C x = u. Comparing Eqs. (16.4) and (16.5), we have 


ft = 2anmCX 


(16.5a) 


Now consider <f> to be the mean energy of the particle, given by Eq. (12.9n) as 
2^,71 where k l is the Boltzmann constant. (The reason for denoting the Boltz¬ 
mann constant by k { here, as opposed to its normal symbol k, will become 
obvious below.) The llux of energy across y t is then obtained from Eq. (16.2) as 

A = - lak.nCX ~— 
dy 


or, denoting the constant 3 ak I by K , 


A = — KnCX — 
dy 


(16.6) 


Front classical heat transfer, we know that the energy flux (energy per second 
per unit area) is given by 


‘I 



(16.7) 


where k is the thermal conductivity. Since, in our kinetic theory picture, A in Eq. 
(16.6) is q then, by comparing Eqs. (16.6) and (16.7), we have 


k = KnCX 


(16.8) 


Finally, let us consider the transport of molecular mass. Here, we will consider a 
binary gas mixture made up of A and B particles, with number densities n A and 
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n„. respectively. In Eq. (16.2), let A be the flux of A particles across y,, namely, 
the number of A particles crossing y, per second per unit area. In Eq. (16.2), n is 
the total number density, n = n A + a (i . Therefore, the quantity </> being trans¬ 
ported across y, must be a probability that the particle crossing y, is indeed an 
A particle. This probability is the mole fraction, X A ; thus <f> = X A = n J n - For 
this case, Eq. (16.2) is written as 

;.= -2 fln CA^ = 2fl CA^ (16.9) 

dy dy 

On a macroscopic basis, we can define the flux of A particles per second per 
unit area as T^, and express it as 

r A =-D A J n / (16.10) 

dy 


where is the binary diffusion coefficient for species A into B. Comparing Eqs. 
(16.9) and (16.10), where A = T^, we have 


D ab — 2 aCk 


(16.11) 


The above results show that the transport coefficients p, k, and D AB de¬ 
pend on C and /. Moreover, from Eqs. (12.21) and (12.29), we have 


and 


yf 2n d 2 n 


yz 


an 


c= l SR I 

V it 

where a is the collision cross section. Thus, Eqs. (16.5), (16.8), and (16.11) can be 
written as 


s/T 

n = K u y- 

(16.12) 

a 

ii 

(16.13) 

a 

Jt 

D AB = K„y— 

an 

(16.14) 


where K h , K k , and K D are constants. Equations (16.12)-(l 6.14) demonstrate the 
important and familiar point that p and k for a pure gas depend only on T, 
whereas D AB depends on both T and n. The latter remark is worth emphasizing; 
the diffusion coefficient depends on both the temperature and the density of the 
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gas. Using the equation of slate in the form of (where again /q de¬ 

notes the Boltzmann constant). Eq. (16.14) can be written as 

(16.14«) 

Equations (16.12)-(16.14) are simple results that come from a very elemen¬ 
tary picture of kinetic theory. For a much more sophisticated analysis of these 
transport coefficients, see Refs. 189 and 190. However, Eqs. (16.12) (16.14) illus¬ 
trate the important qualitative and quantitative aspects which we will need for 
our future discussions. 



16.3 TRANSPORT COEFFICIENTS 

In this section, some results for the calculation of transport coefficients will be 
given, without derivation. The following expressions are obtained from a more 
sophisticated kinetic theory treatment than was carried out in Sec. 16.2; see Refs. 
189 and 190 for more details. These treatments take into account the relative 
motion of the molecules, and replace our earlier “hard-sphere” model with a 
picture of particles moving under the influence of an intermolecular force field 
which varies with distance r from the molecule. A common model for this force 
field is the Lennard-Jones (6-12) potential, which gives the intermolecular 
force as 

dr 




(16.15) 


and where d is a characteristic molecular diameter, and £ is a characteristic 
energy of interaction between the molecules. 

For a pure gas, p and k can be obtained from (see Ref. 191) 

/< = 2.6693 x 10" 5 (16.16) 

and, for a monotomic gas. 


(16.16) 


k = 1.9891 x 10” 4 


y/Tjj* 


(16.17a) 


whereas for a diatomic or polyatomic gas, Eucken’s relation which takes into 
account the additional energy modes of rotation, vibration, and electronics (see 
Ref. 150) gives 

k = + c„ rDl + c„ vlb + c„J (16.176) 
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where ihe units of ji are g cm -1 s’ 1 , T is in K, and d is in Angstrom units 
(I Angstrom = 10" 8 cm) and k is in cal cm" 1 s" 1 (K)" 1 . In the above equa¬ 
tions, ,// is the molecular weight. The quantities fl (1 and Cl k are collision inte¬ 
grals which give the variation of the effective collision diameter as a function of 
temperature (i.e., as a function of the relative energy between molecular col¬ 
lisions). Values for fi ( , and as a function of fcjT/i: are given in Table 16.1, 
obtained from Ref. 191. Values for d and u/fc, (where k , is the Boltzmann con¬ 
stant) associated with the Lennard-Jones potential are tabulated in Table 16.2 
for different gases. Note the similarity of Eqs. (16.16) and (16.17) to our simple 
results given by Eqs. (16.12) and (16.13). 

For a binary mixture of species A and B, let us write an expression for the 
mass flux of species A (mass of A per second per unit area), denoted by A, as 


L = 


(16.18) 


where c is the mass fraction of A, and & AB is the pertinent binary diffusion 
coefficient (sometimes called the difTusivity). Equation (16.18) is called Pick’s 
law. In Eq. (16.18), S> AB can be obtained from 


1 1 


(16.19) 


where & AB is in cm 2 s T in K, p in atm, and d An in Angstrom units. A fair 
approximation for d AB is simply 


^ab — 2 (‘I A + ^«)' 


Values for Cl d AB are given in Table 16.1 as a function of k l T/e. AB , where c^,, = 
s/f-a c b- Note the similarity between Eq. (16.19) and our simple result given by 
Eq. (16.14u). 

For a multicomponent gas, such as a chemically reacting mixture, the 
mixture values of /( and k must be found from the values of /q and ft,- of each 
of the chemical species i by means of mixture rules. A common mixture rule for 
viscosity is Wilke’s rule, which states that 


f 


Xgi, 


(16.20) 


where 


<t> 


ij 


ys 



l/2| 


+ 


7 i ,.y'Y^A' /4 T 

HjJ \J/i) 


In Eq. (16.20), p is the viscosity coefficient for the mixture, /(, is the viscosity 
coefficient for each species i from Eq. (16.16), Jf { is the molecular weight of 
species /, X l is the mole fraction of species i, and i and j are dummy subscripts 
denoting the various chemical species. 
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TABLE 16.1 

Functions for prediction of transport properties of gases at low densit¬ 
ies 


= n k = n k 


k, T/c 

or 

^1 Tfe AB 

(For viscosity 
and thermal 
conductivity) 

AB 

(For mass 
diffusivily) 

k,T/t 

or 

T/e ab 

(For viscosity 
and thermal 
conductivity) 

(For mass 
diffusivity) 




2.50 

1.093 

0.9996 

0.30 

2.785 

2.662 

2.60 

1.081 

0.9878 

0.35 

2.628 

2.476 

2.70 

1.069 

0.9770 

0.40 

2.492 

2.318 

2.80 

1.058 

0.9672 

0.45 

2.368 

2.184 

2.90 

1.048 

0.9576 

0.50 

2.257 

2.066 

3.00 

1.039 

0.9490 

0.55 

2.156 

1.966 

3.10 

1.030 

0.9406 

0.60 

2.065 

1.877 

3.20 

1.022 

0.9328 

0.65 

1.982 

1.798 

3.30 

1.014 

0.9256 

0.70 

1.908 

1.729 

3.40 

t.007 

0.9186 

0.75 

1.841 

1.667 

3.50 

0.9999 

0.9120 

0.80 

1.780 

1.612 

3.60 

0.9932 

0.9058 

0.85 

1.725 

1.562 

3.70 

0.9870 

0.8998 

0.90 

1.675 

1.517 

3.80 

0.9811 

0.8942 

0.95 

1.629 

1.476 

3.90 

0.9755 

0.8888 

1.00 

1.587 

1.439 

4.00 

0.9700 

0.8836 

1.05 

1.549 

1.406 

4.10 

0.9649 

0.8788 

1.10 

1.514 

1.375 

4.20 

0.9600 

0.8740 

1.15 

1.482 

1.346 

4.30 

0.9553 

0.8694 

1.20 

1.452 

1.320 

4.40 

0.9507 

0.8652 

1.25 

1.424 

1.296 

4.50 

0.9464 

0.8610 

1.30 

1.399 

1.273 

4.60 

0.9422 

0.8568 

1.35 

1.375 

1.253 

4.70 

0.9382 

0.8530 

1.40 

1.353 

1.233 

4.80 

0.9343 

0.8492 

1.45 

1.333 

1.215 

4.90 

0.9305 

0.8456 

1.50 

1.314 

1.198 

5.0 

0.9269 

0.8422 

1.55 

1.296 

1.1X2 

6.0 

0.8963 

0.8124 

1.60 

1.279 

1.167 

7.0 

0.8727 

0.7896 

1.65 

1.264 

1.153 

8.0 

0.8538 

0.7712 

1.70 

1.248 

1.140 

9.0 

0.8379 

0.7556 

1.75 

1.234 

1.128 

10.0 

0.8242 

0.7424 

1.80 

1.221 

1.116 

20.0 

0.7432 

0.6640 

1.85 

1.209 

1.105 

30.0 

0.7005 

0.6232 

1.90 

1.197 

1.094 

40.0 

0.6718 

0.5960 

1.95 

1.186 

1.084 

50.0 

0.6504 

0.5756 

2.00 

1.175 

1.075 

60.0 

0.6335 

0.5596 

2.10 

1.156 

1.057 

70.0 

0.6194 

0.5464 

2.20 

1.138 

1.041 

80.0 

0.6076 

0.5352 

2.30 

1.122 

1.026 

90.0 

0.5973 

0.5256 

2.40 

1.107 

1.012 

100.0 

0.5882 

0.5170 
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TABLE 16.2 


Lennard-Jones 

Parameters 


Substance 

Molecular 

Weight 

Jl 

a 

(A) 

c/ici 

(K) 

Light elements: 

H, 

2.016 

2.915 

38.0 

He 

4.003 

2.576 

10.2 

Noble gases: 

Ne 

20.183 

2.789 

35.7 

Ar 

39.944 

3.418 

124. 

Kr 

83.80 

3.498 

225. 

Xe 

131.3 

4.055 

229. 

Simple polyatomic 
substances: 

Air 

28.97 

3.617 

97.0 

N, 

28.02 

3.681 

91.5 

o 2 

o 3 

32.00 

48.00 

3.433 

113. 

CO 

28.01 

3.590 

110. 

CO, 

44.01 

3.996 

190. 

NO 

30.01 

3.470 

119. 

N,0 

44.02 

3.879 

220. 

so. 

64.07 

4.290 

252. 

1\ 

38.00 

3.653 

112. 

Cl 2 

70.91 

4.115 

357. 

Br 2 

159.83 

4.268 

520. 

It 

252.82 

4.982 

550. 


For the thermal conductivity of a mixture, Eq. (16.20) can be used again, 
replacing /t with k, and fi i with k h where k t is obtained from Eq. (16.17). 

For a gas with two species, the binary diffusion coefficient given by Eq. 
(16.19) and Fick’s law given by Eq. (16.18) are sufficient to describe the diffusion 
processes. For a gas with more than two species, a multicomponent diffusion coef¬ 
ficient must be used, denoted by 3> im for the diffusion species i through the 
mixture. The multicomponent diffusion coefficient is related to the binary 
diffusion coefficients for the diffusion of species i into j by means of the 
approximate expression 


= 


1 


(16.21) 


For the diffusion flux of species i, Fick’s law is still reasonably applicable in the 

form of 


ji = -p@,„Vc, 


(16.22) 
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where j, is the mass llux of species i diffusion through the mixture. For multi- 
component diffusion, Eq. (16.22) is an approximation which holds reasonably 
well for most high-temperature gas dynamic applications, at least for those 
applications discussed in this book. 


16.4 THE MECHANISM OF DIFFUSION 

In this section, we examine from a macroscopic point of view the mechanism of 
dilTusion. It is common knowledge that, if you are in a room, and someone in 
the corner opens a bottle of ammonia, after a period of time you will smell the 
ammonia. This is because, over a period of time, some of the ammonia mole¬ 
cules will work their way over to you, just by virtue of their random motion in 
the gas. To be a little more precise, in the immediate vicinity of the ammonia 
bottle, after it is opened, there is a locally high concentration of ammonia, with 
a resulting concentration gradient. Under the influence of this gradient, the 
ammonia molecules will gradually diffuse away from the bottle. If you would 
imagine the ammonia molecules colored green, you would see a “green cloud” 
form in the vicinity of the bottle, and this “green cloud” would move toward 
you at some mean velocity; this velocity is defined as the diffusion velocity of 
the ammonia, 

Let us now be more precise. Consider a stationary slab of gas mixture in 
which there exists a gradient in mass fraction of species i; the variation of c, is 
sketched in Fig. 16.2«, and the resulting gradient Vc,. is shown at a given point 
in the stationary slab in Fig. 16.2b. Because of this gradient, at the same point 
there is a mass motion of species i in the opposite direction; the velocity of this 
mass motion of species i is defined as the diffusion velocity of species i, denoted 
by U ; . The corresponding mass flux of species i is PjU*, which is shown in Fig. 
16.2 b and is given approximately by Fick’s law [Eq. (16.22)] as 

i, = PiVi= -P^taVc, (16.23) 

Let us now imagine that the slab in Fig. 16.2b is set into motion with the 
velocity V, as sketched in Fig. 16.2e. The mass motion of species i, relative to us 
handing in the laboratory, is now V ; , where 

V ; = V + U f (16.24) 


Mass motion of species 
i relative 10 lhe lab, 
or just simply lhe muss 
motion of species t 


Mass motion of 
lhe mixture 
(relative to 
the lab) 


Diffusion velocity 
of species i 
(relative to the 
mass motion of 
the mixture) 


n conjunction with a gas dynamic flow, V in Eq. (16.24) is the familiar flow 
elocity at a point in the flowfield; for a gas mixture, the flow velocity is in 
eality a mass average of all the V,-’s, that is. 


V 


= I f,V, 


(16.25) 
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FIGURE 16.2 

Illuslration of diffusion vclocily. 


Equation (16.24) is simply a statement that the mass motion of species i is equal 
to the flow velocity of the mixture plus the diffusion velocity U ( , where U, is 
relative to the mass motion of the mixture. If we multiply Eq. (16.24) by c (t and 
sum over all species, we have 

SciV i = V£c i + XciU, (16.26) 

i i i 

Recalling that ^,c,- = 1, and substituting Eq. (16.25) for V into Eq. (16.26), we 
obtain the important result that 

Sc,U i = ilp i U i = 0 
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or 


Zp,u, = o 

i 


(16.27) 


As a final note in this section, we have to mention that the mass diffusion 
of species i through a mixture is also driven by pressure and temperature gradi¬ 
ents, as well as by concentration gradients. “Pressure diffusion” due to Vp is 
extremely slight, and is almost always neglected in gas dynamic problems. 
“Thermal diffusion” due to VT is a more pronounced effect in regions of large 
temperature gradients. Thermal diffusion is a reflection that, at a given tempera¬ 
ture, light particles have a higher mean molecular velocity than heavy particles, 
as discussed at the end of Sec. 12.2. Therefore, in a temperature gradient, the 
light panicles will tend to “diffuse” faster in the direction of decreasing tempera¬ 
ture than will the heavy particles. (This is why dust in a heated room tends, over 
a period of time, to collect on the surface of radiators.) The mass flux of species < 
due to thermal diffusion is given by (see Ref. 191) 


j{ f ’ = _ Dj V In T (16.28) 

where Dj is the thermal diffusion coefficient. For most gas dynamic applications, 
thermal diffusion is small when compared with diffusion due to concentration 
gradients, and is usually neglected. (See Refs. 189-191 for more details on pres¬ 
sure and thermal diffusion.) 


16.5 ENERGY TRANSPORT 

BY THERMAL CONDUCTION AND DIFFUSION: 

TOTAL THERMAL CONDUCTIVITY 

In the viscous flows discussed in Part II, we used the fact that energy is trans¬ 
ported by thermal conduction. Moreover, the flux of this energy (energy per 
second per unit area) is given by 

il c =-/cVV (16.29) 

where k is the ordinary thermal conductivity as given by Eq. (16.17) for a pure 
species and Eq. (16.20) (with /( and /q replaced by k and k, respectively) for the 
mixture thermal conductivity. 

For a chemically reacting mixture, there is also an energy transport due to 
diffusion. This is easily seen by visualizing a cWemical species i diffusing from 
location 1 to location 2, where at location 2 the species participates in a chemi¬ 
cal reaction, thus exchanging some energy with the gas. That is, as species 1 
diffuses through the gas, it carries with it the enthalpy of species i, h iy which is a 
form of energy transport. (Keep in mind that /q contains the heat of formation 
of species i.) Hence, at a point in the gas, we can write 

Energy flux due to 
diffusion of species i 


= PtVjhj 
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In turn. 


Energy flux due to diffusion 
of all species at the point 


= flo 




(16.30) 


Therefore, if vve include the energy flux due to radiation (which will be impor¬ 
tant for the applications discussed in Chap. 18), denoted by q K , we can write for 
the total energy flux at a point in a high-temperature, chemically reacting gas 

q = q c + q« + q R 


or 


q=-kVT + '£ d p l U l h l + 'i R 


(16.31) 


[Note that in Eq. (16.31) we are not including energy flux due to convection in 
a flow; here, we are considering a stationary gas that has temperature and con¬ 
centration gradients, and q is simply the energy transport at some point in the 
stationary gas due to transport phenomena and radiation.] 

In some high-temperature flow applications, the concept of “total thermal 
conductivity” is used, as defined in Refs. 167 and 193, among others. This con¬ 
cept is developed as follows. Consider a flowfield with gradients of temperature 
and mass fractions in the y direction (such as in a boundary layer). The energy 
flux in the y direction (neglecting radiation) is obtained from Eq. (16.31) as 


, or „ 


(16.32) 


where U, y is the component of the diffusion velocity of species / in the y direc¬ 
tion. From Eq. (16.22), 

dc- 

P,U,.,= -P®lmg-y (16.33) 

Combining Eq. (16.32) and (16.33), we have 

q r = -k S ~ - p £ ®i„h, ^ (16.34) 

Oy , dy 


Assume that the gas is in the local chemical equilibrium, such that c, = f(p, T), 
and hence 


dc 


'dc, 

OT 


dT + 



(16.35) 


Furthermore, assume that p is constant in the y direction (such as through a 
boundary layer). With this, Eq. (16.35) becomes 


8c, 8c, dT 

dy 8T dy 


(16.36) 
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Substituting Eq. (16.36) into (16.34), we have 


or 


, BT f dc,\ BT 

q ’ = - k l)y- p {Z ! »‘- h '3f)-dj 


BT , BT , BT 

(ly= ~ k - k r - = k T — 

By By By 


(16.37) 


where k is the ordinary, familiar thermal conductivity, fc, is called the reaction 
conductivity (which is due solely to diffusion) given by 


K = p E ®i- h i 


Be i 
BT 


and k r is the total conductivity, defined as 


k T = k + f> X S) im hi 


Be ; 
5T 


(16.38) 


Sometimes k T is used to define an “equilibrium” Prandtl number as fol¬ 
lows. For an equilibrium chemically reacting gas, h = h(T, p), and we can write 

dh = (df)/ T + (l>i) T dp (,6 ' 39) 

Assuming constant pressure in the y direction, and noting that ( Bh/BT) p = c p , 
Eq. (16.39) yields 


BT __ 1 Bh 
By e p By 


From Eqs. (16.37) and (16.40), we have 


BT k T Bh fi Bh 

q ’ = kT 'dy~7 r Ty = ?^Ty 

where Pr cq is called the “equilibrium” Prandtl number, defined as 


(16.40) 


(16.41) 


Pr eq = ^ (16.42) 

Important: The concepts of total conductivity and equilibrium Prandtl 
number have applications only in flows that: (1) are in local chemical equilib¬ 
rium, and (2) the energy flux is being calculated in a direction in which the 
pressure is constant. Although this concept may sound very restrictive, there is a 
relatively large class of chemically reacting boundary-layer applications to which 
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it has been applied. Indeed, for high-temperature air, values of k T are Pr eq have 
been calculated and tabulated by Hansen in Ref. 167. 


16.6 TRANSPORT PROPERTIES FOR 
HIGH-TEMPERATURE AIR 

High-temperature transport coefficients for air in chemical equilibrium have 
been calculated by Hansen (Ref. 167) and Peng and Pindroh (Ref. 193), among 
others. For example, Fig. 16.3 gives the variation of ft as a function of T with p 
as a parameter, obtained from Ref. 167. In this figure, the reference value of /< 0 is 
given by 


/<„ = 1.462 x KT 5 


J m __ gm 

I + 112/r cm s 


where /i 0 is an approximate temperature variation of viscosity coefficient for 
nonreacting air, with a chemical composition frozen at standard conditions. 
Hence, the amount by which deviates away from unity in Fig. 16.3 is a 
reflection of the high-temperature, chemically reacting effects. The strong varia¬ 
tion in /(///„ which occurs above a temperature of 8000 K is due to the impor¬ 
tant effects of ionization and hence free electrons on the transport properties. 
The total conductivity defined as k T in Eq. (16.38) is given in Fig. 16.4, also 
from Hansen. Here, the reference value is 


k a = 1.364u 0 - - —-—— 

(cm)(s)(K.) 

The large variations in k r /k 0 are due primarily to the reaction conductivity asso¬ 
ciated with diffusion; this shows the relatively large effect that diffusion can play 
in energy transport through chemically reacting gases. In Fig. 16.5, the equilib¬ 
rium Prandtl number, defined by Eq. (16.42), is given as calculated by Hansen. 
Note that Pr eq has a more benign variation than k T , because the temperature 
variations of k T in Fig. 16.3 and c p (similar to that shown for c„ in Fig. 14.16) 
tend to cancel each other. Note that, in the range of dissociation, Pr eq varies 
between 0.6 and 0.8. 

In passing, we note a fourth transport property of some importance in 
high-temperature gases, namely the electrical conductivity. This property is im¬ 
portant to the analysis of flow problems in the presence of electromagnetic 
fields. Such matters fall under the category of magnetohydrodynamics, and are 
beyond the scope of this book. 

Finally, simple correlations for the transport properties of high-tempera¬ 
ture air, analogous to the Tannehill-Mugge correlations (for example) for the 
equilibrium thermodynamic properties, are hard to find. Perhaps one of the best 
examples arc the correlations of Viegas and Howe (Ref. 194), where polynomials 
for pft and pi i/Pr cq are given as a function of p and It. 
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FIGURE 16.4 

Total thermal conductivity for equilibrium high-temperature air. (From Hansen, Ref. 167.) 



FIGURE 16.5 

Equilibrium Prandtl number for high-temperature air. (From Ref. 167.) 
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16.7 SUMMARY 

The purpose of this chapter is to make the reader feel somewhat comfortable 
with the transport coefficients for a high-temperature, chemically reacting gas. In 
particular, from simple kinetic theory, we have seen that /< and k for a pure gas 
depend only on T, whereas the binary diffusion coefficient & AB and, hence, the 
multicomponent diffusion coefficients D, m , depend on both T and p (or T and 
p). Equations for the transport coefficients of a pure gas are given in terms of 
the collision diameter and the collision integrals, and various mixture rules are 
given to obtain the transport coefficients for a mixture from the individual values 
for each species i. Some results for high-temperature are discussed. 

Caution. Published values for the transport coefficients for high tempera¬ 
ture gases are much more uncertain than for the equilibrium thermodynamic 
properties discussed in Chap. 12. Theoretical values of the transport coefficients 
depend critically on the assumption used for the intermolecular force potential, 
which is always uncertain. Experimental measurements at high-temperatures are 
also uncertain, and difficult to make. Therefore, when you are ready to perform 
a serious analysis of high-temperature viscous flows, it is good practice to scour 
the current literature for the most accurate data on transport coefficients. 



CHAPTER 

17 


VISCOUS 

HIGH- 

TEMPERATURE 

FLOWS 


Before engineers can reliably design devices to survive flight 
through or into an atmosphere at hypersonic speeds, they must 
somehow provide for, avoid , or otherwise accommodate the enor¬ 
mous heat-transfer rates to the vehicle engendered by such flight 
speeds . 


William H. Dorrance, 1962 
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17.1 INTRODUCTION 

The above quote by W. H. Dorrance, an authoritative aerodynamicist and well- 
known author of a book on hypersonic viscous flow (Ref. 195), clearly states one 
of the strongest forces that drives an interest in chemically reacting viscous 
flows, namely, the need to accurately predict and deal with the aerodynamic 
heating to hypersonic bodies. This motivation was a strong impetus behind our 
viscous How discussion in Part 11 of this book. However, by intent we did not 
include high-temperature effects in Part II, because our emphasis there was the 
purely fluid dynamic behavior of hypersonic viscous flows. In the present 
chapter, we now address the question: How are the viscous flows studied in Part II 
affected by high temperatures? We will find that many of the qualitative trends, 
analytical techniques, and numerical methods developed in Part II carry over 
directly to the high-temperature case. Therefore, to avoid unnecessary duplica¬ 
tion, we will frequently refer to sections in Part II; in such occasions, the reader 
is strongly encouraged to review the pertinent material in Part II as is necessary. 

In the present chapter, our emphasis will be on the fundamental equations 
and the basic physical behavior of chemically reacting viscous flow. We will be 
“long" on basic fundamentals and “short” on details, because the subject matter 
is so extensive that it is not possible to give a complete survey of the field within 
the length constraints of this book. Instead, our purpose will be to make the 
reader feel comfortable with the basic ideas and equations, and then we will 
discuss a few well-chosen examples to illustrate the physical nature of chemically 
reacting viscous flows. With the background provided in this chapter, the reader 
should be able knowdedgeably to read the literature in the field, and to embark 
on the solution of more complex problems. Also, in the present chapter we will 
consider simultaneously both equilibrium and nonequilibrium chemically react¬ 
ing and vibrationally relaxing flows. 


17.2 GOVERNING EQUATIONS 

FOR CHEMICALLY REACTING VISCOUS FLOW 


The complete Navier-Stokes equations were given by Eqs. (6.1) (6.6) for a non¬ 
reacting gas. The continuity equation [Eq. (6.1)] and the momentum equations 
[Eqs. (6.2) (6.4)] are purely mechanical in nature, and are not affected by chem¬ 
ical reactions. Hence, for a chemically reacting flow, we have: 


Global continuity 


dp 

f t + V-(pV) = 0 


(17.1) 


x Momentum 

y Momentum 


Du dp <5t v , 3 t„, 3t„ v 

p -=- q -— -|-^ -|-— 

Dt dx dx by dz 

— = _ °_ p + d l*i . S Jyy , B Jj? 

^ Dt dy dx dy dz 

Dw dp dx,, dx„ 

p — = - - - H-- + —1- -|- -- 

Dt dz dx dy dz 


(17.2) 

(17.3) 

(17.4) 


z Momentum 
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The energy equation, given by Eq. (6.5), must be modified to include the effects 
of diffusion. Hence, we write: 


/-’((' + V 2 /2) d(uz xx ) d(ux ) d(ur,J d(vx ) 

hnenjy p = -V • q - V • pV +—~-+■ v + + 


Dt 


dx 


dy 


dz 


d S VT >y) S(VXzy) d( wx yz ) d(w x zz ) 

dy dz dx dy dz 


where, from Eq. (16.31), the heat flux vector is 

q = -kVT + X/tiU,/i f + q R 


(17.5) 


(17.6) 


In Eqs. (17.2) (17.5), the expressions for the shear and normal stresses, z xy , z xx , 
etc. are given by Eqs. (6.6«)-(6.6/‘), and p and k are the mixture values for vis¬ 
cosity coefficient and thermal conductivity as discussed in Chap. 16. In terms of 
the substantial derivative, Eq. (17.5) says that the change in total energy, 
e+ K 2 /2, of a fluid element moving along a streamline is due to: (1) thermal 
conduction across the surfaces of the fluid element; (2) transport of energy by 
diffusion into (or out of) the fluid element across its surfaces; (3) radiative 
energy emitted or absorbed by the element; (4) rate of work done by pressure 
forces exerted on the surfaces of the element; and (5) rate of work done by shear 
and normal stresses exerted on the surfaces. 

For a viscous, chemically reacting flow in local chemical equilibrium, we 
add the equilibrium thermodynamic properties, given conceptually as 

p = p(e,p) (17.7) 

T = T(e, p) (17.8) 

Hence, for such a flow, Eqs. (17.1)-(17.8) constitute the governing equations. 

For chemical nonequilibrium flows, we found in Sec. 15.2 that the species 
continuity equations were also necessary. Such equations were derived in Sec. 
15.2 for an i nviscid flow using the model of the fixed, finite control volume 
shown in Fig. 5.1, leading to Eqs. (15.1), (15.2), (15.5), and (15.6). 

Question: How is this derivation and the resulting equations affected by 
viscous flow? Physically, the answer is that mass transport of species i must be 
included in the species continuity equation. This comes about as follows. Return 
to Fig. 15.1, where the velocity V is shown at a point on the control surface. For 
an inviscid flow (no diffusion), ail the species i move with the same velocity, 
namely the mixture velocity V. In Fig. 15.1, V represents the velocity of species i, 
which is the same as the mixture velocity; this is why no subscript is placed on 
V in Fig. 15.1. In contrast, for a viscous flow, the mass motion velocities of 
species i, V, = V + U f , all are different. Hence, in Fig. 15.1, which involves a 
control volume in which we are considering only the flow of species i, the veloci- 
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ty V must be replaced by V,. The derivation proceeds exactly the same as in Sec. 
-15.2, leading to the integral form 


(i rrr rr rrr 

p.dV = — p,V,(/S+ w,d1' 

at JJJ JJ JJJ 


(17.9) 


Equation (17.9) is the viscous flow analog of Eq. (15.1). From this, wc obtain 
directly 

^i +V(p,V l ) = vv l (17.10) 


in analogy to Eq. (15.2). Since V, = V + U,-, Eq. (17.10) becomes 

~ + V-[p,(V + U i )] = H<. (17.11) 

ut 

Replacing p, with c,p in Eq. (17.11), expanding the derivatives, and collecting 
terms, we have 


C|| 


dp 

'St 


+ V-(pV) 


+ P ~ + pV • Sc, + c,V • ( P U f ) + (pU ; ) ■ Sc, = w f (17.12) 


However, from the global continuity equation, 


Also, 


and 


-A + V-(pV) = 0 (17.13) 

dc, Dei 

p lt +pv ' Vc ^ p W (m4) 

c,v-(pv,) + (pUJ-Vc.s V-OwA) = V-foUJ ( 17 . 15 ) 


.Inserting Eqs. (17.13)-(17.15) into (17.12), we obtain 


U C: 

P n, + V-(P,Ui) = W, 


(17.16) 


Equation (17.16) is a particularly useful form of the species continuity equation. 
In comparison to Eq. (15.5) for an inviscid flow, the viscous flow version in Eq. 
(17.16) has an additional term involving the diffusion velocity. From Eq. (16.22), 
where j,- = p,!^, Eq. (17.16) can be written as 


P-pr = V(p® im Vc ; ) + Wi 


(17.17) 
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In summary, for a nonequilibrium viscous chemically reacting flow, the 
governing equations are Eqs. (17.1)-(17.4), (17.5), (17.6), and either (17.16) or 
(17.17) written for each species in the mixture. [As noted in Sec. 15.2, if we have 
n chemical species, we really only need (n — 1) species continuity equations, 
because we have the additional relation that £,c ; = 1.] In addition, the usual 
expression for e holds, i.e., 

e = 5>ie ( (17-18) 


where 

e i = I. RT + e vibl + c e( + (A/iy)f 

If local thermodynamic equilibrium is assumed, then in Eq. (17.19), 


Uv-JkT 

_"- RT 

ln,/kT | 


(17.19) 


for diatomic molecules. If vibrational nonequilibrium is present, then e vibi in Eq. 
(17.19) is given by 


— r r;-‘- b) + 1 V-(p l U ( e, Ibi ) = C '(C bl - evlbl ) 
Dt p T 


(17.20) 


In comparison to the inviscid analog given in Eq. (15.18), the influence of diffu¬ 
sion is included in Eq. (17.20) for the vibrational rate equation in a viscous flow. 
This is because, in a fluid element moving along a streamline, the vibrational 
energy due to species i per unit mass of mixture, c,e vibl , changes not only due to 
finite-rate vibrational relaxation, but also because species i diffuses into (or out 
of) the fluid element across the surface, carrying some vibrational energy with it. 

In summary, the governing equations for a chemically reacting viscous 
flow are similar to those used in Part II for a nonreacting viscous flow. The only 
differences are: (1) the use of the species continuity equation (which is needed 
for any chemical nonequilibrium flow, viscous or inviscid); (2) the inclusion of 
diffusion effects, which appear as terms in the species continuity equation and 
the energy equation; and (3) the inclusion of the heats of formation at absolute 
zero in the enthalpy (or internal energy). 


17.3 ALTERNATE FORMS 
OF THE ENERGY EQUATION 

In this section, we obtain several different forms of the energy equation for a 
chemically reacting viscous flow—all of which are frequently found in the litera¬ 
ture, and used in practice. 

Equation (17.5) is written in terms of the total energy, e + K z /2. Let us 
express it in terms of total enthalpy, h 0 = h + V 2 /2, as follows. From the defini¬ 
tion of enthalpy, h = e + p/p. Taking the substantial derivative, which follows 
the ordinary rules of differentiation, we have 

De Dh 1 Dp p Dp 
l>t = Dt ~ p Dt + p 2 ~Dt 


(17.21) 
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From Eq. (17.1), 

-/ + V • (pV) = ^ + V-Vp + pV-V = 0 


or 


Dp 

Dt 


+ pV•V = 0 


Combining Eqs. (17.21) and (17.22), we have 

De = Dh_][Dp _ p y y 
Dt Dt p Dt p 

or 


P 


De 

Dt 



dp 

---V-Vp-pV-V 

ot 


(17.22) 


De Dh dp 

1 Dt Dt dt u 

Now write the energy equation, Eq. (17.5), in the form 
De D( F 2 /2) 


/), ' " D, 


Dh 0 dp d(UT xx ) d(u T ) t)(MT„.) d(v t.J 

" Dr ,r V ' q • Tx - + ~Ty ~ ' ~dz - + --.v 

d(vx fs ) d(v x zy ) d(wx x d) d(wx yz ) d(wx zz ) 

+ fly + dz + dx + dy + dz 


(17.23) 


V ■ q — V • (pV) + (viscous terms) (17.24) 
Substituting Eq. (17.23) into (17.24), we obtain, setting h 0 = h + V 2 /2, 


(17.25) 


Equation (17.25) is the form of the energy equation in terms of total en¬ 
thalpy /!„. 

Let us now obtain a form of the energy equation in terms of static 
enthalpy h. Multiply Eqs. (17.2), (17.3), and (17.4) by w, v, and h>, respectively. 


D(u 2 /2) dp dx xx dx dx zx 
P - = -u--+ u---+ u —+ u —- 

Dt dx dx dy dz 


P 


D(v 2 /2) 
Dt 

D(w 2 / 2) 
Dt 


dp dx dx dx 

-v ~ + v ^ + v » + v -J. 

dy dx dy dz 

dp dx x , dx , dx zz 
- vv --- + w ^ 4- w —+ w —— 
dz dx By dz 


(17.26) 

(17.27) 

(17.28) 
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Adding Eqs. (17.26)-(17.28), we obtain 

D{V 2 /2) fd t„ dr„ dx z , 


Dt 


dr v 


fay, St. 
dy 


(dr x , dx dx„ 

v ( a 7 + T y + Tz 


Subtract Eq. (17.29) from (17.25). We obtain 


Dli Dp 

P „ ; = — V • q + ■ + O 


Dt 


Dt 


( 17 . 29 ) 


(17.30) 


where <I> is the dissipation function given by 

. dn dv div fiiu dv\ fdu dw\ fdv dw 

= T « dz + T " dy + T ” dz + x '{oy + dx) + dz + di j + T >{dz + d'y 

Equation (17.30) is the form of the energy equation in terms of static enthalpy h. 
Recall that q is given by Eq. (16.31), and hence Eq. (17.30) can be written as 


P ^ = V-(* VT) - V-XPiU,/i,. -Vq, + + <I> 


Dt 


(17.31) 


As has been stated before, the energy equation in the forms of Eqs. (17.5), 
(17.25), (17.30), and (17.31) does not contain an explicit term for the energy 
exchange due to chemical reactions. This is because e, h, and h 0 contain the 
effective zero-point energies in the form of the heats of formation of the species i, 
(Alt/)", that is, e, h , and h 0 are absolute values. In this fashion, the chemical 
energy exchanges are automatically taken into account. Recall that 

h = X>A- (17.32) 

where 

h^lRT + e^ + e^ + iAhj.)* (17.33) 

In Eq. (.1.7.33), h : is the absolute enthalpy of species i per unifetnass-of.i'. In turn,, 
this can be written as 


sens + (A/>/)“ (17.34) 

where is the sensible enthalpy of species i per unit mass of i, that is, the 

enthalpy measured above the zero-point energy. Note from Eqs. (17.34) and 
(17.35) that 

J>i.,ens = iRT + e vib + e cl 

If local thermodynamic equilibrium exists, then we can also write 
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Returning to Eq. (17.32), the absolute enthalpy can be written as 


h = £ C./l; se „ s + X C i ( A M“ 


or 

h = h,,„, + £ c, (A/i / )? (17.36) 

I 


Here, /i sens is the sensible enthalpy of the mixture. 

There are occasions where the energy equation is expressed in terms of the 
sensible rather than the absolute enthalpy. Such an equation is developed as 
follows. From Eq. (17.36) 


Dh 

~Dt 


Dh ™ + X(A/, / )? DCi 


Dt 


Dt 


(17.37) 


Substitute Eq. (17.16) into (17.37). We obtain 


Dh 

P- D - = P 


Dh. 


sens 

Dt 


+ Z»’i(AyMV-[ftU 1 (A/t / )n 


(17.38) 


Substituting Eq. (17.38) into (17.31), we have 
P —f 1 + I w. I V- [p,U ; (A^)?] 


= V ■ (k VD - V ■ £ W + (AM?] - V' q* + 


Dp 

Dt 


(17.39) 


Cancelling terms, this yields 


Dli 


Dt 


■ = V-(kVT)~V-Zp tU,h, lens 

i 

- V ■ q,< + ^ + 4> - £ v ' , i(A/l / )? 


(17.40) 


Compare Eq. (17.40) with (17.31). Note that Eq. (17.40) is very similar to Eq. 
(17.31) with two very important exceptions. In Eq. (17.40): 


1. The enthalpies appear as the sensible values. 

2. There is now an explicit term for the chemical energy exchange, namely 

-L( A,( /),°- 

From this, keep in mind the following fact. When you see an energy equation 
with an explicit term for chemical energy change, then the enthalpies (or internal 
energies) in that equation are sensible values. Similarly, if no such term appears 
explicitly, the enthalpies (or internal energies) are absolute values. 
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17.4 BOUNDARY LAYER EQUATIONS 
FOR A CHEMICALLY REACTING GAS 

By ;m order-of-m;igniludc analysis identical to that given in Sec. 6.4, the govern¬ 
ing Navier-Stokes equations for a chemically reacting gas [Eqs. (17.1)-(17.6) and 
(17.17)] can be reduced to those for a chemically reacting boundary layer. The 
reader should review Sec. 6.4 before progressing further. In addition, for simplic¬ 
ity we will assume for the diffusion mechanism a binary gas, so that the diffu¬ 
sion coefficients are simply D 12 and D 2i for the diffusion of species 1 and 2 and 
vice versa. Since p.-U, = 0 we have, for a binary gas, 

p, U, + p 2 U 2 = 0 

l r rom Kick’s law; this becomes 

f ,D i2 Vc, + pD 2l Vc 2 = 0 
Because <■, = !— r 2 , this can be written as 

pVc 2 (D 21 -D„) = 0 
or 

^21 = ^12 

The binary gas assumption for the diffusion mechanism has frequently been used 
for boundary layer analyses in high-temperature air; in such a case, dissociated 
air is lumped into “heavy” molecules diffusing into “light” molecules and vice 
versa. With these assumptions, the resulting boundary layer equations are: 


(17.41) 


(17.42) 


(17.43) 


(17.44) 



(17.45) 
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In Eq. (17.41), 7 = 0 or 1 depending on whether the boundary layer flow is 
two-dimensional or axisymmetric respectively. In the above form, the boundary 
layer equations apply to either two-dimensional or axisymmetric cases. 

It is sometimes useful to have the energy equation in terms of total 
enthalpy, h 0 . From an order of magnitude reduction of Eq. (17.25) we have, for 
the boundary layer case, 


dh Q dh, 

pit + pi , 
dx cy 


o 


dy 



(17.46) 


where h 0 = h + tr/2; here v 4 n has been neglected. 

For nonequilibrium flows, the energy equation in terms of T is particularly 
useful, because the chemical rate constants depend on T. Therefore, let us couch 
tlie boundary layer energy equation in terms of T as the dependent variable. We 
note that 

h = Z c,h, 

i 

Hence, 


dh „ Oh, 


+ Z 


dc , 
dx 


or 


dh 

dx 


I>V 


dh; 

df 


dT\ d Ci , 
Yx) + V^dx 


(17.47) 


However, by definition, since species / is a thermally perfect gas by itself, where 
dh, = c P 'dT , then Eq. (17.47) can be written. 


Oh 

Ox 


Z‘ 


0T\ v , dc, 


(17.48) 


From Eq. (14.36), Y.i c i c p, = C P/ , the frozen specific heat. Thus, Eq. (17.48) be¬ 
comes 


dh _ 0T 
dx Cpf Ox 


+ Z 


dc, 

dx 


(17.49) 


Similarly, 


dh _ 0T y dc, 
by Cpr dy + , 1 dy 


(17.50) 
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Subslilule Eqs. (17.49) and (17.50) into (17.45). This yields 


pile 


ST 
Pf Sx 


ST 


Sc, 


Sc, 


+ P VC P, Qy + t >U l ^ j + PVI.K - 


Ox 


Oy 


0 (, dT \ d ( n v l dc >\ ( 3tt Y 

‘ it) + S^J + iry) + “ 


dp 

dx 


(17.51) 


ST ST _ / dc, dc, 

l ,uc Pf f j x + P vc p t + I M P u + P v 1 , 7 , 


dy ' ^ "V" dx ' r ' Sy y 

0 / 0T\ 8 / „ OcA /OiA 2 dp 

Oy ( dy) + Oy (/ 12 ? ‘ dy) + '(dy) + Vx ( ’ 7 ' 52) 


From the species continuity equation, Eq. (17.42), the third term in Eq. (17.52) 
can be expressed in terms of \V f and the diffusion coefficient yielding, from Eq. 
(17.52), 


BT ST „ , 

f>,,c " Ox + PVC " Oy + ? ’ h 


S ( Sc, 
W ‘ + 0y{ pD ' 2 8y 


S f, 0T\ Of „ OcA [OuV dp /tn c „ 
r dy ( k dy) + r y ( pD " ? *' Ty) + + “ Tx ^ 


ST ST 0 /, 0T\ fdu\ 2 dp 

puCpi sx + pvCp ’ ' = ^! k -• ! *■''( - I + u 


dy Sy \ dy 


8y 


dx 


dy 


dc 


A /,D ' 2 % h, dy) ? h ‘ Sy { pD12 


dc, 

Sy 


-I M« 11 7.54) 


Examine just the term in square brackets in Eq. (17.54). 


Of ^ OcA „ , d ( Sc, 

Oy{ pD '>V‘dyr¥‘Dy{ pD ”Ty 


= T.*>l{P D i2 d £\ + lpD»% d £-J:h,l(pDi ^ 


i dy\ dyj , 

dc, Sh, OT 


Sy dy , ' Oy 


dy 


= T.pD l 


dy dT Oy 




dc,\fsr 


SyJ\Sy 


(17.55) 
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Substituting Eq. (17.55) into (17.54), we have 



Equation (17.56) is the boundary layer energy equation for a chemically reacting 
gas in terms of temperature. Note that, in this form, an explicit term for the 
chemical energy exchange appears, namely However, also note that /i, is 

the absolute enthalpy of species i, 

h, = | c Pi dT + (A h f )° 

and therefore the Jh/ipV,- term in Eq. (17.56) is distinctly different than the 
analogous term in Eq. (17.41), namely w, (A(t / )°. 

In analogy to Sec. 6.3, where the similarity parameters for a nonreacting 
viscous flow are obtained, let us obtain the appropriate similarity parameters for 
a viscous, chemically reacting boundary layer. The reader should review Sec. 6.3 
before progressing further. We introduce the following nondimensional vari¬ 
ables, denoted by a bar, where the subscript e denotes conditions at the edge of 
the boundary layer, and L is a characteristic length: 
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where: 


(Re),. = 

Reynolds number 

Pe 


(Pr). = ''' l P, ‘ 

k e 

Prandtl number 

k e 

Lewis number 

ul 


(E) ' = /T 

Eckert number 


In the above, the subscript e emphasizes that the Reynolds, Prandtl, Lewis, and 
Eckert numbers in Eq. (17.57) are evaluated for conditions at the edge of the 
boundary layer. From the above analysis, and recalling the philosophy stated in 
Sec. 6.3, these numbers are similarity parameters for the flow. Both the Reynolds 
and Prandtl numbers are familiar parameters from Sec. 6.3 (and Part II in gen¬ 
eral); they carry over here for the case of a chemically reacting flow as well. But 
now, we have identified two new similarity parameters, namely the Lewis and 
F.ckert numbers. The Lewis number is an index of the energy transport due to 
diffusion relative to thermal conduction, and the Eckert number is an index of 
flow kinetic energy relative to the thermal energy. In this sense, E is playing a 
similar role as M and y did for a calorically perfect gas. [Indeed, for a calorically 
perfect gas, E = (y — 1 )M 2 .] However, from the fact that M and y do not appear 
in Eq. (17.57), we see once again that M and y by themselves are not similarity 
parameters for a high-temperature, chemically reacting flow; this is proof again 
that M and y lose their power and significance for such flows. 

Let us use the above similarity parameters to obtain yet another (and for 
us, the final) form of the boundary layer energy equation. This will be an impor¬ 
tant form where ( BT/Oy ) in the conduction term is replaced by (3h 0 /3y), thus 
explicitly eliminating T from the equation. Since v 4 u for the boundary layer, 
h 0 = h + a 2 / 2. Thus, 


8h 0 dh du 
By By U By 

Substituting Eq. (17.50) into (17.58), we have 

dh a du BT dc i 

By By Cps By By 

or 

BT 1 /Bh 0 du „ Be/ 
^ = ^ f \Ty~ U 3y~^ hi fy 


(17.58) 


(17.59) 
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Substituting Eq. (17.59) into (17.46), we obtain 

c/i„ ch 0 d f k (Sh a du „ 5c,V 

pu , + pv — = — — —- - u — - Y -- 

5x dy dy \ c \ dy dy 7 dy 


Of „ , 5cA 5 f du 

+ ^ d + t, r t. 


dh 0 8h 0 8 f p 8h 0 ( 1 \ 5rT 

pit + pv —■ = — —- + l--bu- 

8x dy dy Pr dy y Pry dy 


" , - 60) 

where Pr is the local Prandtl number, Pr = pc p Jk. The last two terms (inside the 
parentheses) in Eq. (17.60) may be combined as follows. 


P r 


dCi fp 


'-.■£= £-p^ i2 


Pr i ' dy 


T 'dy \Pr 


Zh,p 

7 <>y 




Here, Le is the local Lewis number , Le = pD 12 c p Jk. Hence, Eq. (17.60) becomes: 



Equation (17.61) is a frequently employed form of the boundary-layer energy 
equation. In it, Pr and Le are local values which vary through the boundary 
layer. Note: For the special case of a constant Le = 1, the diffusion term in Eq. 
(17.62) drops out completely. 


17.5 BOUNDARY CONDITIONS: 

CATALYTIC WALLS 

As in Part II, the standard, no-slip boundary conditions on velocity at the wall 
hold for a chemically reacting viscous flow as well. If there is no mass transfer at 
the wall, i.e., a solid wall with no ablation, then 

At y = 0 u = v — 0 (no mass transfer) 
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If there is mass transfer, such as due to transpiration of a gas through a porous 
wall, or due to ablation, the wall boundary condition becomes' 


At y = 0 u = 0 

!> = 1> W 

where v w is a known vertical velocity obtained from m w = pv w , where m w is the 
known mass flux of gas injected vertically into the boundary layer, and p is the 
density of the gas mixture at the wall. ( Question: Why is the gas mixture density 
at the wall, used in m w = pv w , rather than the density p■ of the particular type of 
gas being injected into the flow? The answer is left to the reader as a homework 
problem.) 

For a constant temperature wall with known temperature T w , we have at 
the wall: 

At y = 0 T = T„ (specified) 

In contrast, for an adiabatic wall, the boundary condition must be obtained by 
setting q y from Eq. (16.33) equal to zero at the wall. 

/ ST „ dc\ 

A,y = 0 \ k s y + p V im 

For binary diffusion, this becomes 

At y = 0 (k -h pD i2 y h: —-) =0 (adiabatic wall) (17.62) 

V D y 7 °yjw 

Recall from Part II that, for a nonreacting gas, the adiabatic wall condition was 
simply (dTJdy)„ = 0. This is not the case for a chemically reacting flow, as seen 
from Eq. (17.63), because energy transport by diffusion must be included along 
with thermal conduction. Hence, in a chemically reacting flow for an adiabatic 
wall, the normal temperature gradient is not necessarily zero. 

In a chemically reacting flow, the mass fraction of species / is one of the 
dependent varktbles. Therefore, we need boundary conditions for c t as well as 
for it, i>, and T discussed above. At the wall, the boundary condition on 
deserves some discussion, because it involves, in general, a surface chemistry 
interaction with the gas at the wall. The wall may be made of a material that 
tends to catalyze (i.e., enhance) chemical reactions right at the surface. Such 
surfaces are called catalytic walls. This leads to the following definitions: 

1. Fully catalytic wall. A wall at which chemical reactions are catalyzed at an 
infinite rate ; i.e., the mass fractions at the wall are their local equilibrium 
values at the local pressure and temperature at the wall. 

2. Partially catalytic wall. A wall at which chemical reactions are catalyzed at a 
finite rate. 
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For a fully catalytic wall, the boundary condition is simply: 

At r = 0 Cj — (c,) tqllil (fully catalytic wall) (17.63) 

For a partially catalytic wall, the boundary condition can be developed as fol¬ 
lows. For a wall with an arbitrary degree of catalyticity, the chemical reactions 
occur at a finite rate. Let ti;. denote the catalytic rate at the surface. Then 

(ti' ( .) ( = mass of species i lost at the surface per unit 

area per unit time due to surface catalyzed chemical reaction 

Right at the surface, the mechanism that feeds particles of species i from the gas 
to the surface is diffusion, as sketched in Fig. 17.1. The diffusion flux to the 
surface element of area dS is — (PjU ( )„dS. From Fick’s law (assuming a binary 
gas) 

-M') W = PD 12 ^ (17.64) 

For steady state conditions, the amount of species i “gobbled up” at the surface 
due to the catalytic rate (ivjj must be exactly balanced by the rate at which 
species / is dilfused to the surface, given by Eq. (17.64). Hence 

(*«). dS = - (p-.U-XdS = pD l2 dS 
or 


(hy), = pD l 2 f~ 


(17.65) 


Equation (17.65) is the boundary condition for a surface with finite catalyticity. It 
dictates the gradient of the mass fraction at the wall. 

A noneatolytie wall is one where no recombination occurs at the wall, that 
is, (Vv c )j = 0. For this case, from Eq. (17.65) 


0 — pD 12 


'dc t \ 


8y)» 



FIGURE I7.I 

Model for catalylic wall effects. 
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or 

At y = 0 = 0 (noncatalytic wall) (17.66) 

The subject of surface catalyticity and the associated boundary conditions 
discussed above are serious matters for the analysis of chemically reacting 
viscous Hows. We will see, for example, that a catalytic surface can experience a 
factor of two or more greater aerodynamic heating than a noncatalytic surface. 
Also, the matter of surface catalyticity, and its effect on chemically reacting 
viscous flow, is a current state-of-the art research area, especially in regard to 
obtaining knowledge about the catalytic rales vv c themselves. Knowledge of iv c 
for various gas-surface interactions is generally not accurate; indeed, because of 
the complex physical nature of such gas-surface interactions, values of w c are 
usually more uncertain than the familiar gas reaction rate constants we have 
dealt with previously. Therefore, when you need to analyze a chemically reacting 
viscous How problem wherein surface catalytic effects are important, your first 
step should be to obtain the best possible values for vv c from the existing litera¬ 
ture (or better yet, from your friendly local physical chemist). 

Finally in regard to boundary layer solutions, the boundary conditions at 
the outer edge of the boundary layer are obtained from an independent knowl¬ 
edge of the inviscid flow over the given body flow (such as discussed in Chaps. 
14 and 15). That is, 

At y = 6 U it = u e 

At y = 6 r T = T e 

At y = 6 C c i = (£•,.),, 

In the above, wc make a distinction between various different boundary layer, 
thicknesses; d u = velocity boundary layer thickness; 8 r = temperature boundary 
layer thickness; and i5 c = species boundary layer thickness. If the boundary layer 
thickness is defined as that location above the surface where the flow property 
reaches 99 percent of its inviscid-fiow value, then in a chemically reacting flow, 
that location may be different for each of u, T, and c,-. Thus, in general, c5„ ^ 
h-,. ^ 8 C . 


17.6 BOUNDARY LAYER SOLUTIONS: 

STAGNATION POINT HEAT TRANSFER 
FOR A DISSOCIATING GAS 

In Sec. 6.5, considerable attention was paid to self-similar solutions of the com¬ 
pressible, nonreacting boundary layer equations. The basic philosophy of self¬ 
similar solutions was described in the first part of Sec. 6.5; this should be re- 
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viewed before proceeding further. For chemically reacting boundary layers, the 
following cases lend themselves to such self-similar solutions: 

Local chemical and thermodynamic equilibrium. Flat plate, 
sharp right-circular cone, stagnation point 
Nonequilihrium. Stagnation point 

In the present section, we choose to study the stagnation point flow for a disso¬ 
ciating gas, for two reasons: (1) it is an excellent example of a self-similar solu¬ 
tion for chemically reacting flow—both equilibrium and nonequilibrium, and 
(2) the stagnation point heat transfer results obtained from the solution are 
extremely important for hypersonic flow applications. We will follow the classic 
solution carried out by Fay and Riddell (Ref. 196); this work was a pioneering 
step forward in the analysis of chemically reacting viscous flow in 1958. The Fay 
and Riddell results for stagnation point heat transfer in dissociated air are still in 
regular use today by industry and government for hypersonic vehicles analyses. 

The physical model is sketched in Fig. 17.2. A blunt body flow is sketched 
in Fig. 17.2u; we will concentrate on just the stagnation region near the nose, 
which is isolated and magnified in Fig. 17.26. The following assumptions are 
made: 


1. The flow conditions at the outer edge of the boundary layer are those for 
local thermodynamic and chemical equilibrium. The shock layer is partially 
dissociated. 

2. Depending on the length of time spent by a fluid particle in the boundary 
layer and on the rate of chemical reaction (that is, the comparison between z f 
and i ( ., as discussed in Sec. 15.1), the boundary layer itself may have regions 
of equilibrium, nonequilibrium, or frozen flow. In this section, we will deal 
with all three cases. 

3. The inviscid velocity distribution at the outer edge of the boundary layer in 
the stagnation region is given by the classical incompressible result 


", 


= ax 


where 


a 


du e ' 

dx 


(17.67) 


(17.67<i) 


that is, ( dii'.ldx ), is the velocity gradient at the stagnation point. 

4. The wall can be fully catalytic or noncatalytic; both cases will be discussed. 

5. The gas is assumed to be a binary mixture, made up of “heavy particles” 
(molecules) and “light particles” (atoms). As explained in Sec. 17.4, this leads 
to a simplification in regard to the diffusion mechanism. Fortunately, for dis¬ 
sociated air, the principal molecules 0 2 and N 2 are similar in terms of molec¬ 
ular weight and collision cross section (for the transport coefficients); the 
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FIGURE 17.2 

Stagnation region How model. 


same can be said for the atoms O and N. Hence, average properties can be 
found for the molecules as one species, and for the atoms as the second spe¬ 
cies. See Ref. 196 for more details. 

The boundary layer equations for global continuity, species continuity, and 
nomentum are given by Eqs. (17.41)~( 17.44). For the analysis of the boundary 
ayer in local thermodynamic and chemical equilibrium, the energy equation in 
he form of Eq. (17.61) is used. For the nonequilibrium cases, Eq. (17.56) in 
erms of T is used. For the wall boundary conditions, a constant temperature 
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wall is assumed with no transpiration or ablation at the surface. Cases are 
solved for both a fully catalytic wall, where the boundary condition on c, is 
given by Eq. (17.63), and a noncatalytic wall, where the boundary condition on 
the gradient of c, is given by Eq. (17.66). 

The independent variables in the boundary layer equations are trans¬ 
formed by a version of the Lees-Dorodnitsyn transformation, that is, a slightly 
modified form of Eqs. (6.33) and (6.34) wherein the wall properties are used 
rather than the outer-edge properties. Specifically, we perform a transformation 
of x and y into £ and tj , where 


£ = cM = 


p w fi„ u e r 2 dx 
o 


'7 = >7(-C y) = 


ru e 

7^ 



(17.68) 

(17.69) 


The above equations are written for the axisymmetric case; for two-dimensional 
flow, the r in Eqs. (17.68) and (17.69) simply drops out. The dependent variables 
in the boundary layer equations are transformed as follows: 


u df 

= /'(£,» l) = f (17.70) 

u e on 

f’° = ( h + jjho, = S((, n) (17.71) 

y = 0({,ij) (17.72) 

i? 


C 

C: 


siL n) 


(17.73) 


The details of the transformation are very similar to the process carried out in 
Sec. 6.5, and are left to the reader as a homework problem; therefore only the 
results will be given here. At this point, the reader should review Sec. 6.5 before 
progressing further. The transformed boundary layer equations are obtained 
from Eqs. (17.41 )-(l7.43) and (17.61) as: 


Momentum 


{If")' +//" + 2: 


P 


J(lnl ° = 2 Jf’-ZL-fV) (1774) 
d{ ln£) \ J dgdt J dd ( ; 


Species continuity 


P 

fii, 


(Le)s-; 


+ fs', + 


2£iv, 


p„p w u 2 e r 2 pc h 


~, e i Sf t \ d (In c,- ) 

2 $ f arazV + 2fs, -dQ^ 


(17.75) 
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Energy 


p_(_i 

dr] ^Pr ^ 


+ fg' + 


w 2 d 


K. di] 


' ~Prj l f f " 


s,, 


s(? 


In Eqs. (17.74) (17.76) the prime denotes partial differentiation with respect to r\, 
and / denotes the “rho-mu” ratio, / = pp/p w p w . These partial differential equa¬ 
tions are analogous to Eqs. (6.55) and (6.58) for nonreacting flow. Equation 
(17.74) (17.76), although transformed, are simply the full boundary layer 
equations with the same significance as the original forms given by Eqs. 
(17.41) (17.43) and (17.61). They are a system of coupled, partial differential 
equations where /, g, and s ; are functions of both t; and r\. 

Let us now apply Eqs. (17.74)-(l 7.76) to the spherical stagnation region. 
Following the technique carried out in Sec. 6.5 for self-similar solutions, we first 
assume that /, g, and s f are functions of rj only, and we examine Eqs. 
(17.74) (17.76) to see if all ^-dependency has dropped out. From Eq. (17.74), we 
obtain 


(//")' +ff» + 2 


Pe 

P 


- (/’) 2 


d (In i/ e ) 

rfOn^y 


(17.77) 


The third term in Eq. (17.77) still appears to exhibit ^-dependency. Let us exam¬ 
ine this term more closely. At the stagnation point, r w x, where x is very small. 
Inserting this and Eq. (17.67) into Eq. (17.68), we obtain, after integration 


Also, 





(17.78) 


/duA /duA dx (dujdx) s 

\di)rvx),-dr~dzidx~ 


(17.79) 


Obtaining d(/dx by differentiating Eq. (17.78), Eq. (17.79) becomes 


duA __ I 

<K) PwP w X 3 

In addition, 


d (In u r ) ^ du e 
d (In £) u c d£ 


(17.80) 


(17.81) 


Substituting Eqs. (17.78) and (17.80) into (17.81) we have, for the spherical stag¬ 
nation point 

d (In _ 1 
~d (In {) ~ 4 


(17.82) 
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Inserting Eq. (17.82) into (17.77), we obtain for the stagnation point, 


an+fj- + \ 

- - if') 2 

= 0 

2 

IP J 



(17.83) 


We turn our attention now to the energy equation, Eq. (17.16). Under the same 
assumption of / = f(i]) and g — g(r\), and noting that u e = 0 at the stagnation 
point, we obtain directly 



+ fS + 


dr] 


Pr 




= 0 


(17.84) 


Making the same assumption in Eq. (17.75), including s, = s(rj), and also assum¬ 
ing c u does not change with £, we obtain 


Pr 


Le s ',) + f s’, + 


2{vv ; 


Pwl l w u e rl p c i. 


= 0 


(17.85) 


The third term in Eq. (17.85) still appears to exhibit ^-dependency. However, 
using Eq. (17.78), (17.76), and r « x, this term becomes (the details are left as a 
homework problem) 


_2f_ = 1 w, 

p w p„ u lr 2 pc, e 2{dujdx) s pc u 

Substituting Eq. (17.86) into (17.84), we have 


/ - ,V w, 

Pr E S| J + S ‘ + 2{dujdx) s pc u 


= 0 


(17.86) 


(17.87) 


Now examine Eqs. (17.83), (17.84), and (17.87) closely. They hold for the spheri¬ 
cal stagnation point boundary layer. Moreover, they are ordinary differential 
equations, and hence prove that the stagnation point flow is a self-similar flow 
in the spirit discussed in Sec. 6.5; the presence of chemical reactions, even finite- 
rate reactions, does not change this behavior. A corresponding form of the 
energy equation in terms of the transformed temperature, 0 = T/T e , can be ob¬ 
tained by transforming Eq. (17.56), and applying the stagnation point condi¬ 
tions; the resulting transformed ordinary differential equation for 0 can be found 
in Ref. 196. 

The transformed boundary conditions at the outer edge of the boundary 
layer are, as rj -* co: 


/' = 1 g = 1 0=1 and s, = 1 

where c, = c u = (<",•„) e<|1111 is obtained from the locally equilibrium inviscid flow. 
The transformed boundary conditions at the wall are; 

/'(0) = o /(0) = 0 3(0) = g w 


and 0(0) = 0, 
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The wall boundary condition for s, depends on whether the wall is catalytic or 
not, and also on whether or not the boundary layer is in local chemical equilib¬ 
rium. For example, for the boundary layer in local chemical and thermodynamic 
equilibrium, c ; always depends uniquely on the local pressure and temperature; 
hence, at the wall, the value of Cj(0) is the local equilibrium value. The same 
condition holds for a nonequilibrium boundary layer with a fully catalytic wall. 
As explained in Sec. 17.5, c ; takes on its local equilibrium value at the wall for 
such a case. Thus, we have for (1) an equilibrium boundary layer, and (2) a 
nonequilibrium or a frozen boundary layer with a fully catalytic wall. 


At q = 0 


s <(0) = 


; £i(0) 

c u 


[^(OXLquil 

C i. 


In contrast, for a noncatalytic wall, we have from Eq. (17.66) the fact that 
(i)c,/3y), v = 0. Hence, for a nonequilibrium boundary layer with a noncatalytic 
wall: 


At q = 0 s;.(0) = 0 

Finally, the numerical solution of Eqs. (17.83), (17.84), and (17.87) can be 
carried out by the same type of “shooting technique” described in Sec. 6.5; see 
Ref. 196 for particular details. The numerical results give profiles of/' (hence »), 
g (hence h 0 ), 0 (hence T), and .v, (hence c,) as a function of q. Sample results for 
high-temperature air obtained by Fay and Riddell are shown in Figs. 17.3 and 



n 


ICURE 17.3 

nthalpy profiles lor an equilibrium and a frozen slagnation point boundary layer. Fully catalytic 
all. (From Fay amt Riddell, Ref. 196.) 
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Temperature and atom mass fraction profiles for an equilibrium and a frozen stagnation point 
boundary layer. Fully catalytic wall. {From Ref. 196.) 


17.4. These results assume constant values of Le = 1.4 and Pr = 0.71. (Note that 
such assumptions by Fay and Riddell are a convenience, not a necessity; since a 
numerical solution is being carried out, Pr and Le could easily be treated as 
variables.) In Fig. 17.3, the total enthalpy profiles (in the form of g versus rj) are 
shown for both an equilibrium and a frozen boundary layer. Note that, at a 
given value of;/, the equilibrium value of y is higher than the frozen value. This 
is consistent with the fact that, with a dissociated gas at the outer edge of the 
boundary layer, recombination will tend to occur locally within the boundary 
layer, along with the attendant chemical energy release; however, for a frozen 
How, no recombination will occur within the boundary layer. As a result, at a 
given location, g will be higher for the equilibrium case. For the same reason, 0 
(hence 7 ) shown in Fig. 17.4 is higher for the equilibrium boundary layer. Also 
shown in Fig. 17.4 are profiles of the atom mass fraction c A for both equilibrium 
and frozen How. At first glance, the question can be asked: For the frozen flow, 
why is not c , a constant value through the boundary layer? The answer lies in 
the fact that the wall is fully catalytic, which means that the atom mass fraction 
must be in local equilibrium at the wall, no matter whether or not the boundary 
layer flow is frozen. Moreover, the wall is cold, so the equilibrium atom mass 
fraction at the wall is essentially zero. Thus, c A for the frozen flow must be zero 
at the wall, and r at the outer edge. The frozen flow profile of c A between the 
wall and the outer edge is not due to any chemical reactions within the bound¬ 
ary layer, but rather is completely a result of diffusion of the atoms from the 
outer edge to the wall. 
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The surface heat transfer is obtained from Eq. (16.33), written as 

0^88, 

conduction diffusion 

Note that, in contrast to the nonreacting viscous flows discussed in Part II, the 
surface heat transfer in a chemically reacting viscous flow is due not only to the 
familiar thermal conduction, but also to diffusion. In Eq. (17.88), the tempera¬ 
ture and mass fraction gradients at the wall are obtained as part of the numeri¬ 
cal solution of the boundary layer equations described earlier. In Ref. 196, a 
large number of calculations were reported covering flight velocities from 
5800 ft/s to 22,800 ft/s, altitudes from 25,OOOft to 120,000 ft, and vvall tempera¬ 
tures from 300 to 3000 K. Fay and Riddell correlated these results in forms 
analogous to the nonreacting case given by Eq. (6.111), as follows: 

I. FquiHbrimn boundary layer (spherical nose) 


(17. 89) 

where h n = £,. 

2. Frozen boundary layer with a fully catalytic wall (spherical nose) 


(17. 90) 

3. Frozen boundary layer with a noncatalytic wall (spherical nose) 

(17.91) 

In Eqs. (17.89) (17.91), the stagnation point velocity gradient is given by new- 
tonian theory as Eq. (6.121), repeated below 

( du A = 1 

\dxj s R \] p e 

Note the similarity between Eqs. (17.89-(17.91) for a reacting gas, and Eq. 
(6.111) for the nonreacting case. This similarity is somewhat interesting consid- 
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ering the major difference in the details of a reacting versus a nonreacting 
viscous How. Note from Eqs. (17.89) and (17.90) that the driving potential for 
heat transfer is the enthalpy difference (/i 0> — /t w ) in the case of equilibrium flow 
or frozen flow with a catalytic wall. This is similar to the driving potential 
(/i 0 „ — /;„,). in Eq. (6.111) for the nonreacting case. However, in Eqs. 
(17.89) (17.91), the enthalpies are absolute values, i.e., they contain the heats of 
formation, thus including the powerful chemical energy associated with the 
reacting gas. Also note that Eqs. (17.89) and (17.90) are essentially the same, 
varying only in the slightly different exponent on the Lewis number. This dem¬ 
onstrates that the surface heat transfer is essentially the same whether the flow is 
in local chemical equilibrium or is frozen with a fully catalytic wall. In the for¬ 
mer case (local chemical equilibrium), recombination occurs within the cooler 
regions of the boundary layer itself, releasing chemical energy throughout the 
interior of the boundary layer, most of which is transported by thermal conduc¬ 
tion to the surface. In the latter case (frozen flow with a fully catalytic wall), the 
chemical energy release due to recombination is right at the wall itself. Equa¬ 
tions (17.89) and (17.90) indicate that the net heat transfer to the surface is 
essentially the same whether the chemical energy is released within the boundary 
layer or right at the surface. This trend is graphically illustrated in Fig. 17.5, 
which shows the heat transfer coefficient, Nu/^Re, [see Eq. (6.62) for the defini¬ 
tion of Nusselt number, Nu] as a function of a recombination rate parameter 
C,, defined in Ref. 196. On the abscissa, going from right to left in the direction 
of decreasing C,, the chemical state of the boundary layer changes from equilib¬ 
rium (large C,) to frozen (small C t )- The results in Fig. 17.5 are from a large 
number of different nonequilibrium boundary layer cases with different values of 
C, calculated by Fay and Riddell. Shown on this graph are two categories of 



FIGURE 17.5 

Catalytic wall effect on stagnation point heat transfer. (From Ref. 196.) 
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solutions, one with a fully catalytic wall (curve 1), and the other with a non- 
calalytic wall (curve 2), Curve 1 for the fully catalytic wall gives the highest heat 
transfer, and it is essentially constant for all values of C,. For large values of 
C’,, this curve corresponds to an equilibrium boundary layer, and for small 
values of C, it corresponds to a frozen boundary layer. Clearly, as long as the 
wall is fully catalytic to atom recombination, the heat transfer is essentially the 
same. This is precisely the observation we made earlier while comparing Eqs. 
(17.89) and (17.90). In contrast, curve 2 in Fig. 17.5 is for a noncatalytic wall. 
Here, as we move from right to left along this curve (and as the boundary layer 
becomes progressively more nonequilibrium, approaching a frozen flow), we see 
that the heat transfer drops by more than a factor of two. This is an important 
point: For noneqitilibriwn unit frozen flows, there is a substantial decrease in heat 
transfer if the wall is noncatalytic in comparison to a catalytic wall. Finally, curve 
3 in Fig. 17.5 goes along with curve 1 for a catalytic wall; curve 3 gives just the 
conductive part of the heal transfer to a catalytic wall [just the first term in Eq. 
(17.88)]. The difference between curves I and 3 represents the heat transfer due 
to diffusion. Hence, for equilibrium flows, q is essentially all conductive; how¬ 
ever, as we examine Hows that progressively become more nonequilibrium with 
a fully catalytic wall, diffusion progressively becomes a larger part of q. 

As a linal note in this section, the work of Fay and Riddell represents an 
excellent example of chemically reacting boundary layer analysis, and their re¬ 
sults convey virtually all the important physical trends to be observed in chemi¬ 
cally reacting viscous Hows. Although this analysis is old—carried out more 
than 30 years ago—it is classical, and just as viable today as it was then. This is 
why we have chosen to highlight it here. The reader is strongly encouraged to 
study Ref. 196 closely, for more details and insight. 


17.7 BOUNDARY LAYER SOLUTIONS: 

NONSIMILAR FLOWS 

Various solutions of the boundary layer equations for nonsimilar flows were 
discussed in Sec.-6.-6; The reader should review Sec. 6.6 before progressing 
further. For example, the “local-similarity” method was illustrated by the work 
of Kemp, Rose, and Detra (Ref. 95), with results for chemically reacting, dis¬ 
sociated air given in Fig. 6.18. Also, the implicit finite-difference method was 
illustrated by the work of Blottner (Ref. 94), with results for chemically reacting 
air given in Figs. 6.21 and 6.22. 

As stated at the beginning of Sec. 17.6, self-similar solutions of the chemi¬ 
cally reacting boundary layer equations can be obtained for the equilibrium How 
over flat plates, cones, and the stagnation point, and for nonequilibrium flow 
only the stagnation point. For all other cases, the nonsimilar boundary layer 
equations must be used, i.e., Eqs. (17.41) (17.45), (17.46), and (17.74) (17.76). 

Perhaps the most classical example of the solution of the chemically react¬ 
ing, laminar, nonsimilar boundary layer equations is the early work of Blottner 
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FIGURE 17.6 

J Tcmpcraiure profiles in the nonequilibrium 
5 boundary layer over a 10° cone. ( From 

Manner, Ref. 198.) 


FIGURE 17.7 

j Atomic nitrogen mass fraction profiles 
) across the nonequilibritim boundary layer 
on a 10° cone. (From Bloitner , Ref. 198.) 
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which appeared in 1964 for nonequilibrium, dissociated air (Ref. 197) and non¬ 
equilibrium ionized air (Ref. 198). Blottner used the same implicit finite-differ¬ 
ence numerical technique described in Sec. 6.6; hence, no further details will be 
given here. Some results are shown in Figs. 17.6-17.9 for the case of ionized, 
nonequilibrium flow of air over a 10° cone at = 21,590 ft/s at an altitude of 
100,000 ft, obtained from Ref. 198. Here, Blottner considered only NO + as the 
ionized species; the temperature levels were below that for atomic ionization. 
The wall was fully catalytic. The boundary layer temperature profiles are given 
in Fig. 17.6 at the cone tip and at 15 ft downstream of the tip. The temperature 
gradually decreases in the downstream direction due in part to the finite- 
rate dissociation and ionization reactions, which are endothermic and hence 
“absorb” some of the viscous dissipation energy into zero point energy of the 
atoms and ions as opposed to it going into translational energy of the particles. 
As a result, the temperature profile (which is a frozen flow profile at x = 0) 
decreases with distance downstream of the tip. Profiles of the mass fraction of 
atomic nitrogen, C N , arc given in Fig. 17.7. Here, C N increases with distance 
downstream of the tip, again due to the finite-rate dissociation. The correspond¬ 
ing electron densities are shown in Fig. 17.8. It is interesting to note that in each 
of Figs. 17.6-17.8, the difference in the profiles at different streamwise stations is 
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an indication of the nonsimilar effect; if the flow were similar, then the profiles 
(versus ij) would be exactly the same for all values of ,x. Also, for the case of a 
sharp cone illustrated here, the nonsimilar ejfect is due exclusively to the nonetpii- 
lihriinn flow, if the flow were in local chemical equilibrium, or frozen, it would be 
a self-similar flow. 


17.8 VISCOUS SHOCK LAYER (VSL) SOLUTIONS 
TO CHEMICALLY REACTING FLOW 


The viscous shock layer (VSL) technique—its philosophy and approach—was 
described in Sec. 8.2, which should be reviewed by the reader before progressing 
further. We will not be repetitive here. In the present section, we examine an 
application of the VSL technique to chemically reacting flow. 

The governing VSL equations were given by Eqs. (8.1) (8.4) for a non¬ 
reacting gas. For the chemically reacting gas considered here, the VSL equations 
for global continuity [Eq. (8.1)], s-momentum [Eq. (8.2)], and n-momentum 
[Eq. (8.3)] carry over, unchanged. To these must be added a new energy equa¬ 
tion and the species continuity equation. The VSL energy equation for a chemi¬ 
cally reacting flow in terms of T is similar to the boundary layer equation given 
by Eq. (17.57), and is given in Ref. 199 in terms of the shock layer coordinates 
shown in Fig. 8.1 as 

. u* dT* ^dT*\ ( u* dp* dp*\ 

Pr \l + n*K* ds* dn* I ll+n*K*t)s* dn* I 


— (*• — ) 


m cos <b \ dT* 
+ ---- , ) k* - 


dn*\ dn* J yl + n*x* r* + n* cos <j>J dn* 


• £ hfwf (17.92) 


Similarly, the species continuity equation is (Ref. 199) 
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1 + n*K* Ds* dn* J (1 + n*K*)(r* + n* cos <j>) m 
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dc-, 
dn* 
(17.93) 

In Eqs. (17.92) and (17.93), the asterisk denotes nondimensional variables de¬ 
fined in part in Sec. 8.2. In addition to those defined in Sec. 8.2, we have: 


k* = 


D* 2 


D, 2 


h? = 


P.'lCp. 

hi 


P'JRPn v i 

Also, m = 0 or 1 for two-dimensional or axisymmetric flow, respectively. 
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As described in Chap. 8, the VSL equations are approximate equations 
which describe the viscous flow across the entire shock layer, and hence are a 
major improvement over the boundary layer equations for applications where 
the flowficld is fully viscous between the body and the shock wave. This advan¬ 
tage, described in Sec. 8.2 for a nonreacting flow, carries over to chemically 
reacting flows. The numerical approach carries over as well. Equations 
(8.1 )-(8.3), (17.92), and (17.93) are solved numerically by an implicit finite-differ¬ 
ence method similar to that described in Sec. 6.6 under the subsection entitled 
“finite-difference method.” The solution begins with an initial data line at the 
nose of the body, and marches downstream in steps of s*. In the stagnation 
region, the VSL equations reduce to ordinary differentia! equations, which are 
then solved for the stagnation line flow, thus producing the initial data for the 
downstream-marching solution. See Ref. 199 for details. 

The work of Moss (Ref. 199) is one of the first detailed investigations of a 
chemically reacting viscous shock layer using the VSL technique, and in this 
sense is a classic contribution to the field. Moss considered the cases of frozen, 
equilibrium, and nonequilibrium laminar flow. Five chemical species were in¬ 
cluded: 0 2 , O, N 2 , N, and NO. Surface catalysis and mass injection were also 
treated. The viscous shock layer over hyperboloids with included angle of 20 
and 45° were calculated. Sample results are shown in Figs. 17.9-17.15 for flow 
over a 45° hyperboloid with R — 2.54 cm, = 6.10km/s, T„ = 1500K, and an 
altitude of 60.96 km. In Figs. 17.9 and 17.10, shock layer profiles of velocity and 
temperature are shown respectively as a function of n*, at a streamwise location 
of .v* = 2. Three cases are shown in each figure: frozen, equilibrium, and 
nonequilibrium flow. By comparing Figs. 17.9 and 17.10, note that the tempera¬ 
ture is much more sensitive to chemically reacting flow than is the velocity— 
another indication that the thermodynamic properties rather than the more 
purely fluid dynamic variables (such as velocity and pressure) are more affected 
by chemical reactions. The tops of the curves in Figs. 17.9 and 17.10 correspond 
to (he location of (he bow shock wave, and hence give n* at the shock. Once 
again, we see that the equilibrium shock layer is thinner than the frozen shock 
layer. Also, note that, for the flowtield conditions in these figures, the nonequi¬ 
librium flow is closer to frozen than to equilibrium. The surface pressure distri¬ 
bution is given in Fig. 17.11, and graphically demonstrates the insensitivity of 
pressure to the chemically reacting effects. Indeed, the detailed, chemically react¬ 
ing viscous flow results are reasonably predicted by modified newtonian theory 
sec Sec. 3.2). Catalytic wall effects on the chemical species profiles are shown in 
Fig. 17.12. The nonequilibrium flow is calculated for two cases, a fully catalytic 
wall, and a noncatalytic wall. The abscissa is the nondimensional distance across 
he shock layer n/n,, where n, is the coordinate of the shock wave. The effect of 
he catalytic wall reaches across more than 70 percent of the shock layer and, of 
:ourse, is strongest near the wall. The catalytic wall effect on the heat transfer 
listribulion along the body surface is shown in Fig. 17.13. These results are 
onsislenl with our discussion surrounding Fig. 17.5 from Fay and Riddell. Note 
n Fig. 17.13 that the nonequilibrium heat transfer is reduced by a noncatalytic 
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FIGURE 17.9 

Shock-layer velocity profiles on a hyperboloid. VSL calculations by Moss, Ref. 199. 



FIGURE 17.10 

Shock-layer temperature profiles on a hyperboloid. VSL calculation by Moss, Ref. 199. 
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FIGURE 17.13 

Catalytic wall effects on surface heat transfer on a hyperboloid. (From Ref. 199.) 


wall in comparison to a fully catalytic wall. Also, note that the nonequilibrium, 
fully catalytic wall case yields essentially the same heat transfer as the local 
chemical equilibrium flow. Finally, note that the relative influence of wall caialy- 
ticity diminishes as a function of downstream distance. 

In Ref. 199, Moss carried out an interesting comparison of multicompo¬ 
nent versus binary diffusion. One set of nonequilibrium flow calculations was 
carried out using the detailed multicomponent diffusion coefficients (see Sec. 
16.3). and another set assumed binary diffusion in the spirit set forth by Fay and 
Riddell described in Sec. 17.6. Figure 17.14 gives the results for chemical species 
profiles across the shock layer at a stream wise station of s* = 1. The wall is 
assumed noncatalytic. Note that the two cases are in reasonable agreement with 
each other, thus indicating that the assumption of binary diffusion for high- 
temperature air (at least in the range of dissociation) is reasonable. 

All of the above results were obtained with no mass injection into the 
shock layer through the wall. Moss examined the case of wall mass injection; 
Fig. 17.15 gives results for heat transfer at the stagnation point with mass injec¬ 
tion q divided by its value with no mass injection, (c/) mo = 0 , versus the mass 
injection rate, m 0 . This figure demonstrates the important fact that mass injec¬ 
tion dramatically reduces heat transfer to the surface. Indeed, when the mass 
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FIGURE 17.14 

Shock-layer profiles of species mass fraclions; comparison between multicomponent and binary dif¬ 
fusion. (I-rum Ref. 1 99.) 


injection rate equals 0.4 of the free-stream mass flux, the viscous layer is blown 
completely off the surface, and the aerodynamic convective heat transfer is zero. 

Reference 199 is a classic application of the VSL technique to chemically 
reacting viscous flows. The reader is strongly encouraged to study Ref. 199 for 
more details and insight. A large number of similar applications have been made 
by Lewis et af; samples of this work are represented by Refs. 200 and 201, 
which deal with the VSL technique applied to the chemically reacting flow over 
the windward surface of the space shuttle. Another space shuttle application is 
discussed by Shinn et al. in Ref. 202. In this work, catalytic wall effects on 
convective heating along the centerline of the space shuttle were studied using 
the VSL technique. Figure 17.16 gives some typical results, obtained from Ref. 
202. Here, the convective heating rate is given as a function of distance along the 
windward centerline, for an altitude of 71 km and a velocity of 6.73 km/s. The 
solid line denotes equilibrium flow, the dash/dot line denotes nonequilibrium 
flow with a completely noncatalytic wall, and the dashed line is the result for a 
wall with finite catalytic rates. The open symbols are flight data from the shuttle. 
Clearly, the space shuttle experiences some finite wall catalytic effects, and the 
magnitude of this effect is not trivial. 
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FIGURE 17.15 

Mass injection effect on stagnation heat transfer. (From Ref. 199.) 



FIGURE 17.16 

Catalytic wall effects on convective heating along the windward centerline of the space shuttle. = 
6.73 km/s, altitude = 71 km. (From Shinn et alRef. 202.) 
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17.9 PARABOLIZED NAVIER-STOKES (PNS) 

SOLUTIONS TO CHEMICALLY REACTING FLOWS 

The calculation of a fully viscous, nonreacting shock layer by means of the pa¬ 
rabolized Navier-Stokes equations was discussed in Sec. 8.3, which should be 
reviewed by the reader before progressing further. In this section, we will briefly 
treat a PNS application to equilibrium and nonequilibrium chemically reacting 
flow as carried out in the recent work of Prabhu et al. (Refs. 203 and 204). 

As discussed in Sec. 8.3, the parabolized Navier-Stokes equations are 
obtained from the full Navicr Stokes equations by dropping the viscous terms 
that involve derivatives in the streamwise direction. This approach carries over 
to chemically reacting flows, where the PNS global continuity and momentum 
equations carry over unchanged from Eqs. (8.14)-(8.I7), and the PNS energy 
and species continuity equations are obtained from Eqs. (17.5), (17.6), and 
(17.17) wherein all x derivatives in the viscous terms (including diffusion) are 
neglected. In this manner, the resulting simplified equations are parabolic, and 
can be numerically integrated by a steady state finite-difference technique 
marching in the streamwise direction. 

In Ref. 203, the PNS equations were used to solve for the complete, 
viscous laminar flow over the space shuttle, assuming flow in local chemical 
equilibrium. Results are given for V x — 6.74 km/s, altitude = 71.32 km, and an 
angle of attack of 40 degrees. For comparison, results assuming a calorically 
perfect gas with y = 1.2 (to simulate the high-temperature effects) were also 
obtained. Figure 17.17 gives the comparison beteen the calculated Mach number 
contours for y = constant = 1.2 (Fig. 17.17a), and the corresponding contours 




FIGURE 17.17 

Mach number contours from PNS calculations of the viscous flow over the space shuttle. x/L = 0.4. 
(a) Calorically perfect gas with y - 1.2; (b) equilibrium chemically reacting air. (From Prabhu and 
Tannehill, Ref. 203.) 
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for equilibrium air (Fig. 17.176), for a cross section of the shuttle flowfield 
located at a distance x/L = 0.4 downstream of the nose, where L is the body 
length. It is interesting to note that the y = 1.2 results simulate the equilibrium 
air results fairly closely; this is an example where, if the right “effective value” of 
y can be found, then a calorically perfect gas calculation can simulate some 
aspects of a chemically reacting flowfield. 

In Ref. 204, the PNS equations were used to solve for the nonequilibrium 
chemically reacting laminar flow over cones at angle of attack. Sample results 
are shown in Figs. 17.18 and 17.19 for the case of V m — 8100 m/s, T„ = 1200 K, 
and altitude = 60.96 km. The wall is noncatalytic. Figure 17.18 shows the pro¬ 
files of atomic oxygen mass fraction, c Q , as a function of distance across the 
shock layer at y = 3.5 m downstream of the tip. Three profiles are shown: 
(1) the solid line for zero degrees angle of attack, (2) the solid circles for the 
windward meridian line at a = 10°, and (3) the open circles for the leeward 
■ meridian line at a = 10°. To be expected, at angle of attack more dissociation 
occurs on the windward side than on the leeward side because of the higher 
temperature flow on the bottom of the cone. Also, we would expect the flow on 
the windward side (where p and T are higher) to be closer to equilibrium than 
the leeward side flow (where p and T are lower). Fleat transfer results are given 
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Shock layer atomic oxygen mass fraction profiles for the nonequilibrium flow over a 10° cone at 
angle of attack. PNS calculations of Prabhu el u].. Ref. 204. 



Stanton number. 
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FK;UR K 17.19 

Heat transfer distributions on a 10' cone at angle of attack. Nonequilibrium flow. (From Ref. 204.) 


in Fig. 17.19 for the same case. Here, C„ is given as a function of x, and shows 
the expected result of much higher heat transfer on the windward side compared 
to the leeward side. 

The application of the PNS equations to chemically reacting flows is pres¬ 
ently a state-of-the-art research problem. The discussion in the present section is 
intended to give only the flavor of such work. The reader is encouraged to keep 
track of the literature in this field. References 203 and 204 are just samples of 
the literature; the work of Bhutta et al. (Ref. 205) is of particular note,.,. 


17.10 FULL NAVIER-STOKES SOLUTIONS 
TO CHEMICALLY REACTING FLOWS 

The calculation of nonreacting viscous flows by means of the full Navier-Stokes 
equations is discussed in Sec. 8.4, which should be reviewed by the reader before 
progressing further. These calculations are time-marching solutions, and the 
basic approach and philosophy is carried over to the case of chemically reacting 
How as well. The time-marching solution of the complete Navier-Stokes equa¬ 
tions for chemically reacting flow involves the finite-difference solution of the 
governing equations given by Eqs. (17.1)-(17.6) and (17.17), and for alternate 
forms of the energy equation, Eqs. (17.25), (17.31), or (17.40). Recent examples 
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of such time-marching solutions for complex reentry flowfields are given by the 
work of Gnoffo et al. represented by Refs. 206 and 207. Such work is at the 
cutting edge of the state of the art. For this reason, no details will be given here; 
rather, the reader is encouraged to keep up with the rapidly growing literature 
in the held. 

In order to illustrate the application of the complete Navier-Stokes equa¬ 
tions to a nonequilibrium chemically reacting flow, we choose to discuss here a 
simpler example, namely the mixing flow in the cavity of an HF chemical laser. 
The principle of a high-energy chemical laser was discussed in Sec. 9.1. The first 
Navier-Stokes solutions to such flows were carried out by Kothari, Anderson, 
and .lones as reported in Refs. 208 and 209, from which the following is taken. 

The physical problem is sketched in Fig. 17.20, which shows two super¬ 
sonic parallel streams mixing with each other, one stream of partially dissociated 
fluorine and the other of hydrogen. In the mixing region downstream of the 
nozzle exits, the following hyperbolic chemical reactions take place: 

F+H, , ' HF*(u) + H 

F 2 + H , ' HF*(») + F 

In the above, HF*(r) denotes a vibrationally excited state of HF, where HF is 




Stream I 

Stream 2 

P , n/m 2 

500 

500 

T, K 

150 

1.50 

p, kg, m J 

1.2862 x 10' J 

2.4514 x 10 3 

l'i,, kg/m 3 


7.3128 x i0' 4 

/’ll,. kg/m 3 

3.2328 x 10 4 


i>i . 


2.4376 x 10 4 

I'll. kg/lTT 1 



I'n,, kg/nv’ 

9.6288 x 10 4 

1.4764 x 10' 3 


I-1GUR1-: 17.20 

Chemical laser model used by Kothari and Anderson, Ref. 208. 


650 IIICiH-TFMPFRATURF GAS DYNAMICS 

formed directly in (lie excited rtli vibrational energy level as a direct product of 
ihe chemical reaction. In turn, this vibrationally excited HF*(t>) can contribute 
to a population inversion and hence laser action in the downstream mixing flow. 
(See Ref. 210 for a basic discussion of nonequilibrium effects associated with 
lasers, and for the significance of a population inversion.) Therefore, in such a 
chemical laser flow, we are dealing with both thermal and chemical nonequi¬ 
librium. 

In Refs. 209 and 210, the fiowfield sketched in Fig. 17.20 was calculated by 
solving the two-dimensional form of Eqs. (17.1) (f7.6) and (17.17). In Eq. 
(17.17), each vibrational level of HF was treated as a difference “species,” so that 
the nonequilibrium system consisted of 14 species and 100 elementary reactions. 
A time-marching solution of these equations was carried out using MacCor- 
mack’s explicit, predictor-corrector, finite-difference scheme, which is described 
in previous sections of this book, starting with Sec. 5.3. An application of 
MacCormack’s technique to noneqitilibrium flows is discussed in Sec. 15.5. 
llencc, no computational details will be given here. However, we will mention 
one aspect of the calculational technique applied to nonequilibrium flows that is 
brought out in Refs. 209 and 210. That is, in the time-marching calculation of a 
nonequilibrium How, it is suggested to advance the fiowfield initially with the 
chemical reactions turned off, in order for the fluid dynamic aspects of the flow 
to begin to establish themselves (for example, for shocks to form, for shear lay¬ 
ers to occur, for mixing to take place, etc.). Then, at some intermediate time, the 
nonequilibrium chemistry is switched on, and the coupled fluid dynamic and 
chemical aspects of the flow subsequently evolve to the steady state at large 
times. This suggestion is illustrated in Fig. 17.21, which shows the variation of 
temperature at a particular grid point for the flow in Fig. 17.20. Cold flow (no 
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Illustration of the cold-flow/hot-flow method used in the complete Navier-Slokes solution oT chemi¬ 
cal laser Hows. (From Ref. 208.) 
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chemical reactions) is calculated Tor about half the total elapsed nondimensional 
time [given by i/(h/V), where V is a reference velocity, and h is the height of the 
mixing duct]; then, the chemical reactions are switched on, and the hot flow 
(with chemical reactions) is carried out to the steady state. This approach is 
recommended for the general solution of nonequilibrium viscous flows when 
time-marching methods are used. In this way, some extreme transients that 
might be induced by the finite-rate chemical reactions near time zero are 
avoided, thus avoiding possible numerical instabilities. For example, in the flow 
shown in Fig. 17.20, the initial conditions involve a slab of dissociated fluorine 
(stream 2) in direct contact with a slab of H, (stream 1). If this were to exist 
momentarily in real life inside the duct, an actual explosion would occur. There¬ 
fore, to avoid an analogous “numerical explosion,” the cold flow is allowed to 
mix for the early time steps before the chemistry is turned on; in this fashion, 
when the chemistry is finally turned on, the chemical energy changes will be 
more evenly distributed over the whole flowfield rather than occurring in a local 
region as they would at I = 0. 

A sample steady-llow result for this problem is shown in Fig. 17.22. Here, 
the density profiles of the first three vibrational energy levels (a = 0, 1, and 2) of 
HF are shown in the mixing region as a function of distance across the flow at a 
given streamwise location, x/h = 5. Note that near the middle of the flow (say at 
t/7i = 0.4), P| lh(2 ) > Piii-d) > Pi ir-(O). [ * ,at ' s ’ there are more HF molecules in the 
higher-lying vibrational energy levels than in the lower levels. By definition, this 



FIGURE 17.22 

Steady state density profiles of three vibrational levels in HF in a chemical laser. Navier-Stokes 
calculations of Ref. 208. 
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is called a population inversion, and is the basis of laser action in the gas. Recall¬ 
ing that the Boltzmann distribution for a gas in vibrational equilibrium called 
for /'in ( 2 i < p m .(i) < we see that Fig. 17.22 illustrates a case of high-vibra¬ 
tional noneguilibriwn. The reader is encouraged to read Refs. 208 and 209 for 
more details. Also, Ref. 211 is another source for such matters. 


17.11 SUMMARY AND COMMENTS 

This brings to an end our discussion of chemically reacting viscous flow. We 
have discussed the basic equations for such flows, and some of the important 
physical mechanisms, such as diffusion and catalytic surfaces. We have applied 
these equations to a series of flows, progressing from boundary layer solutions 
(self-similar and nonsimilar), through various viscous shock-layer techniques 
(VSL and PNS), and ending with Navier-Stokes solutions. The subject matter 
represented by this chapter is vast, and we have only scratched the surface here. 
Our purpose has been to discuss the fundamental principles and ideas, and to 
illustrate these with selected examples of chemically reacting viscous flows. 
These examples have been carefully selected to illustrate the important physical 
behavior of high-temperature viscous (lows, and the reader should interpret the 
thrust of this chapter accordingly. 

With this chapter, we have completed a major milestone in our roadmap 
in Fig. 1.23. With this, we move on to our last item under high-temperature 
flow, namely, radiating flow. 

PROBLEMS 

17.1. Starting with the model of a finite control volume fixed in space (with the (low 
moving through the control volume), derive Rq. (17.20). 

17.2. Consider a viscous (low over a porous surface. The How may be a pure gas, or a 
mixture of different gases. A gas of a completely different species i is injected 
through the porous surface into the main viscous flow. The mass flux (mass per 
unit area per unit time) of this injected gas is m w . Prove that the proper boundary 
condition at the surface for the solution of the main viscous flow equations includ¬ 
ing mass injection is m w = pv w , where p is the density of the mixture at the wall (not 
the density of the injected species p,), and t>„, is the vertical component of the gas 
mixture velocity at the wall. (This problem is an adjunct to the discussion of 
boundary conditions in Sec. 17.5.) 

17.3. Derive Eqs. (17.74), (17.75), and (17.76), namely, the transformed equations for a 
chemically reacting viscous flow. 

17.4. Derive liq. (17.87), namely, the transformed species continuity equation for a 
viscous stagnation point flow. 

17.5. Consider the chemically frozen laminar boundary layer flow of dissociated oxygen 
over a Hat plate. The wall is hilly catalytic to oxygen recombination, and the wall 
temperature is cool, say less than 1000 K. If he = Pr = 1, the profile of atomic mass 
fraction through the boundary layer is a function of the velocity profile only, that is, 
c () = /(»). Derive this function. 
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18.1 INTRODUCTION 

Consider a flowfield where (he temperature is high enough that a fluid element 
radiates a substantial amount of energy. For air, this threshold temperature 
is about 10,000 K.. In such a flow, the fluid element loses energy due to the 
emission of radiation, but it can also (join energy due to the absorption of radia¬ 
tion emitted from other fluid elements in the high-temperature flow. Two major 
consequences of this radiation are: 

1. The flowfield becomes nonadiahatic ; i.e., a flowfield wherein before we con¬ 
sidered the total enthalpy as a constant (such as inviscid shock-wave flows, 
nozzle flows, etc.) now becomes one in which h 0 = h + K J /2 is a variable. 

2. In addition to the ordinary convective heat transfer q c to a surface in the 
flow, we now have a new component, namely, radiative heating of the surface, 
q R . Thus, the total surface heat transfer becomes 

d = dc + q R (18.1) 

where q c includes both conduction and diffusion effects, as described in 
Chaps. 16 and 17. 

The radiation and the fluid flow are, in general, coupled, i.e., the radiative 
intensity within the flowfield depends on p and T in the flow and, in turn, the 
flowfield properties are influenced by the radiative intensity. This is the essence 
of the radiative-gas-dynamic interaction effect, which is the main subject of this 
chapter. 

In this conjunction, we introduce two definitions concerning the radiative 
nature of the gas: 

1 . Transparent gas— a gas which emits but does not absorb radiation. In such a 
gas, all radiation which is emitted from within the gas escapes to the sur¬ 
roundings. 

2. Self-absorbing gas—a gas which emits and absorbs radiation. Some of the 
radiation which is emitted escapes to the surroundings, and some is self- 
absorbed by the gas, thus trapping some of the radiative energy within the 
flow. 

The radiative nature of the gas can have a major impact on the proper analysis 
of a flow. For example, a self-absorbing gas is elliptic in nature, even though the 
flow may be inviscid and supersonic. This is because radiation that is emitted by 
downstream fluid elements can be absorbed by upstream fluid elements, thus 
feeding information upstream in the flow—a mathematically elliptic behavior. 
Consequently, such a flow would, in general, have to be calculated by a time¬ 
marching solution for the same mathematical reasons given in Sec. 5.3. On the 
other hand, this upstream effect does not occur for a transparent gas, which is 
affected only by local radiative emission. 
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In this chapter, we will give a brief picture of radiative gas dynamics. Our 
purpose is to make the reader feel comfortable with the basic concepts, and 
appreciative of the physical trends. 


18.2 DEFINITIONS OF 
RADIATIVE TRANSFER IN GASES 

There arc two basic quantities that describe the transfer of radiation through a 
gas; radiative intensity, and radiative flux. First, consider the definition of radia¬ 
tive intensity. Consider a given arbitrary direction r in a radiating gas, as 
sketched in Fig. 18.1. Consider also an area dA at point P perpendicular to the 
direction r, and a solid angle dw about r. Let dE' be the radiative energy in the 
frequency interval between v and v + dv transmitted through dA during a time 
interval dt from all directions contained within the solid angle dw. Then, the 
specific radiative intensity is defined as 




lim 


dE' ' 
dA dw dv dt 


dA, dw, dv, dt -* 0 


(18.2) 



FIGURE 18.1 

Geometric model for radiative intensity. 
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that is, at a point P in the gas, / v is the radiative energy transferred in the r 
direction across a unit area perpendicular to r, per unit frequency, per unit time, 
per unit solid angle. Note that / v is directional in nature. When we talk about 
the intensity at point P, we also have to say the intensity in what direction. 

The radiative flux is defined as the energy per second crossing a unit area 
due to intensity coming from all directions. Let q v be the radiative flux per unit 
frequency. Then, 


= /, cos 0 dto 


(18.3) 


where 0 is defined in Fig. 18.2 as the angle between an arbitrary direction L and 
a unit normal vector n perpendicular to the elemental area dA. We can write the 
directional variation of intensity as / v = l v (0,tp) where tp is also shown in Fig. 
18.2. Also, using the geometry of Fig. 18.2, the solid angle dw is defined as the 
included area da divided by L 2 



(L d9)(L sin 9 dtp) 
L 2 


= sin 9 d9 dtp 


Hence, Eq. (18.3) becomes 


t*2n 

q v = I / v (0, tp) cos 9 sin 0 d9 dtp 


(18.4) 



FIGURE 18.2 

Geometric model for radiative flux. 
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The total radiative flux, integrated over all frequencies, is: 

(18.5) 

Finally, we note that a classical blackbody (see any good physics test) will 
emit radiative intensity of a value 

(18.6) 

where B v is the blackbody radiative intensity at frequency v and temperature T, 
h is Planck’s constant, k is the Boltzmann constant, and c is the speed of light. 

18.3 THE RADIATIVE TRANSFER EQUATION 

Consider an element in a radiating gas, as sketched in Fig. 18.3. Radiation of 
intensity f v in the s direction is incident on this element. Within the element, the 
local value of /„ will be increased by emission and decreased by absorption. By 
definition, let 

J y ds = energy emitted 
and 

ic,,/ v ds — energy absorbed 

where J y is called the emission coefficient and k v is the absorption coeffi¬ 
cient. Then the change in / v , namely i// v , due to the element of gas shown in 
Fig. 18.2 is 

dl v = J v ds — tc v / v ds 
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or 


(II, 

(Is 


= J,~ K,I, 


(18.7) 


Equation (18.7) is the fundamental form of the radiative transfer equation. This 
equation allows us to calculate I, as a function of distance s through a gas. 
Moreover, the term dljds has dimensions of energy per second per unit solid 
angle per unit frequency per unit volume. When integrated over all frequencies 
and all solid angles, it therefore represents the local change in energy of a fluid 
element per unit volume due to radiation. For example, consider Eq. (17.31) 
which is the energy equation for a high-temperature, chemically reacting, radiat¬ 
ing, viscous flow, repeated below 


DU 

Dt 


V-(fe VT) - V-£/>iUA 


Dp 

V-q K+ ^ + <t> 


(18.8) 


In this equation, the radiation term is given by V-q K ; from our discussion 
above, this term is given by the radiative transfer equation, Eq. (18.7), as 


V-q (( = J,dmdv — K,l,d(odv (18.9) 

J() J 4-rr Jo J 4-n 

In Eq. (18.9), the two terms on the right-hand side represent local radiative 
emission and absorption, respectively. Since the fluid element emits energy 
equally in all directions, then 


J, dm dv = 4n \ J, dv = 4nJ 


where .1 is the total radiative emission per second per unit volume. Hence, Eq. 
(18.9) can be written as 


V • q, ( = 4nJ 


o 


k,I, dm dv 

4 K 


(18.10) 


In turn, Eq. (18.10) is the form of the radiation term that appears in the gas- 
dynamic energy equation, such as Eq. (18.8). 

Finally, we note that, if the gas were a blackbody with radiative intensity 
given by Eq. (18.6), the value of I, does not change, that is, /„ is independent of 
distance through the blackbody, and is equal to B v . If we apply the radiative 
transfer equation to a blackbody, Eq. (18.7) becomes 


df 

ds 


0 = J,~ k,B, 


or 


J „ = k,B, 


( 18 . 11 ) 
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However, the radiation emitted by a gas (neglecting induced emission) is inde¬ 
pendent of the incident radiative intensity, blackbody or not. Therefore, Eq. 

(18.11) must be a general result for the emission coefficient, even though the 
surrounding radiation may not be blackbody. Thus, we can write, for the general 
form of the radiative transfer equation 

(18.12) 

and for J in Eq. (18.10) we can write, in general, 

(18.13) 


18.4 SOLUTIONS OF THE RADIATIVE 
TRANSFER EQUATION: TRANSPARENT GAS 

Consider an arbitrary volume of a radiating, transparent gas, as sketched in Fig. 
18.4. We wish to calculate the radiative flux across the boundary of this volume 
at point P, due to all of the radiating gas inside the volume. Consider an infini¬ 
tesimal volume element dl , as sketched in Fig. 18.4. This elemental volume is at 
a distance r from an elemental surface area dA located at point P. The angle 





p 


FIGURE 18.4 

Model for a transparent gas. 
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between r and the normal dA is /i. Assuming the gas does not absorb (i.e., 
assuming a transparent gas), the energy emitted from df which crosses cl A per 
second is 


{J df) x 


dA cos /} 


Hnorgy per unit Solid angle 

solid angle intercepted by dA 


Hence, integrating over all the gas volume, and dividing by dA, we obtain the 
radiative flux (energy per second per unit area) crossing the boundary surface at 
point P\ 


q = 


j cos /; 
r 2 


d1 = 


1 

An 


,:c r /; d> 


(18.14) 


where, by definition, H is the total energy emitted by the gas in all directions per 
second per unit volume, i.e., 

E = 4nJ (18.15) 


Now consider a uniform slab of radiating gas at constant properties (e.g., 
.•onstant T and /> throughout), as sketched in Fig. 18.5. Thus, E is constant 


* 



FICtURH 18.5 

Infinite; slab geometry for a transparent gas. 
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throughout the gas. The slab has thickness <5 and stretches to plus and minus 
infinity. Consider an infinitesimal volume dt inside the slab. In spherical coor¬ 
dinates, 

di ' — r 1 sin fl d[i dip dr 


The radiative flux across the right face of the slab is, from Eq. (18.14), 

C flt/2 f2n A A/(cos jl) i> 

1 11 r 2 sin p dr dp dp 


Jo jo jo 

E <5 f"' 2 

4rt J 0 jo 


E5 r 12 

sin jl dip d/i = --- sin (I dp 
^ Jo 


9 = 


E5 


(18.16) 


Equation (18.16) gives the radiative flux across the surface of an infinite slab of 
radiating, transparent gas of thickness <5. 

This result can be used to approximate the stagnation region radiative 
heating to a hypersonic blunt body, as shown in Fig. 18.6. Here, the stagnation 
region with a shock detachment distance c5 appears to the stagnation point as 
essentially an infinite slab with a constant value of E, where E = E(T„, p s ), and 



FIGURE 18.6 

Stagnation region geometry for a radiating gas. 
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where T s and p s are the temperature and density behind the normal shock wave. 
Hence, the stagnation point radiative heat transfer, (<j R ) s , ag , is approximated by 



(18.17) 


If we further assume that 5 is given by Eq. (14.19), namely 


then 


S 


R 

P s IP<o 


=Hv) <" u8> 

From Eq. (18.18), we see the important result that, for a transparent, radiating 
shock layer, the radiative heat transfer is directly proportional to R. This is in 
direct contrast to convective heating, where in Chaps. 6 and 17 we saw that 


(9 c )s,a E « 


y* 


(18.19) 


For superorbital reentry vehicles, where radiative heating is important, Eqs. 
(18.18) and (18.19) form a classic compromise on the design of the nose radius; 
namely, to reduce convective heating, make R large, but to reduce radiative 
heating, make R small. 


18.5 SOLUTIONS OF THE RADIATIVE 
TRANSFER EQUATION: ABSORBING GAS 

In See. 18.4, we considered an emitting but nonabsorbing gas (transparent gas). 
In the present section, we consider the direct opposite—an absorbing but non¬ 
emitting gas. For this case, from Eq. (18.12), 

CU .- = -K v I v (18.20) 

ds 

Consider the volume of absorbing gas sketched in Fig. 18.7. Radiative intensity 
in the s direction is incident on the volume with value / Vln . The intensity that 
emerges from the other side is / Voui . The path length of the radiative intensity in 
the s direction through the volume is L. From Eq. (18.20), 


k v ds 

o 


dl 

X 


( 18 . 21 ) 
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\ 


FIGURE 18.7 

Model for an absorbing gas. 


Assuming a constant property gas (hence k,, is constant throughout the volume), 
Eq. (18.21) yields 



(18.22) 


Eq. (18.22) is called Lambert’s law; it applies to a constant property gas. 

If T and p are variable throughout the gas, then k v is also a variable. For 
this case, Eq. (18.21) becomes 



(18.23) 


Let us define the optical thickness r v as 


Ty 

Then, Eq. (18.23) can be written as 


jc v ds 
o 



(18.24) 


(18.25) 
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18.6 SOLUTIONS OF THE RADIATIVE 
TRANSFER EQUATION: 

EMITTING AND ABSORBING GAS 

Consider an emitting and absorbing gas, with variable properties (variable T 
tnd fi, hence variable k s ), as sketched in Fig. 18.8. Let I,( 0) be the incoming 
ntensity at the boundary of the system, s = 0. Let us calculate the local value of 
at s = Sj. Physically, the intensity at s, will consist of two parts: (1) the 
original incoming / v (0) after it has been attenuated by absorption from s = 0 to 
: = s,, and (2) the emitted radiation from within the gas at any point s, after 
t has been attenuated by absorption between s and s,. Let us quantify this 
ucture. 

From Eq. (18.12) 


-■y =/W, ( 18 - 26 ) 

k„ as 

rom the definition of optical thickness given by Eq. (18.24), we can write 

ih, — K,ds (18.27) 

lence, Eq. (18.26) becomes 

= (18.28) 

in, 

low, assume a solution of Eq. (18.28) in the form of 

/,. = c(t>-'" (18.29) 



iURIi t8.K 

del for an emitting and absorbing gas. 
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where c is a variable coelTicient, a function of t„. Differentiating Eq. (18.29), we 
have 


rf/ v 

dx y 


- ce '' + e '' 


dc 

dx v 


(18.30) 


Substituting Eqs. (18.30) and (18.29) into the radiative transfer equation, Eq. 
(18.28), we have 

— ce~'' + e“' v = B v — ce~'~ 
d r v 


or 


dc 

dx v 


By- 


(18.31) 


Letting t v = 0 at s = 0, and t v = t vi at s = s,, Eq. (18.31) can be integrated as 


-r 

0 


dc 


By' dx v 


or 


c(Tv,) - t(0) 


By' dx. 


(18.32) 


However, from Eq. (18.29) evaluated at s = s, and s = 0, we have, respectively, 


<•(*„) = (>8.33n) 

and 


K0) = / v (0) 

Substituting Eqs. (18.33«) and (18.336) into Eq. (18.32), we have 

/ v (t v] ) = /„(0)<r'- + ) V ‘ B v e- < -"'-" ) dx y 
Jo 


(18.336) 


(18.34) 


Equation (18.34) represents the general solution to the radiative transfer equa¬ 
tion for an emitting and absorbing gas with variable properties. The two terms 
on the right side of Eq. (18.34) physically represent the two parts of the intensity 
at point s, as described in the first paragraph of this section. With Eq. (18.34) in 
mind, reread the first paragraph before progressing further. 

Now consider an infinite slab (sometimes called a plane layer) of gas, as 
sketched in Fig. 18.9. Let y denote the vertical distance through the slab. The 
upper boundary is located at y = L, and the lower boundary is at y = 0. The 
values of optical thickness at each of these locations are x vi and 0, respectively. 
The gas properties in the slab vary with y. Let 1* denote a downward-directed 
radiative intensity, as shown in Fig. 18.9. Hence, f v + (L) = / v + ( t V 2 ) is the 
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Inlinite slab geomeiry lor an cmilting ami absorbing gas. 


downward intensity coming from the upper boundary (say from radiation enter¬ 
ing the slab from outside, or maybe the upper boundary might be a solid wall 
emitting some radiation of its own). We wish to calculate the downward- 
directed radiative flux at the location y (hence t v ) in the gas. Note that, in Eq. 
(18.34), the optical thickness is measured in the direction of the intensity which, 
in Fig. 18.9, is denoted by r' v . Hence, from Eq. (18.34), 


/„«) = f,(0)e-'* + B v (t)e-^-'> dt (18.35) 

J o 

where / v (0) is the intensity at t'„ = 0, which is the top of the slab, and t is a 
dummy variable of integration, ranging from 0 to t' v . However, by convention, t v 
is always directed upward, normal to the slab, as shown in Fig. 18.9. Note that 
t'„ (measured from the top along the slant height shown in Fig. 18.9) is given by 
(t V 2 — r v )/cos 0, where r v is measured in the normal direction from the bottom of 
the slab. Hence, Eq. (18.35) becomes 


f,. 1 (N) = C(T V! )cxp 


cos 0 


+ 


B v (t) exp [ —(f — r v )/cos 0] 


‘lL 

cos 0 


(18.36) 

Return to Eq. (18.5) and note that it gives the total radiative flux crossing a 
surface in both the upward and downward directions. For the radiation directed 
downward only, we have 

raj r 2n rn/2 

c/ + = / v + cos 0 sin 0 dO d<j> dv (18.37) 

Jo Jo Jo 

Let /i = cos 0, hence d (cos 0) = —sin 0 dO = rf/t. Also, from the geometry of the 
slab, / v is independent of ft. Hence, Eq. (18.37) becomes 

q + = — 2n J J I* fidfldv (18.38) 
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Note that If is a function of position y and direction p, whereas q + is a function 
of position y only. Substituting Eq. (18.36) into (18.38), we obtain 

q + =2n{ f If(x v f)e^ it '' 2 ^ t ' ,)ll ‘pdp dv 
Jo Jo 

+ 271 [ f f - v — dp dt dv (18.39) 

JO JO J T v V 

By definition, the integro-exponentia! function of order n is 

<?„(«)= p"- 2 e~‘° n ‘dp 

Jo 

Hence, Eqf (18.39) can be written as: 


* XI p 00 p t V2 

q + = 2n / v + ( t V2 )<? 3 (t V2 — t v ) dv + 2n Bft)<S 2 (t — t v ) dt dv 

Jo Jo Jt v 


(18.40) 

Equation (18.40) gives the downward radiative (lux at location y in Fig. 18.9. 
The first integral is the radiation from the upper surface, attenuated by absorp¬ 
tion between L and v. The second integral is the radiation emitted locally by the 
gas between L and y, and attenuated before it reaches y. 

By a similar development, the total flux at y, q = q* + q~ , can be ob¬ 
tained. Then, the radiation term in the energy equation [Eq. (18.8)] becomes 

-V-q* = -~= -4nJ + 2n [ k v f ’ - f|) dt dv (18.41) 

( 'y Jo Jo 

See Ref. 212 for more details on the derivatteui of Eq. (18.41). 


18.7 RADIATING FLOWFIELDS: 

SAMPLE RESULTS 

A primary application of radiative gas dynamics has been in the area of plane¬ 
tary entry heating, especially reentry heating to space vehicles entering the 
earth’s atmosphere at speeds above 30,000 ft/s. Figure 18.10, taken from Ref. 
213, illustrates the importance of radiative heating at such velocities; stagnation 
point radiative heat transfer equals and exceeds the ordinary aerodynamic con¬ 
vective heating at high entry velocities. Reference 213 is a major survey of radia¬ 
tive shock-layer effects, and the reader is strongly encouraged to study it for 
more details. 

In general, the values for the absorption coelficient k v , as a function of 
temperature, density, and frequency must be known in order to carry out a 
radiating flow calculation. For most gases, the frequency dependence of k v is 



Heat transfer. Btu ft 2 
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Flight velocity, ft/s 

l-'ICiUKK 18.10 

Comparison of radiative and convective stagnation-point heat transfer. (From Anderson, Ref. 213.) 


quite detailed and complex. For example. Fig. 18.11 (from Ref. 213) shows the 
frequency variation of k v for high-temperature air obtained from several different 
sources. This figure shows only the continuum radiation associated with free 
electron movement and electron-ion recombination; to this must be added the 
detailed spectral line radiation from electronic transitions in the atoms and mo¬ 
lecules. Sec Ref. 213 for more details, and for a list of references from which 
absorption coefficient data can be obtained. Also, a recent survey of air radia¬ 
tion properties has been given by Sutton in Ref. 214. 

As an example of a radiating shock layer application, we take the results 
lescribed in Ref. 212 for the viscous stagnation region of a blunt body. The flow 
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Radiation frequency ftv, eV 


10,000 2000 1150 

Wavelength A, A 

FIGURE 18.11 

Absorption coefficient variation with frequency (or wavelength) for high temperature air. (From Ref. 
213.) 


problem is shown in Fig. 18.12, where the high-temperature viscous and radiat¬ 
ing flow is calculated between the shock wave and the body. The flow is as¬ 
sumed to be in local thermodynamic and chemical equilibrium. For the 
radiative transport, the stagnation region is assumed to be an absorbing and 
emitting gas in an infinite slab, as described in Sec. 18.6, with properties that 
vary in the y direction across the shock layer. The governing equations which 
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FIGURE 18.12 

Model of the radiating stagnation region flowfield. (From Anderson, Ref. 212.) 



Energy 


(18.45) 



thalpy: h/h 
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In the above, 


/i 0 — It + 


K = 1 + 


m = 0 or 1 for the two-dimensional or axisymmetric flow. 

Also, the Prandtl number, Pr , is the “equilibrium Prandtl number” defined 




Stagnation point heat transfer 

Shock- 

detachment 

distance 

q r Btu,/ft a -s 

q K Btu/ft 2 -s 

Withoui radiative 
coupling 

1262 

12,970 

0.172 ft 

With radiative 
coupling- 
transparent gas 

666 

6.170 

0.144 ft 

With radiative 
coupling — 
nongray gas 

990 

5,220 

0.154 ft 


FIGURE 18.13 

Radialion coupling effects on stagnation region shock layer and heat transfer. (From Ref. 212.) 
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in liqs. (16.41) and (16.42), and which contains the influence of diffusion. The 
thermodynamic and transport properties are obtained from the correlations of 
Viegas and Howe (Ref. 194). In Eq. (18.45), the radiation term 8q R /dy is given 
by Eq. (18.41). 

Some typical results are shown in Figs. 18.13 and 18.14, taken from Ref. 
212. The static enthalpy profiles across the stagnation region shock layer are 
shown in Fig. 18.13. The upper curve (dashed line) is the result with no radia¬ 
tion, the lower dashed line corresponds to a transparent shock layer, and the 
middle solid curve is for a radiating, self-absorbing gas. The nonadiabatic flow- 
lioltl elfect due to radiation is dramatically shown here; the radiation energy that 
is lost from the flow results in a cooling effect, thus lowering the enthalpy levels 
of the llow. The transparent gas case exhibits the strongest “radiative cooling” 
effect; the self-absorbing case retains some of the radiative energy due to absorp¬ 
tion within the shock layer, and hence has a somewhat higher enthalpy level 
than the transparent gas case. The table at the bottom of Fig. 18.13 gives the 
convective and radiative heat transfer to the stagnation point, where q R is calcu¬ 
lated from Eq. (18.40) evaluated at the wall. Note that, for the very high velocity 
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adiative coupling effects on shock detachment distance. (From Ref. 212.) 



INTRODUCTION TO RADIATIVF GAS DYNAMICS 673 


considered (V, = 50,000 ft/s), q R far exceeds q c . The shock detachment distance 
is also afTccted by radiation, as seen in the table in Fig. 18.13, and in the plot of 
Fig. 18.14. Note that the cooling effect of shock-layer radiation (hence higher 
shock-layer density) results in a decrease in shock-detachment distance. More¬ 
over, as seen in Fig, 18.14, this effect becomes stronger as R is increased. Here is 
a graphic illustration that larger nose radii increase the effect of radiation on the 
shock layer, as noted at the end of Sec. 18.4. 

We end this section with some radiating shock-layer results obtained with 
the VSL technique by Moss. We have already noted in Sec. 17.8 that the VSL 
method was used to calculate chemically reacting shock layers by Moss (see Ref. 
199). The work of Moss has been progressively extended to include shock-layer 
radiation, ablating gases, turbulence, and foreign planetary atmospheres. Indeed, 
Moss’s later work has led to a very exciting “first” in modern hypersonics—the 
design of the Galileo heat shield by means of detailed flowiield calculations. 
Previous reentry vehicles such as Apollo and the space shuttle were designed by 
means of a combination of wind tunnel data and approximate calculations. 
However, the final design of the heat shield for the Galileo probe was performed 



FIGURE 18.15 

Predicted time-varying contours for the shape of the Galileo probe during Jovian entry. (From Moss 
ami Simmomls, lief. 217.) 
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on llie basis of Moss’s detailed viscous shock-layer calculations. These calcula¬ 
tions, and their progressive development, have been extensively published; for 
the most recent summary, see Refs. 216 and 217, and the references contained 
therein. It should be noted that some results in Refs. 216 and 217 were also 
obtained by means of a time-dependent viscous shock-layer analysis derived 
from the work of Kumar et al. (Ref. 218). Typical results from Moss’s work are 
shown in Figs. 18.15 and 18.16, taken from Ref. 217. In Fig. 18.15, the time- 
varying contours (due to surface oblation) are given for the Galileo probe for 
various times during its Jovian entry trajectory. Figure 18,16 gives the calculated 
radiative and convective heat transfer to the stagnation point; note in particular 
that the heating to the Galileo probe is predicted to be virtually all radiative, 
because the convective heating is negligible due to massive ablation. Again, it is 
this type of data that has gone into the detailed design of the Galileo heat 
shield—truly a benchmark event in the development and use of detailed, mod¬ 
ern, hypersonic How calculations. 

18.8 SUMMARY 

This chapter has covered the basic concepts necessary to analyze a radiating 
flowiield. Equations (18.2) and (18.3) define the radiative intensity and the 
radiative flux t/ v ; these two quantities are used to describe the propagation of 



FIGURE 18.16 

Calculated radiative and convective heat transfer to the Galileo probe during Jovian entry. (From 

Ref. 217.) 
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radiative energy through a medium. The intensity is governed by the radiative 

transfer equation 

dr. 

= J - K 1 = , <V B V - 7C V / V 

(Is 

where B v is the blackbody radiative intensity 

2/iv 3 

Bv ~ c 2 (e“' ikT - _ 1) 

When the radiative intensity at a given point in the gas is known for all direc¬ 
tions, then the radiative (lux can be obtained as 

(/,, = J /,. cos 0 (ho 

Various solutions for r/ v are given in this chapter, depending on whether the gas 
is transparent (Sec. 18.4), absorbing (Sec. 18.5), or both emitting and absorbing 
(Sec. 18.6). Finally, applications to the stagnation point of a hypersonic blunt 
body are made, contrasting the various possible cases. 

With this chapter, we bring to an end our discussion of high-temperature 
gas dynamics: we arc at the end of Part III of this book. At this stage, return to 
our roadmap in Fig. 1.23, and mentally walk down the items listed under high- 
temperature Dows, thinking about the salient physical aspects as you encounter 
each subtopic. The intent of Part 111 has been to provide the necessary technical 
fundamentals along with a physical feeling for the reader to carry out and un¬ 
derstand a high-temperature flowfield study. In Part III, we have just scratched 
the surface, especially in the supporting areas of quantum mechanics, statistical 
mechanics, kinetic theory, spectroscopy, kinetic theory, and physical chemistry. 
The interested reader is encouraged to study deeper into these basic sciences, 
since they provide the foundation for a true appreciation of high-temperature 
gas dynamics. However, with the material discussed in Part III, you have a 
sufficient background to be labeled a “starter” in the field of high-temperature 
Dows. 

PROBLEMS 

18.1. Consider a radiating, transparent Howlield in the nose region of a hypersonic blunt 
body. Deline the radiation loss parameter r as 

EJ 

1 = ip,,, t; 

where d is the shock detachment distance and E s is the value of E (given by Eq. 
18.15) evaluated for properties immediately behind the normal portion of the shock 
wave. Prove that E is a similarity parameter for the flow'. 

18.2. In Pmb. 18.E let q R be the stagnation point radiative healing. Also, let q R 0 denote 
the stagnation point radiative heating if the shock layer were adiabatic, i.e., if the 
shock-layer (lowlield properties were calculated assuming no energy is lost due to 
radiation. Make a qualitative sketch of (i R /q Ri0 versus T, and explain your physical 
reasoning. 
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this stage, return to the preface of this book, and review our stated intent 
presenting the material to be found in Parts I, II, and HI. Recall that our 
rpose was to discuss the basic fundamentals of hypersonic and high-tempera- 
■e gas dynamics. We could go on from here, and discuss other aspects such as 
v-density aerodynamics, experimental techniques, and hypersonic vehicle con-- 
lerations. However, to do so in the proper depth would far exceed the length 
nstraints of the present book. Do not worry about this seemingly neglected 
itcrial. Instead, rest assured that, with the fundamentals presented here, you 
: equipped to launch into any hypersonic or high-temperature problem with a 
nimum of confusion and questioning. This author hopes that you have been 
tiled about what you have read here, and that you will use this book as a 
inching pad to read much deeper into the subject matter. The world of hyper- 
tic and high-temperature Hows is still relatively new, with ever-expanding 
plications associated with hypersonic airplanes, manned space vehicles, etc. 
e purpose of the present book has been to help you chart a course through 
s new world, and to make your trip as meaningful and comfortable as 
ssible. Bon voyage! 
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